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1. This handbook was developed by the Department of Defense with 
the assistance of a leading optical manufacturer. Major contributions 
were made by persons who, by virtue of experience in their particular 
fields, are recognized as qualified authorities on the subject of 
optical design. : 


2. This publication was approved on 5 October 1962 for printing 
and inclusion in the military standardization handbook series. 


3. This document provides engineering personnel with an-intro- 
duction to optical theory, and treats to an advanced level the funda- 
mentals and principles of optical design. It is expected that wide 
distribution of the methods of design and computation presented in this 
handbook will result in a more efficient and accurate method of complying 
with military optical requirements. 


4. To aid in maintaining the intended status of this handbook as 
a source of prevailing information, readers are encouraged to report any 
errors and suggestions for changes and additions to the Standardization 
Division, Defense Supply Agency, Washington 25, D. Cc. 


Ref |, 2, 3 ~ See page vi for Author. 
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1 INTRODUCTION 


1.1 SCOPE 


In 1952 the Ordnance Corps published ORDM 2-1, Design of Fire Control 
Optics. The purpose of that publication was to make available to engineering and 
design personnel all pertinent optical data that had been accumulated by Frank- 
ford Arsenal. In the meantime, the rapidly increasing application of optical fea- 
tures in the design of military systems, and the accelerated rate of over-all tech- 
nical advancement in the optical field bypassed ORDM 2-1 to such an extent that, 
in 1958, a tri-service project was initiated to gather and present, in a single vol- 
ume, up-to-date engineering information, formulas, and calculations currently 
applicable in the design of individual optical elements and complete optical 
systems. Military handbook MIL-HDBK-14]1 is the result of that project. 


This Department of Defense handbook was developed by a leading optical 
manufacturer under Department of the Army Contract DA-36-038-ORD-20590. 
Major contributions were made by a group of recognized authorities in the field 
of optical design. All work was performed under the guidance of Frankford 
Arsenal. 


Although many excellent reference works at the college and advanced- 
design level are available, there is a lack of transition among them from one 
subject to another. To provide this needed transitional feature, MIL-HDBK-141 
presents as nearly as possible the full range of subjects encountered in the field 
of optical design, including sections covering fundamentals, principles of design, 
and design data. 


The first seven sections serve mainly to acquaint the reader with the basic 
concepts of optics, and to introduce the mathematical notation employed in later 
sections. These initial sections require that the reader have a working knowledge 
of analytical geometry, differential and integral calculus, and physics . 


The sections on principles of design introduce typical design considerations 
encount ered in basic types of optical systems. Included are discussions on sys- 
em aberrations and their computation and correction. The computing schemes 
described should enable the designer to work efficiently and accurately. 


The remaining sections of the handbook apply to various commonly used 
components and combinations, discussions of problems and solutions in special 
design areas, and data on general topics related to problems of optical design 
and manufacture. 


1-1 
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1.2 DEFINITIONS. 


1, 2.1 Symbols and Notations. 


i 


| 
| 
| 
I 


The following symbols are used in this handbook. Table I contains the 


English alphabet notation, Table IL, the Greek alphabet, and Table Ill, the mathematical symbols. 


TABLE I 


Sl 


A 


Area, points, linear dimension. 
Aperture area. 


Real number, points, mirror aperture, 
amplitude of a wave. 

Special (Geometrical optics): 
chromatic aberration. 


3rd order 


Points, 3rd order surface contribution for 
spherical aberration. 


Real number, coefficient of a power ser- 
ies. 

Special (Geom. optics): 3rd order chro- 
matic aberration. 


Points. As a subscript denotes red light 
using hydrogen line. 

Special (Geom. optics): 3rd order sur- 
face contribution for astigmatism. 


Points, constant velocity for all electro- 
magnetic waves in a vacuum, curvature; 
positive if the center of curvature is to the 
right of a surface. 


Lens diameter. As a subscript denotes 
yellow light using ‘sodium line. 
Special (Geom. optics): distortion. 


Thickness, pupil diameter in mm., as a 
subscript denotes yellow light using helium 
line. 

Special (Geom. optics): distance or dis- 
tance along a ray (not along optical axis). 


Electric vector, 3rd order contribution 
for distortion. 


Principal focal point. As a subscript de- 
notes blue light of hydrogen line. Total 
flux radiated by a surface, 


Focal length of a lens; positive if the first 
principal point is to the right of the first 
principal focus. A function related to the 
phase changes on reflection at the reflect- 
ing coated surfaces. 


Focal length of a lens; positive if the sec- 
ond principal focal point is to the right of 
the second principal point. 


1-2 


H 
h 


I 


it 


J, (x) 


a" FP OF 


aE S 


B 


r 
| i 


1 1 


Magnetic vector. 
Diameter of a mirror, fringe width. 
1 


Angle of incidence; positive if the ray can 
be made coincident with the normal to the 


surface by rotating the ray ina clockwise '- 


direction by an angle ‘less than 90°. 


Angle of refraction; positive if the ray can 
be made coincident with the normal to the. 
surface by rotating the ray in a clockwise 
direction by an oat jess than 90°. 


Critical angle. 


Imaginary number, paraxial angle.of inci- 
dence. 


Paraxial angle of refraction. 
Bessel function of order n. 


Absorption constant, constant ‘of propor- 
tionality, optical constant, optical direc- 
tion cosine, 


i 


Ratio of the energy density at the dif- 
fraction head when objective is out-of- 
focus by an amount to the energy density 
at) the diffraction head when objective 
is, in focus, 


Image surface, 2n/. he: 


Distance, optical direction cosine. 


re length through the particular medium’. 


Magnification ratio, optical direction cosine, 


unit normal vector. , 
Mpgnitying power. 
Lateral magnification. 


Mimber of inter-reflections, nodal point of 
a lens. 


Index of refraction, optical constant of an 
homogeneous isotropic film, nth order of 
a 


Origin, object surface. 


1 
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TABLE I (Cont.) 


As subscript pertains to object. 

Object point, principal point of a lens. 
Special (Geom. optics): Petzval contribu- 
tion. 

Image point. 

Partial dispersion-ratio. 

Interpupillary distance. 

Incident unit ray vector, quaternion, ratio. 
Reflected unit ray vector. 


Scalar coefficient. 


Radius, reflectance, resolving power in 
seconds of arc. 


Radius. 


Object conjugate of a lens, surface of a 


_lens, time-averaged Poynting vector. 


Image conjugate of a lens. 


internal transmittance, time-averaged 
energy transmittance, period. 


Thickness measured along optical axis, 
Special: (Physical optics): time. 


Angle between meridional ray and optical 
axis, vector. 


Angle between paraxial ray and optical 
axis, polar coordinate. 


Distance, optical path, vector, wavefront. 


Sa 


v Velocity of light in vacuum, size of field 
of view. 
Ww Energy density or energy flux. 


w Optical half-width of the Fabry-Perot frin- 
ges. 


X,Y Rectangular coordinate system of the Z 
plane, with subscripts they denote the 
position coordinate of the ray: pieree Rte on 
the subscript surface. 


Xp Radii of the dark fringes. 


Xy Radii of the bright fringes. 

x Distance along X-coordinate. 

Y Radius of entrance pupil. 

YY Height of chief ray. 

Vy Admittance when electric vector is perpen- 
dicular to the plane of incidence in the vth 
layer. 

y Object height, height of oblique paraxial ray. 


Vy Admittance when the magnetic vector is 
perpendicular to the plane of incidence in 
the vth layer. 


Zz The abscissa of the rectangular coordinate 
system used. In general the axis of propa- 
’ gation or optical axis; with subscript, de- 
notes a position coordinate of the ray inter- 
cept on the subscript surface. Complex 
number, sag, 


Z Distance along Z axis. 
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TABLE II : 
Symbol [Symnot [Wen 7 
[ 
a Absorption coefficient, angle, angular mag~ 8 Angular limit of Sencha angular 
nification, direction cosine with respect to measurement. 
X axis. 
x Wavelength. 
B Absorption coefficient, angle, direction : 
cosine with respect to Y axis. iB Magnetic permeability. 
Y Constant, direction cosine with respect to v Abbe constant, extinction coefficient, 
Z axis. frequency of vibration, integer. 
A Total phase difference, increment of p Amplitude reflectance, 
change. 
o Electric conductivity, phase change, 
6 Angle of deviation, phase difference. _ unit vector. 
€ Dielectric constant. T Aupplitude transmittance. 
¢ Abscissa. % Angle, phase angle, power of a thin lens. ° 
n Ordinate. & Optical invariant. 
K Extinction coefficient. w Angular velocity, angle. 
: | 
TABLE m : 
| 1 
Symbol Symbol 
1 } ls 
# Plus or minus. * | Transverse chromatic, aberration for some 
. oblique ray displaced from the ray pass- 
= Equal to. ing through y}=0. 
= Identity, defined as. v Square root. 
i a! i 
= Nearly equal to. ny nth root. 


} 


Similar to, special designator when used 


Summation operator. 
to overline a capital letter. 


z= 
> Sigma-summation operator. 
aes 





- Approaches (from left hand side). © Infinity. 
_ Approaches (from right hand side). [ J Brackets; multiplication or matrix operators. 
> Greater than. a Denotes partial differentiation. 
< Less than. J / Integration operator. 
< Less than or equal to. f Integration operator. 
> Greater than or equal to, . 1 Pi = 3.1416. 7 radian, = 180°. 
” Degree. ee Base of Naperian or natural 
logarithm = 2.71828. 
Therefore, ' : 
() Parentheses; multiplication operator, TT Quaternion See Ue eis ret 


1 
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1.2.2 Terms. In general, the terms used in this handbook conform.to Military Standard No. 1241, Optical 
Terms and Definitions; where special terms are used, the definitions are given in the text. An alphabetical 
index is provided at the end of the volume for easy reference to these definitions. 


1.3 REFERENCE DOCUMENTS. 


1.3.1 The following government publications are used in direct reference or provide related information 
valuable in the general field of optical design: , 


JAN-G-174 Optical Glass 

MIL-STD-12 Abbreviations for Use on Drawings 

MIL-STD-34 General Requirements for the Preparation of Drawings for Optical Elements and 
Optical Systems 

MIL-STD-106 Mathematical Symbols 

MIL-STD-150 Photographic Lenses 

MIL-STD-1241 Optical Terms and Definitions 


1.3.2 The following commercial publications are used in direct reference or provide related information 
valuable in the general field of optical design: , 


Ballard, S.S., McCarthy, K.A., Wolfe, W.L., State-of-the-Art Report: Optical Materials for 
Infrared Instrumentation, (Report No. 2389-l1-S: LR.LA, Univ. of Michigan, 1959). 

Bennett, ALH., Jupnik, H., Osterberg, H. and Richards, O.W., Phase Microscopy, (Jobn Wiley 
and Sons, 1951). 

Born and Wolf, Principles of Optics, (Pergamon Press, 1959). 

Committee on Colorimetry, The Science of Color, (Thomas Crowell Co., 1954). : 
Conrady, Applied Optics and Optical Design, Parts 1 and 2 (Dover Publications Inc., 1960). 
Drude, Theory of Optics, (Dover Publications Inc., 1960). 

Hardy and Perrin, The Principles of Optics, (McGraw - Hill, 1932). 

Holland, L., Vacuum Deposition of Thin Films, (John Wiley and Sons, 1956). 

International Lighting Vocabulary Vol. L (CIE. -1.1. - 1957). 

Jacobs, Fundamentals of Optical Engineering, (McGraw-Hill, 1943). 

Jenkins and White, Fundamentals of Optics, (McGraw-Hill, 1957). : 

Johnson, B.K., Optics and Optical Instruments, (Dover Publications Inc., 1960). 

Journal, Optical Society of America. 

Linfoot, Recent Advances in Optics, (Oxford, 1955). 

Martin, Technical Optics, (Pitman: 1948). 

National Bureau of Standards, Circular No. 526, Optical Image Evaluation, (1954). 

Optical Industry Directory, (Optical Publishing Co, , 1961). 

Sawyer, Experimental Spectroscopy, (Prentice-Hall, 1951). 

Searle, Experimental Optics, (Cambridge Univ. Press, 1926). 

Sears, F.W., Optics, Paiidae Wealay Press, Inc., 1949). 

Strong, Concepts of Classical Optics, (Freeman, 1958). 

Strong, Procedures in Experimental Physics, (Prentice-Hall, 1953). . 
Taylor, The Adjustment and Testing of Telescope Objectives, (Grubb, Parsons and Co., 1946). 


Twyman, Prism and Lens Making, (Hilger, 1957). 
Wagner, Experimental Optics., (John Wiley and Sons, 1929). 
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2 FUNDAMENTALS OF GEOMETRICAL OPTICS 
2.1 GENERAL 


2.1.1 Geometrical optics. The term geometrical optics is applied to that branch of physics which deals 

with the propagation of light in terms of rays. ~ These rays are considered as straight lines in homogeneous 
media. Geometrical optics, however, does not include some of the wave aspects of light propagation and 
hence does not take into account interference or diffraction effects. It is the starting point of the design of 

all optical systems; often it is the end point. It offers a means of progressing from graphical representations © 
to numerical methods of analysis, and of arriving at solutions which in most cases are sufficiently accurate. 
One purpose of this text is to describe the laws and principles of geometrical optics and to show their applica- 
tion to the design of optical elements and systems. 





2.14.2 Wave surfaces and rays. A basic problem in the design of optical systems is the calculation of wave 
surfaces as they progress through the various optical media. In geometrical optics this calculation is approxi- 
mated by considering a relatively small number of rays, and then tracing these rays through the system. The 


. actual passage of the rays is computed using analytic geometry procedures and two simple laws, the law of 


reflection and the law of refraction. 


2.1.3 Direction of rays. The rays are perpendicular to the wave surfaces if the radiation is passing through 
a medium which is optically isotropic. The position of a wave surface (often called a wavefront) with respect 
to a point source may be determined at any time by the following procedure. From the point source equal 
optical path lengths are laid off along the rays. The surface that passes through these end points and is 
normal to the rays is a wavefront. (The optical path length corresponding to a physical path length is the 
product of the physical path length and the index of refraction.) In birefringent material the ray directions 
are not necessarily normal to the wave surfaces. The path of a ray of light traveling in a homogeneous medi- 
um is a straight line. When the ray is incident upon a surface separating two optically different media, it is 
reflected and refracted. This usually results in an abrupt change in the direction of the ray. 


2.1.4 Angles of incidence, reflection, and refraction. If a normal is erected to the surface separating two 
media at the point where the ray is incident, the angles which the normal makes with the incident, refracted, 
and reflected rays are termed, respectively, the angles of incidence, refraction, and reflection. The laws 

of refraction and reflection, which state the relations existing between these angles, are two of the funda~ 
mental laws upon which optical design is based. The third law, mentioned above, states that a ray in a homo- 
geneous medium travels in a straight line. ; 


2.2 THE LAW OF REFRACTION 


2.2.1 Diagram for refraction. Figure 2.1 shows a ray of light refracted at an interface between two differ- 
ent homogeneous materials characterized by ng and n, , which are the respective indices of refraction of 
of the materials. The interface is shown as a straight line representing the intersection of a plane surface 
with the plane of the paper. This is a special case of the general situation in which the interface is a curved 
surface. In addition to the refracted ray, shown in Figure 2.1, in general there will also be a reflected ray. 
This has been omitted in the figure only for the purpose of clarification. For most cases where refraction 

ig the aim, the reflected rays account for less than 10% of the incident energy. Section 21.2 will discuss the 
calculation of the reflected energy. 


2.2.2 Sign convention. The following sign convention will be used for the angles of incidence, refraction, 
and reflection. If the ray must be rotated clockwise through the acute angle to bring it into coincidence with 
the normal to the surface, the angle is called positive. The angles I and I' in Figure 2.1 are both positive. 
2.2.3 Statement of the law of refraction. The law of refraction is stated in two parts: 


(1) The incident ray, the refracted ray, and the normal to the surface all lie ina 
single plane. 


(2) The sines of the angles of incidence and refraction are related by the equation 
ngsinI = n,sinI'. (1) 
2.2.4 Vector form of the law of refraction. 


2.2.4.1 In solving many three dimensional refraction problems it is convenient to express the law of re- 
fraction in vector form. This is accomplished by describing the incident ray direction by a vector of unit 
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Normal 








| 
| | 
| bs 
Figure 2. 1 - Mlustration of refraction. ‘Figure 2.2 - Unit vectors for ray directions. 
T 
| 


length a, » the refracted ray by a unit vector a 1» and the normal by a unit vector M y-. Figure 2.2 shows 
the relationship between these unit vectors and the ray directions. _ The vector My lies along the normal in 
the direction incident medium to refractive medium: : 


2.2.4.2 The vector product (cross product) of the two vectors 3 o and My, is a vector of magnitude 


Q,xM, = [24] |x] sinI = sinI 
because the angle between these vectors is I and they are each of unit length. The vector whose magnitude 
is sin I is perpendicular to the plane containing a angle I (the plane of Figure 2.2), and directed i perpendicular~- 
ly into the plane of the paper. Similarly, Q1 xM 1, = Sin!’ , and this is a vector parallel to Q)xM > 
because the refracted ray lies in the plane determined by the normal and the incident 


| 
2,2,4,3 We have established the parallelism of the two vectors whose magnitudes are. sinI and sin. By 
Equation (1) their magnitudes are in the ratio of the indices. Hence 
sinI _@Q,xM, _ ny 
sinl a, xM L No 


2 


and the vector form of the law of refraction may be written as 
no(QoxM,) = n,(Q,xM,). (2) 


| j 
Equation (2) indicates, as all vector equations do, that the vector given by the left hand side equals in magni- 
tude and direction the vector given by the right hand side. 


2.2.4.4 Equation (2) can be written in another form by absorbing the scalar quantities Ng “and n,- Replacing 
the two vectors n, Q, and ny Q, by Bo and By. ;, Peepectrelyy we have 
| 

BxM, = 3,s™M,, : 
and 


(8, - 5) xM, = 0. 
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since neither M, nor (3, -8,) is zero, these two vectors must be parallel or anti-parallel. Therefore 
we can define a quantity FP (sometimes called the astigmatic constant) by writing 


8,-5, = mM. (3) 


2.2.4.5 Having found the direction of (S31 3 ),..we now want to determine its magnitude, T. From 
the definitions of 3, and 8, , and because Q, and Q, are unit length, S, and 8, are two vectors of length 
Ng and nj, in the directions of the incident and refracted rays respectively. The difference, sy - Sy, 
between these vectors is indicated in Figure 2.3. The length of 54 - By is the difference between the 
projections of S, and Bo on M,. For the case illustrated, n, > n, and therefore cos I' > cosI. Hence, 
since IT is a positive number for Figure 2.3 , : 
2 2 1 

T = n,cosl - n,cosl = -ngcosI + ny [ (Re. cos 1) * (ne + 1}. (4) 

Equations (3) and (4) are used inthe derivation of the skew ray formulae included in Section 5. 


2.3 THE LAW OF REFLECTION 


2.3.1 Diagram for reflection. Figure 2.4 shows a ray reflected from a surface. Just as in Figure 2.1 , 
the interface is shown as a straight line, although in general it is a curve. Generally, there will also be a 
refracted ray which is more or less absorbed as it traverses the medium to the right of the interface. ‘For’ 
clarity, only the incident and reflected rays are shown. The calculation of the refracted energy is discussed 
in Section 21. 2. 


2.3.2 Statement of the law of reflection. The law of reflection is also stated in two parts: 


(1) The incident ray, the reflected ray, and the normal to the surface all lie 
in the same plane. 


(2) The angle of incidence is numerically equal to the angle of reflection. 





R 
Aecteg 
Ray 
Normal 
I 
Le 
“poo 
Figure 2,3 — Relation between Bo > 3 1, andtheir Figure 2.4 - Hlustration of reflection. 


difference. 
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\ ' ‘ i : 
Note that if I' is labelled as shown in Figure 2.4 , then I' is negative while I is positive according to the 
sign convention. The law of reflection then is t 


l=-r., (5) 
2.3.3 Unification of the laws of reflection and refraction. A very convenient way to unify the laws of re- 


flection and refraction is to use the single equation (1) for the law of refraction and to say that in the case of 


reflection 

ny = -Ng- | : (6) 
With this convention, Equation (1) leads directly to Equation () . ‘This convention will be used later to pro- 
vide a completely unified treatment of reflection and refraction problems. 


1 
i 


2.4 TOTAL INTERNAL REFLECTION 


2.4.1 The critical angle. An inspection of Equation (1) shows tnt ifn, <n,, and I’ is 90°, the anglé of 


incidence then would be given by 


1 
| 
: n t 
sinIg = = Z : : (7) 
© t Z ' 
where I ,is called the critical angle. If the angle of incidence exceeds the critical angle, the reflected ray 
has associated with it all the incident energy, as though the interface were a perfect mirror. This effect is 
used to an advantage in the design of prism systems to obtain reflectivity with very little loss of energy. 
(See Section 13 ). 
| ; : 
i | 
2.4.2 Table of critical angles and indices. Table 2.1 lists the critical angle* corresponding to various 
indices of refraction. These data are useful in the design of prism systems, where it,is necessary to be 
sure that the prism totally reflects all the desired rays. 


0. 729728 0. 690526 0. 655753 


- 123820 0. 685308 0. 651099 
- 718020 - 0, 680177 0. 646517 
» 712324 0. 675132 0. 642005 
- 106730 0. 670168 <i 0. 637562 
- 701234 0. 665286 0. 633186 
- 695834 0. 660481 





0. 628875 


Table 2. 1 - Table of critical angles (n vs Ic). 


| 
| 


2,5 INDEX OF REFRACTION aa 

eo 
2.5.1 Absolute index of refraction. It is appropriate at this time to discuss the meaning of index of re- 
fraction, referred toas n. The absolute refractive index of a material is defined as the ratio of the 


velocity of light in a vacuum to that in the material, 


no = Lvac , (8) 
Vo 

' : 
2.5,2 Relative index of refraction, In practice the absolute index of refraction is never directly measured. 
Instead the velocity in the material is compared to the velocity in air. From this comparison the relative 
index of refraction can be determined. The relative index of one material with respect to another is equal to 
the ratio of the absolute indices. For example, the relative index of a substance with respect to air is 

i | : 
No _ Vyac/Vo = Nair | 





n = 
: 2 ret Nair V vac! Vair Vo 


* As indicated here the angle is expressed in radians. In the future, af an anata is given in radians, the word "radian" 
will be omitted; if the angle is given in degrees, the degree sign (° ) will be used. 


24 
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Equation (1) , which is the basic equation applying to a ray as it traverses a boundary, can be applied without 
knowing the absolute indices ng and n,. Only the relative index, n 7 ny, is needed, Hence all refraction 
problems involve only a ratio of two indices and it is not necessary to know the absolute index of optical 
materials. Therefore, unless specifically stated, the indices of refraction of optical materials relative to 
air are used, and it is these relative indices which are measured. (See Section 25,7.3) . In problems in- 
volving vacuum the absolute index of refraction of air must be used to calculate the absolute index of the 
material. 


2.5.3 Table of refractive indices. The index of refraction of several optical materials is shown in 

Table 2.2. Except for silicon, where the index applies to the infrared, the indices are for the visible spec- 
trum. Detailed refractive index data on optical glasses are available in catalogs fram glass manufacturers. ; 
(See paragraph 2.7.9) . Materials other than glass are available and are used for optical elements. Refrac- 
tive index and other data on these materials are discussed in Section 17. It should be noted that the indices 
given in Table 2.2 , as well as in other references, are not only functions of wavelength, which is discussed 
in Section 2.6 , but are also functions of temperature and pressure. The pressure dependence becomes.of 
major importance in the case of gases; sometimes a particular gas at relatively high pressure is used to: 
enclose part or all of an optical system. : 


ete 

















1. | 

1, 

1. 
Fused quartz 1. | 
Borosilicate crown glass 1, Red 
Ordinary crown glass 1. 
Canada balsam 1. ao o 
Light flint 1. Violet’ 
Dense barium crown 1, 
Extra dense flint 1. 
Silicon (in the infrared) 3. 





Table 2.2 - Refractive indices of various Figure 2.5 - Beam of white light passing through 
materials. a dispersing prism. : 


2.6 DISPERSION OF LIGHT 


2.6.1 General. It was shown by Newton that white light is not to be considered as a fundamental type, but 
is rather a composite mixture which can be separated into a range of colors, - that is a spectrum - , by 
passage through a prism as shown schematically in Figure 2.5. According to the wave theory of light, each 
color corresponds to a definite frequency of vibration or, when the light is traveling in a vacuum, to a definite 
wavelength (). + The shorter waves correspond to the violet end of the spectrum; the longer, to the red. 
Further investigation has shown that the radiation spectrum extends to longer wavelengths beyond the red, the 
infrared (IR ) region, and to shorter waves beyond the violet, the ultraviolet ( UV ) region. 


2.6.2 Variation of index with wavelength. 


2.6.2.1 Since index is inversely proportional to the velocity of light in a given medium, and since this velocity 
is not constant for all colors, the index is a function of the color of the light. The color may be specified either 
by stating the frequency or wavelength in vacuum; hence, the index may be considered a function of either 
frequency or wavelength. Which functional dependence is used depends on the specific problem involved. In 
geometrical optics, since spectrum lines are used to measure indices, and since these lines are indicated by 
wavelength (instead of frequency), it is customary to use the functional dependence on wavelength, 


2.6.2.2 For a given refracting medium, the absolute refractive index takes on a different value for each 
wavelength. In all practical cases it is higher for short wavelengths, and lower for long ones. Thus in 
Figure 2.5 a ray of composite light is incident normally on the first surface. Since the angle of incidence 
on this surface is zero, the angle of refraction is also zero and the ray is undeviated. At the second 
surface, however, the light is deviated, the blue ray being bent more than the red. This unequal refraction 
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is called dispersion. The variation of index with wavelength, for most optical materials in the wavelength 
region where they are used, is such that the index decreases as the wavelength increases. The index varies 
approximately linearly with 1/A“ where 2 is the wavelength of the radiation. , 
1 f ‘ 
2.6.3 Fraunhofer lines. In optical design work, the indices of refraction of the media to be used must be 
known in the wavelength region in which the device is to be used. (Methods of measuring index will be dis- 
cussed in Section 24.6). Within the region, the choice of wavelengths at which measurements are made de- 
pends partly on convenience in measurement, and partly on custom.’ The section on glass characteristics 
applies generally to the visible region. Similar considerations apply to the ultraviolet and infrared regions, 
but the use of specific wavelengths for reference in those regions is not yet so well established. The range 
of visible wavelengths runs from about 0.380 to about 0.740. (See Section 4.5). Within this region 
several reference wavelengths are used which, for historical reasons, are known as Fraunhofer lines, and 
are customarily denoted by letters assigned to them in a system originated by Joseph von Fraunhofer in his : 
studies of the solar spectrum. In Table 2.3 are given the wavelengths of light of some of the Fraunhofer 
lines, and the elements from which the lines result. Also included are two additional lines, one in the near 
infrared, the other in the near ultraviolet, which are being used as standard wavelengths for index measure- 
ments. i ? 
| 


Color of light Wavelength, Microns 
| 
0. 7665 
















a 





Light Blue 0. 4861 
G 0.43 40 
Sees ee 
| 


Table 2,3-Fraunhofer and other ca lines. 


A’ 
c 
F 
gs 
h 





Hg 
Na 
ug 


2.7 CHARACTERISTICS OF OPTICAL GLASS 


2.7.1 Reference indices.. In designing chromatically corrected systems, it is necessary to make pro- 
vision for the variation of the index of refraction with wavelength. This will be expanded in later sections. , 
but for now it is important to be aware of the terms and quantities which are usually sufficient to describe 
the properties of an optical medium in the visible spectrum. In this and in the following paragraphs, refer- 
ence should be made to specification MIL-G-174, Optical Glass, to become acquainted with approved standard 
requirements for the military. It is impractical to treat simply the infinite number of indices corresponding 
to all the wavelengths in white light. Common practice is to select a’convenient wavelength near the middle 
of the eye's sensitive range, using one which can be easily and accurately reproduced. The refractive index 
of the material at this wavelength is then used as a basic reference both in design and in material designa- 
tion. The material's refractive index for yellow light corresponding to the mean wavelength of the two 
sodium D lines is usually used in the United States and is designated.ny . European practice is to use 

ng , the index corresponding to the yellow helium line. Similarly, the terms ny and ng are the indices 


of refraction for the F and C lines of hydrogen and provide reference indices in the blue and red regions. 
my 
‘ i 
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2.7.2 Abbe constant. A commonly used expression for identifying chromatic properties is the. Abbe con- 
stant, which is defined as 


Ny-l 
| = n 
F c 
The symbol V , rather than the Greek vy is frequently used; however v will be used in this text. The Abbe 
constant is named for its inventor, the German scientist Ernst Abbe. It is often called the nu value or the 
vee number. The numerator, np-1, is called the refractivity for the sodium D lines. 


2.7.3 Partial dispersion. The difference between any two indices for a given substance, corresponding 

to two different wavelengths, is called the partial dispersion. Hence np - Ng is the partial dispersion for 
the D and C lines. The particular partial dispersion, np - ng, is called the mean dispersion because it 
covers approximately the visual range of wavelengths. Use is sometimes made of a partial dispersion ratio, 
for example, (np - ng)/ (np - ng). 


2.7.4 Glass type number. It has become common practice to identify a glass by the type number, which 
is a six-digit number. The first three digits of the type number are the first three rounded digits of the 
refractivity, (Np-1) , and the last three digits of the type number are the first three rounded digits of the 
v- value of the glass. A glass with ny = 1.51250 and y = 60.5 would have a type number of 513605. 


2.7.5 Staining. In addition to the quantities involving refractive indices, which have been mentioned 
above, additional optical characteristics must be considered in optical design. One of these, surface 
staining, obviously affects the transmittance; such staining is accelerated by the presence of acidic 
atmospheres, for example caused by carbon dioxide or perspiration. St ; can be measured quanti- 
tatively by the time required to form a film one quarter of a wavelength thick when the sample is immersed 
in nitric acid under controlled conditions of concentration and temperature. 











2.7.6 Dimming. <A characteristic somewhat related to staining is surface dimming, which occurs when 
the polished sample is exposed to moist air. It can be measured quantitatively by exposing the sample to 

a 100%relative humidity atmosphere at a given temperature for a specified time, and classifying the appear- 
ance of the surface. 


2.7.7 Bubbles. All glasses contain some bubbles, or inclusions, varying in size and number according to 
the glass type. A glass sample is classified according to the number of bubbles in a specified volume of 
material. If a bubble is less than 0.02 mm in diameter (or some other standard value), it is not counted as 
it is considered invisible. 


2.7.8 Table of optical glass characteristics. Table 2.4 lists the quantities described above in identifying 
glass. The glass type number is given in both the extreme left and extreme right hand columns. The second 
eolumn at the left gives the v - number. There follow eleven columns giving the refractive index for the: 
corresponding wavelengths. The next column gives the mean dispersion. There follow six columns listing 
two numbers for each glass type. The one in large type is a partial dispersion, the other a partial disper- 
sion ratio. The specific gravity is listed in the next column; as the metal parts of optical instruments be- 
come more and more fabricated of light alloys, the glass weight becomes an important factor and must be 
considered in overall optical design. The next column gives the staining time in hours, and adjacent to it 

is listed the stain test class. In the next column is given the dimming test class number, running from 1 
(not visibly dimmed) to 5 (dimming interfering with clear vision). The bubble code is given in the next to the 
last column; the code runs from 1 (few bubbles) to 4 (many bubbles). The letter P following a glass type 
indicates that this type is available in a form which makes it resistant to gamma rays and X-rays, The term 
fine annealed indicates that permanent strain on cooling has been virtually eliminated. 


2.7.9 Availability of glass tables. Designers, or interested students should obtain from glass manu- 
facturers the latest catalog information. Some suggested sources are: (1) in the United States, Bausch 

and Lomb, Rochester, New York; Corning Glass Works, Corning, New York; Eastman Kodak Co., Rochester, 
New York; Hayward Glass Co., Whittier, California; Pittsburgh Plate Glass Co., Pittsburgh, Pennsylvania; 
and (2) abroad, Chance-Pilkington Optical Works, St. Asaph, England; Tozai Boeki Kaisha, Ltd., No. 13, 
4-Chome, Shiva~Tamuracho, Minatoku, Tokyc, Japan; Minex, P.W.O. Works, Jelenia Gora, Poland; 

Ohara Optical Glass Manufacturing Co., Sagamihara, Kanagawa, Japan; Parra-Mantois, Le Vésinet, 

France; Schott Glass Works, Mainz, West Germany; Schott Glass Works, Jena, East Germany. Catalogs 

of Russian manufacturers are published by Gosudarstvennoe Isdatelstvo, Moscow, USSR. Additional U.S. 
companies and representatives of foreign companies are listed in the Optical Industry Directory (See 

page 1-5). 
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3 CONSIDERATIONS OF PHYSICAL OPTICS 
3.1 INTRODUCTION 


3.1.1 Diffraction nature of optical images. 


3.L11 The goal in designing a lens system on the basis of geometrical optics is to find a combination of lenses 
for which all rays in a specified cone of rays that diverges from an object point P are converged upon the cor- 
responding image point P' such that the optical paths of all rays from P to P’ are equal. Other requirements 
are added. For example, it may be required that points P and P’ shall belong to a single object plane anda 
single image plane, respectively. Even when the design satisfies all these requirements to a high degree, the 
image P' of a self-luminous object point P is not a point but consists of a central bright spot surrounded by 
systematically distributed dark and bright fringes whose contour and width depend upon the contour and dimen- 
sions of the aperture of the lens. If, for example, the lens aperture is circular and if the self-luminous object 
point is located upon or near the optic axis, the image consists of a circular, central bright spot surrounded - 
alternately by dark and bright rings. The central bright spot is called the Airy disk. Its diameter decreases 
as the diameter of the lens aperture is increased. The actual image of the object point is modified to such a 
degree by diffraction from the finite lens aperture that this image is appropriately called a diffraction image. 


3.11.2 The diffractive nature of the image may not be so apparent with, for example, high-speed objectives in ~ 


- which compromises among the geometrical corrections and tolerable aberrations must be made. However, the 


image will generally exhibit effects due to diffraction, i. e., effects that cannot be explained from Snell's law of 
refraction or reflection alone. In any case, the image of a point will not be a point; an exact point by point simi- 
larity between object and image cannot be achieved. Resolution of details in the image of the object is restricted 
first by the degree of correction of the optical system and finally by the laws of diffraction, i.e¢., by the laws gov- 
erning the bending of tight rays from the paths consistent with Snell's law of refraction and reflection. 


3.1.1.3 Whereas the action of most optical systems can be explained by the principles of geometrical optics, the 
action of other systems such as phase microscopy can be understood only as a proposition in diffraction. How- 
ever, inany system, the ultimate resolving power and contrast in the fine-grained details of an image are de- 
termined by diffraction. 


3.1.2 Diffraction and interference, 


3,1,2,1 Broadly, diffraction is the phenomenon whereby waves are modified in direction, amplitude,and in phase 
“by interaction with an object or obstacle. In its most general sense, diffraction includes the phenomena of re- 
fraction and reflection but these two phenomena are ordinarily. considered apart from diffraction. However, 
when the dimensions of the object become comparable to the wavelength, the concepts of refraction and reflec- 
tion become useless.. With such small objects, even scattering becomes a direct aspect of diffraction. 


3.1.2.2 Interference is the process by which two or more overlapping waves interact so as to re-enforce one 
another in some regions and to oppose one another in other regions. This process is essentially one of addition 
of the instantaneous amplitudes of the overlapping waves. It matters a great deal whether or not the overlapping 
waves are coherent. In case the added waves are incoherent, the time-averaged energy density is simply the 
sum of the time-average of the energy density associated with each wave, i.e., the resulting energy follows the 
law of superposition of energy. Conversely, it may be concluded that if the time-average of the energy densities 
follows the law of superposition of energy, the interfering waves are essentially incoherent. Interference includes 
the process by which a given wave is split or decomposed into two or more waves (often called component waves). 
These component waves are automatically coherent since they belong to the same wave-train. The action of in- 
terferometers can usually (but not always) be explained adequately by considering the sum of two or more waves. 


3,1.2.3 Diffraction and interference are related processes, but diffraction is the more inclusive. In fact, dif- 
fraction effects can include interference effects as special cases. For example, in explaining the "interference 
fringes” produced with monochromatic light leaving two small pinholes that are illuminated coherently from a 
third pinhole, it is natural to regard the formation of the interference fringes as an interference effect, i.e.,as 
a process of adding the two well defined spherical waves that emerge from the pair of pinholes. However, as 
the area of the pinholes is increased, the location of the origin of the spherical waves that.leave different por- 
tions of the pinholes begins to matter. The process of summing the effects of the infinite many wavelets that 
leave the pinholes is now carried out most conveniently by means of integrals that characterize diffraction pro- 
cesses. 


3.2 THE PHYSICAL NATURE OF LIGHT 
3,2.1 The wave theory 


3.2.1.1 Much evidence supports the view that light is propagated as electromagnetic waves whose wavelengths 
A fall in the visible range from 0.38 to 0.76 microns. The transverse nature of electromagnetic waves is il- 
lustrated in Figure 3.1 in which E and H denote the electric and magnetic vectors, respectively. The electric 
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Figure 3. 1—The electromagnetic nature of a plane polarized light wave. The electric 
vector E and the magnetic vector H oscillate at right angles to the direc- 
tion of propagation and at right angles to one another. 


and magnetic vectors are ordinarily perpendicular to each other and to the direction of propagation. The elec- 
tric vector describes an electric force field that will cause an electric charge to vibrate along the E-direction. 
Thus, the electric vector produces ‘displacements of ions or electrons along the positive or negative E-direction, 
respectively. The vectors E and H are inseparable and are mutually dependent. For this reason it usually 
suffices to specify only the electric vector. The luminous flux can be computed whenever the radiant flux of 

the electromagnetic waves is known (as it is when the E-vector is specified). % 


3.2.1.2 The velocity of all electromagnetic waves in vacuum is a canstst =¢= 299792. 5 kilometers per second, 
The velocity of monochromatic waves in non-vacuum media invariably depends upon the wavelength and is accord- 
ingly called the phase velocity to distinguish it from the group velocity of a group of monochromatic waves. The 
refractive index n of a medium is defined such that 


velocity in vacuum 
phase velocity in the medium 


() 
ie aees ee 
Let T denote the period of vibration of a monochromatic wave, Let v = 1/T denote the frequency v of 
vibration, ‘Then if v denotes the phase velocity recta 
svraet& 
VovA = (2) 
As an electromagnetic wave moves from one medium into another, its frequency remains fixed, Hence its 
wavelength must change such that the wavelength A in a medium of refractive index n varies according to the 
law : ; : 
' | ! 
ae & = 22 . do (3) 
ny n n : : 


where X, = cT = wavelength in vacuum, 


3.2,2 Plane--polarized light waves. 


! ‘ I ‘, i 
3.2.2.1 A plane-polarized light wave is one whose electric vector vibrates in a fixed plane (which we shall call 


the plane of polarization) in homogeneous media that do not rotate the plane of polarization, The wave illus— 
trated in Figure 3, 1 is plane-polarized. If the direction of propagation is the Z-axis, the magnitude E (z, t) of 
; | 1 \ : 


| 
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the electric vector can be specified as the trigonometric function 


E (z, t) = a cos (knz + @ ~ wt) (4) 
where 

z = distance measured along Z @ = phase angle 
t ='time n = refractive index. It can bea 
k = 2n/r function of z for variable media. 
w= 2a/T a = amplitude of the wave. It is an 
A = wavelength exponential decreasing function 
T = period for one complete vibration of z for absorbing media. 


The phase angle $ is needed for specifying .the phase of one wave relative to another. If, for example, 


E 


4 = a, cos (knz + 6, - wt) (5) - 
E, = a, cos (knz + $5 - wt) : (6) 
the corresponding waves differ in phase by the amount ¢ 1 ~ %) at like values of t and z. 


3.2.2.2 The state of vibration or polarization is the same for all points that belong to a wavefront. On each 
wavefront 


knz + $ - wt = constant = w (7) 


where w is different for each wavefront. The wavefront moves so as to satisfy Equation (7). By differ enti- 
ating the members of Equation (7) with respect to the time t, one finds that 


dz w@ _1 
=yvs ese 
n 


dt kn 


‘ 
Ton? T nn’ 2 (8) 


3.2.2.3 The wavefronts of the plane-polarized wave described by Equation (4) are perpendicular to the Z-axis, 
the direction of propagation. If the plane-polarized plane wave is propagated along.an arbitrary direction OP, 
Figure 3.2, the magnitude E of the electric vector assumes the form 

E =a cos [in (px + ay +32) +6- at | (9) © 
where p, q and r are the direction cosines of OP with respect to X, Y,and Z, respectively. Thus, 


pe +g?4 r% = 1, (10) 


Equation (9) reduces to Equation (4) when the direction of propagation OP is the Z-direction only, for then 
p=gq =o andr = 1, Itis important to observe that the wave motion of Equations (4) and (9) is of the form 


E =a cos (@- wt) (11) 
where 
G=kn (px + qy+ rz) + 6 , (12) 


with p, q,and r defined as the direction cosines of the direction of propagation of the plane-polarized, plane 
wave. The electric vector vibrates in the wavefront. 


3.2.3 Energy in a single wave. The instantaneous energy, W, (whether energy flux or energy density) 
in the wave is proportional to EB’, where E denotes the instantaneous magnitude of the electric vector. 
We take the factor of proportiojiality as unity and write from Equation (11) 


Wi = E? =a? cos? (6- wt ). ‘ (13) 


The oscillations of light waves are so rapid that the eye or other known detectors are unable to follow the in- 
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Figure 3. 2—Notation with respect to the propagation of a plane wave. 
i ' f 
; | I 
stantaneous values. Rather, the time average W of W, is detected and measured. It suffices to average over 


one period T of oscillation. Thus, 


-1 To 2 
W-af 3 cos? (S- wt) dt 
5 i 

oe fi [ 1+ 008 2 (a- ot) | at (14) 


Since w = 2n/T, it follows almost directly that 
T 
J, cos 2 (&- wt) dt = 0. (15) 


Hence, 
W =a" /2, : (16) 


i.e. the time-averaged energy density or energy flux ina single wave is proportional to the square of its ampli- 
tude. W is independent of, for example, the phase angle ¢ of the single plane wave. 
| | 


: i 
3.3 INTERFERENCE BETWEEN WAVES : 


3.3.1 Collinear, coherent waves. 


i | ‘ 
3.3ale1 Two waves will be called collinear when they are propagated in the same direction. We consider the in- 
terference of two plane-polarized* plane waves that are propagated in the same direction with a constant phase 
ee 1 g 
* The electric vectors of these two plane polarized waves are assumed parallel, i.e., are assumed 
to vibrate in the same fixed plane. - 
| ! 
| i 
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difference 6 . The magnitudes E) and Ey of the electric vectors of two unlike plane waves assume from 
Equation (11) the form 

E, = a, cos (4, - wt) ; E, = a, (@,- wt) - (17) 
From Equation (12) 

$,-G,=0, (18) 


the phase difference between the two waves. 


3.3.1.2 Let E denote the magnitude of the electric vector formed by the sum of E yand Ey, ie, formed 
by the interference of the two waves. Then, 


E =a, cos ($,-wt) +a, cos(,-wt) . (19) 


Let W be the time-averaged energy density formed by the two interfering waves. As in paragraph 3. 2.3, 
wei [Treat . , 
tL 


aa T 2 ag T 
at 2 s 
T cos (8, wt) di + 7 f cos (&, wt) dt 


2a,a Tt 
+ ~~? i cos (4, - wt) cos (4, - wt) at 


T 
= ss es +2a,a,I ‘ (20) 
where ‘ 
r=4 J* cos ( ®, - wt) cos (#, - ut) dt . (21) 
But : 
cos (6, - wt) cos (wt) = 2 [ cos (4, +8, - 2080 +0089, = 6, )] - (22) 


As in Equation (15), 


f" cos (4 +6, -2wt) dt=0. 
oO 
Hence, 


cos (@, - $,) fra _ 008 (%,- 2%) cos 5 


2T oe 8 ~ 8 - 





Finally, from Equations (23) and (20) we find that the time-averaged density, W , produced by the interference 
of two, plane-polarized, collinear, plane waves having amplitudes a, and a, and phase difference (@ - $5) is 


is! ah. 2 
Wes [ a +2a,a 


2 
4 ,cosd+aZ]. (24) 


3.3.1.3 For constructive interference, the phase difference @,- &, = 6 between the two waves is 0, 2a, An ; 
etc., so that : 


1 2 ‘ 
Wes (ay+ ay) - (25) 
For destructive interference, 6 = ma where m is an odd integer. Correspondingly, 
ei & 
W=% (a,-a,) . (26) 


It should be noted from Equation (26) that W = 0 when the two waves have equal amplitudes and are out of phase. 
Thus, two plane waves that are propagated in the same direction can cancel one another everywhere, or they can 
re-enforce one another everywhere provided that their phase difference 6 is a suitably chosen constant. The 
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ieee ae 
time-averaged energy density of the resultant wave is not merely the sum of the time-averaged energy densities 
of the two separate waves except in the special cases cos 6 = 0. See Equations (25) and (16). The waves are 
coherent when 6 is constant. | 


3.3.2 Collinear, incoherent waves, 


3.3.2.1 One should expect that when light or any other radiation from two independent sources overlap, the re- 
sulting energy density is simply the sum of the overlapping energy densities, i.e., the law of superposition of 
energy should apply. The interfering waves ought to be incbherent. The following somewhat oversimplified 
argument brings to bear the essential physics underlying the interference of incoherent waves. 


3,3,2.2 The time-averaged energy density, produced by two interfering waves that have amplitudes a, and ap 
and the phase difference 6 , is given by Equation (24). We shall avoid considering the sum of a large number 
of waves having randomly distributed phase differences 6 (as will occur with independent sources) by suppos- 
ing that in a short interval of time the phase differences 6 between the two interfering waves are distributed 
with equal probability in the interval 0 £6 S20. Then from Equation (24) 


wei[ afs+2aza, wet ag | (27) 
t i 
where gos 6 is the average value of cos 6 when all values of 5 are equally probable in the interval 
0 = 5 = 27. One can show that : : 
! ! 
cos 56 =0. ; (28) 


In this manner we conclude that 


5 : 
wei (az+aZ) (29) 
| & : 
i : 
so that the interference between incoherent waves is of that degenerate variety to which the law of superposition 
of energy applies. 


3.3.3. Non-collinear, coherent waves. ' 

oo I ; 
' . 
3.3.31 The theory of paragraph 3.3 is almost but not quite adequate for explaining and interpreting the inter- 
ference fringes that appear in Twyman Green and other double-beam interferometers; for in these interferometers 
the mirrors are usually tilted so that the two interfering waves are not propagated in the same direction. It is 


well known that a series of straight and parallel interference fringes are seen when the interfering waves are 


not collinear and when the reflecting surfaces are optical flats. 
: i 


3.3.3.2 We may suppose without essential loss of generality that one wave is propagated along the direction OP 
that makes any angle @ with Z but is oriented so that the direction: cosine q = 0. The two interfering waves 
are described by Equation (17); but @, - &, will not be given by Equation (18). Instead, 

1 | } 


$, = knz + , . ; (30) 

®, = kn (xsin 6 +zcos 6) + bs 
so that so 

: : | 4 . 
Tg ais ep ene ee re . (31) 
From Equations (20) and (23) the time-averaged energy density formed by the two interfering, coherent waves is 
a 2 _ 2 
Wes [ a2-za,a, Coe #) +a]. (32) 


; | : 
Substituting 4, - &5 from Equation (31) and setting $, - ¢2 = 5 , the fixed phase difference between the two 
waves, one obtains : ; 


2W = are ap+2a,a, cos [6 - knx sin 6 + knz ( 1 - cos 0) | (33) 
i i ' : 4 
% t 1 
in which 6’ is the angle indicated in Figure 3.3, k = 21/A and n is the refractive index of the medium, 6 is 
the phase difference between the two interfering waves having amplitude ay and ay at the point x = 0, 2=0. 
i ' eae ! | ‘ i 5 


I 
1 i 
{ | i 


|. 3-6 








Downloaded from http://www.everyspec.com 


CONSIDERATIONS OF PHYSICAL OPTICS MIL-HDBK~ 14) 


WAVE FRONT FOR E, 





WAVE FRONT FOR E, 


Figure 3.3— Interference between two plane wavefronts W, and W, that are propagated 
along different directions. 


3.3.3.3 In doubig beam interferometry, the angle @ is usually so small that one can set sin@ = 6@- and 
1- cos @=6°/2. If, then, one makes observations in planes z near z = 0 » Figure 3.3, the term contain- 
ing z in Equation (30) can be neglected. The approximation thus obtained is the usual interference formula 


a ae 2 
aW=aj+a,+2a,a 


2 CoS (6 - 2anxe / 2d) : (34) 


The fringes are repeated whenever x is increased by an amount Ax such that 
knAx sin @ = 2a . 


The fringe width h is therefore given by 


Xx 


h = 4x = —~—_ 
n sin 6 


(35) 


The greater fringe widths belong to the longer wavelengths. 


3.3.3.4 In case the fringes are photographed with a camera that images a plane into a plane, the interference 
fringes will be straight. Suppose, however, that the camera has. curvature of field. In this case a plane 
z = constant will not be focused upon the photographic plate. Consequently, one has to expect from Equation 


(33) that the photographed fringes will be curved and that the distortion of the fringes should increase as @ and 
% are increased, 


3-7 










Downloaded from http:/Avww.everyspec.com 


MIL- HDBK=141 


4 VISUAL OPTICS 
4.1 INTRODUCTION 


4.1,1 Characteristics of the human eye. The design of an efficient optical instrument must include considera- 
tion for the use of the instrument. When the human eye is to be the translating instrument, the instrument 
must be designed for proper seeing. This section will call attention to some of the advantages and limitations 
of the human eye and seeing that are important for instrument design. The human eye is sensitive to radiant 
energy from 380 to about 740 my in wavelength. The limits of visibility for young eyes are about 313 --900 mp, 
but for practical purposes the narrower range is adequate and representative for average eyes. Light is de- 
fined as radiant energy evaluated according to its capacity to produce visual sensation. A few quanta can 
stimulate the retina and be seen as light. To see an object, light of suitable quality (color) and intensity from 
the object must form an image on the retina of adequate size, contrast, and duration for the retina to trans- 
form the light energy into nerve energy, and the nerve impulses must be conducted to the brain and integrated 
into consciousness. Age, glare, state of adaptation and visual acuity will modify vision. “ 


4.1.2 Seeing, Seeing is a learned ability and training can improve the individuals seeing to limits set by the 
eye and nervous system, Seeing is a perceptual process that is affected by and incorporates other sensations, 
emotions, association mechanisms simultaneously active with vision, education, and past experience, It 

varies with the condition of the individual and the entities must be statistical probabilities of seeing rather than 
absolute values. ; 





4.1.3 Loss of vision, The eye and vision are disturbed by many conditions and diseases. Emmetropia refers 


to an average normal eye, ametropia indicates a defective eye and amblyopia an eye with little or no vision that 
appears normal. Additional defects of the eye are covered in paragraph 4. 3.3. 


4.2 ANATOMY OF THE EYE 


4.2.1 Physcial structure. The human eye, as illustrated in Figure 4.1, is a nearly spherical organ held in 
shape by a tough, outer, whitish-sclerotic coat and the pressure of its viscous content. The cornea, the trans- 
parent front part of the sclera, protrudes slightly as it has a greater curvature. Inside the sclera is the chor- 


- oid containing the blood vessels, the opaque pigment and the ciliary process. The ciliary process includes the 


iris and the muscles which focus the lens of the eye. The pupil is the opening in the center of the iris. The 
retina covers the inside of the choroid to the ora serrata near the ciliary process. The space between the cor- 
nea and the iris is called the anterior chamber and between the iris and the lens is a posterior chamber. Both 
are filled with the aqueous humor. The space back of the lens and ciliary process is filled with the vitreous hu- 
mor. The lens is attached to the ciliary muscle by many fibers or suspensory ligaments. Except for the open- 
ing in the iris the pigmentation.of the sclera and iris normally makes the eye light tight. A lack of eye pigmen- 


‘tation is called albinism and vision is impaired by glare from light leakage onto the retina. 


4.2.2 Intraocular pressure. The internal pressure of the eye is maintained quite constant by a balance of 
the formation of the aqueous humor at the back part of the ciliary process, from which it passes out through 
the pupil into the anterior chamber, and drains through the canal of Schlemm. 


4,2.3 Metabolism, The transparent media, cornea, lens and vitreous do not have blood vessels and receive 
their nourishment from the fluids surrounding them, The transparency of the cornea depends on its relative 
hydration. The front part of the retina contains blood vessels which furnish nourishment to it and to the ad- 
jacent vitreous. 


4.2.3.1 The retina is one region of the body where it is possible to see (with the ophthalmoscope) the condi- 
tion of the blood vascular system and recognize changes from many systemic diseases. The focussing ability 
of the eye is altered by a change in the blood sugar concentration from inadequately controlled diabetes. 
Glaucoma is a disease characterized by an increase in the pressure within the eye ball and unless arrested 
promptly will lead to mechanical damage and loss of sight. 


4.2.4 Development. The eye is developed early and is fairly well formed by six weeks after conception. An 
outgrowth from the front of the brain becomes the optic nerve and the retina of the eye. When this cup-shaped 
formation nearly reaches the skin of the embryo, that.part of the skin sinks below the surface and becomes mod- 
ified to form the lens of the eye. The skin closes over to form the cornea and the sclera. The choroid and the 
ciliary process form between the sclera and the retina. Like the brain, the eye is relatively large at birth al- 
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though vision then is imperfect and improves for several years. Color vision may not reach its greatest sensi- 
tivity until in the late teens. The various parts of the eye do not grow at the same rate and the eye and the body 
do not grow at the same rate. It is remarkable that the regulatory mechanisms tend to balance these different 
rates of growth to produce the emmetropic eye. 7 


4.2.4.1 The muscles which control the eye wilt be described later. Briefly however, muscular action is usu- 
ally a balance between opposing pairs of muscles which contain many contractile units and the resulting move- 
ment usually shows the action of the units in a stepwise progression, and fine oscillations when in equilibrium. 


4.3 OPTICAL CONSTANTS OF THE EYE 


4.3.1 Use of the "standard eye." As one would expect there are no universal dimensions for an eye, one 
finds instead, considerable variation in all dimensions. A good image formed on the retina may be the result of 
each part of the eye being perfect in form and refractive index, or the shapes and indices of the parts may have 
compensated for each others defects. Complete testing of each observer's eye would be time consuming-and 
require special equipment. Instead a "standard" or typical eye is established and used as a standard observer 
for computational problems. Individual eyes can be examined to discover whether or not they correspond to — 
the standard. There are several systems for "reduced" eyes, and a commonly used set of optical and mechan- 
ical characteristics for a typical eye is illustrated in Figure 4.2. Reduced is used here in the sense of an 
optically equivalent system. 


4.3.2 Aberrations. Like other optical systems the eye is subject to the usual aberrations, The coordination 
of the focussing system and the retinal structure with sunlight over many years evolution has minimized some 
of the problems. Distortion and field curvature rarely bother in ordinary seeing, and chromatic aberration 
does not disturb vision. With the small pupils,of 3-4mm and average daylight, spherical aberration is minimal, 
although in dim light with large pupils it lessens vision. 


4.3.3 Corrective lenses. The chief defects of the eye are myopia, hyperopia or hypermetropia, astigmatism, 
presbyopia and aniseikonia. The hyperopic eye focuses the image of a distant object behind the retina,and the 
myopic eye in front of the retina. In old age the focussing ability of the lens declines and this condition is 
termed presbyopia. Astigmatism results from asymmetry of the cornea. Aniseikonia will. be discussed in 
paragraph 4.7 and aphakia will be discussed in paragraph 4,4. See 


4.3.3.1 Far sightedness, or hyperopia, can be due to the axial length of the eye being too short, or the focus- 
sing mechanism too weak, and is corrected by placing in front of the eye a plus lens of proper strength-to re- 
place the image on the retina. In near-sightedness, or myopia, the image is formed in the vitreous because 
the eye is too long, or the focussing mechanism is too strong, and the defect is corrected with a minus spec— 
tacle lens, Astigmatism due to irregular curvature of the cornea is corrected by a cylindrical spectacle lens, 


4.3.3.2 Spectacles are usually fitted so that the back surface (vertex) of the lens is about 14 millimeters in 
front of the cornea although minus lenses for myopia may be set closer at 9 to 11 millimeters. Changing the 
position alters the effective power of the lens. Eyeglasses may be tilted slightly downward 4° to 12° for read- 
ing. é : 


4.3.3.3 People with astigmatic corrections must wear their glasses for comfortable vision over long periods 
when using optical instruments. In recent years optical designers have made oculars with the eye point far. 
enough from the lens so that the individual can see the whole field while wearing spectacles, The distance 
from the front of the spectacle lens to the cornea can vary from around 17 millimeters to 11 millimeters, If 
a substitute lens is mounted on the optical instrument to take the place of a spectacle lens, its power must be 
changed from that of the prescription when the substitute lens will be at a different position from the cornea 
than the spectacle lens. A substitute lens with cylindrical power must be mounted in proper orientation to the 
axis of the cylinder so it cannot rotate from the correct position. 


4.3.3.4 People with only near or far sightedness (no astigmatism) usually remove their glasses when using 
optical instruments and refocus the instrument to correct for their defect. Therefore, focussing eyepieces 
should have sufficient range for the people intended to use them. A range of + 1 diopter will include about 
70 percent; + 2 diopters will include about 85 percent; and+ 4 diopters about 98 percent of spectacle pre- 
scriptions. 3 


4.3.3.5 Critical seeing can take place only when the image is located on the fovea at the center of the macula 
of the retina, as illustrated in Figures 4.1 and4.2. This establishes a visual axis which is some 5-7° from 
the optical axis of the eye. The retina is blind over the area of the optic disc where the nerve fibers enter the 
eye to distribute over the retina, and this blind spot subtends some 7° vertically and 5° horizontally. 
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4.4 IMAGE FORMATION AND THE RETINA 


4.4.1 Cornea. The cornea is the first refracting surface for light entering the eye and is responsible for 
about 43 of a total of 58 diopters power of the eye. Normally the cornea is transparent and the refracting 
power is due to the curvature and refractive index difference between it and air on one side, and the aqueous 
humor on the other. The cornea in size averages 12 millimeters horizontally and 11 millimeters vertically. 


4.4.1.1 A change in the hydration of the cornea can affect the light passing through it either by distortion or 
decreased transparency. The decrease caused by fluids and some early contact lenses, or from changes in 
old age, scatters light and haloes appear around light sources or small bright objects. Haloes from age 
changes are rarely reversible. , 


4.4.1.2 The two surfaces of the cornea usually are of similar curvature and have no lens effect on the enter-— 
ing light. Any deformity of the curvature of the cornea (astigmatism) distorts the image. Such changes are 
measured with a keratometer (ophthatmometer) and corrected by adding a corresponding cylinder of opposite 
sign into the spectacle lens for the eye. An extreme elongation of the center of the cornea (keratoconus) can 
be corrected by contact lenses. Astigmatism has some relation to the tension of the eye muscles and may 
change slowly from a vertical meridian to a horizontal meridian of greatest curvature during later life. There 
may be some residual astigmatism as well as that from the corneal surface, - , 


4.4,1.3 Vision specialists sometimes refer to astigmatism with the rule (stronger power vertical). and against 
the rule (meridian of greatest curvature horizontal) based on the direction of movement of light reflected from 
the eye during skiascopic refraction. 


4.4.1.4 Haidinger's Brushes are seen on looking at the blue sky (polarized), or at a uniform source of polar- 
ized blue light, as a diffuse cross. Some observers believe this phenomenon is due to the birefringence of the 
cornea. Other observers hold that it is due to neural structure or pigment arrangement in the retina. Attempts 
to use the Brushes for differential diagnosis of eye conditions has been unsuccessful so far. - 


4.4.2 Pupil. The pupil is the opening in the center of the iris as illustrated in Figures 4.1 and 4.2, In dim 
illumination the pupil opens to about 8 millimeters diameter in young eyes, and closes to about 2 millimeters | 
diameter in intensely bright light. Under average conditions the pupil has a diameter of 3.5 to 4 millimeters. 
Resolution of the eye is decreased when the pupils are much larger or smaller than 3 to 4 millimeters. With 
ageing, the pupil remains smaller, and in extreme old age may not be more than 2 to 3 millimeters. The 
pupil is a stop, or diaphragm, in the dioptric system of the eye that affects image formation, illumination of 
the retina and the aberrations of the system. With small pupils (2 millimeters or less) diffraction becomes 
important. : 


4.4.2.1 The iris is composed of radial and circular muscle fibers and the size of the pupil is a resultant of 
these antagonistic muscles. Consequently the pupil shows continuous fine fluctuations in size, as well as open- 
ing and closing with changed luminance. The iris is not under voluntary control, Convergence of the eyes to 

a closer point in space also closes the pupil and this increases the depth of field, 


4,4,2.2 Stimulation of the cornea, conjunctiva or eyelids, causes a slight dilation, followed by contraction of 
the pupil. Strong sensory stimulation, fear, and pain cause dilation via the psycho-sensory reflex, Many 
drugs effect the size of the pupil and some are used in the medical treatment of the eye to dilate (mydriasis) or 
contract (myosis) the pupil. Normatly, both pupils respond together from the stimulation of either eye although 
the sizes may not be exactly the same. A marked difference in sizes indicates disease. 


4.4.2.3 The pupil can decrease from 8 to 3 millimeters in 4 to 5 seconds. Dilation of the pupil from 3 to 6 
millimeters takes 5 to 10 seconds and maximum dilation may take 5 to 10 minutes. Contraction at 5.5 to 7 
millimeters per second and dilation at 3.0 to 4.5 millimeters per second is reported. 


4,4,2.4 In designing optical instruments for visual use it should be kept in mind that the usable part of the exit 
pupil is no larger than the pupil of the eye. In order to decrease the precision with which the eye must be 

placed at the exit pupil in viewing, it is sometimes advisable to design the instrument so that the diameter of 

the exit pupil is considerably larger than any possible diameter of the pupil of the eye. In this case the portion 
of the exit pupil transmitting light to the observer's retina is limited to the size of the eye pupil, and the usable 
diameter of the entrance pupil (for axial bundles of rays) is equal to the diameter of the eye pupil multiplied by 
the magnification, However, if the exit pupil is smaller than the pupil of the eye the light entering the eye islim- 
ited by the exit pupil, and in instruments requiring maximum illumination on the retina every attempt should 

be made to provide an exit pupil diameter as large as the largest possible diameter of the pupil of the eye. 
Average pupil size for age and luminance are shown in Figure 4.3, 


4.4.3 Lens. The lens of the eye changes curvature to focus light onto the retina, The lens is a transparent 
elastic body with an outer capsule, a less dense cortex, anda denser inside core; The lens is held in position 
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by the suspensory ligaments, as shown in Figure 4.1. The ciliary process has circular, radial, and oblique 
muscle fibers which contract to pull on the fibers of the zonule and flatten the lens; or relax to lessen the ten- 
sion and let the lens bulge to a more spherical form. Continuous fluctuations from muscle action take place 
producing amplitudes of 0.1 diopters focal change with a frequency of 4 to 8 cycles per second and smaller 
frequencies of 2 and 0.3 cycles per second. The lens has a total refracting power of some 19 diopters and the 
amplitude of accommodation of the lens varies from some 15 diopters in children to about 0.5 diopter in old age. 
The depth of field is about 0.5 diopter. However, to focus the eye from near to far requires 0.7 to 0.8 second, 
far to near 0.4 to 0.5 second, and near to far and back to near 1,15 to 1.25 seconds, When vision is less than 
20/20, when exophoria exceeds 8 prism diopters at 33 centimeters, or when myopia, hyperphoria, or astig- 
matism are present, the time required to focus the eye will increase from that mentioned above. , 


4.4.4 Accommodation. The curvature of the front and back surfaces of the lens are different and the front 
surface is said to be hyperbolic in young people. The focussing of the lens is controlled by the sympathetic 
nervous system and cannot be altered voluntarily. There have been two theories advanced regarding accom- 
modation. Helmholz thought that relaxation of the tension on the suspensory ligaments permitted the elastic 
lens substance, which had been deformed in the unaccommodated state, to return to its more convex form... 
E, F. Fincham's experiments indicate that such relaxation allows a highly elastic capsule to deform the lens 
substance from its unaccommodated state to the greater convexity required. The variations in thickness in 
different parts of the capsule favors the latter theory. , “Te 


4,4.4.1 When the eye sees only an empty field lacking detail the lens tends to focus, not at the 20 foot "infinity" 
of the vision specialists, but at about 1 meter. This near-sightedness is called empty field myopia for a bright 
empty field, and night myopia when the empty field is due to darkness. In the latter case the change in spher- 
ical aberration from the dilated pupil and the Purkinje shift also contribute to the total myopia. Changes in the 
curvature of the lens can be measured objectively from changes in the Purkinje-Samson images reflected from 
the surfaces of the lens, or with an optometer from changes in the retinal image, using either light or invisi- 
ble infrared radiation. 


4.4.4.2 At about forty years of age the focussing mechanism begins to gradually fail (presbyopia) and addi- 
tional plus lens correction becomes necessary to see details at the usual reading distance. The lens also tends 
to become yellowish, blues are seen less well in old age, and less light gets to the retina. In some eyes the 
lens becomes opaque (cataract) and must be removed to restore vision, The eye lacking a lens is said to be 
aphakic and the spectacle lens correction must be increased to substitute for the lens, As the spectacle lens 
has a fixed focus the aphakic eye will be corrected only at one distance, When one eye is aphakic and the other 
is not, the difference in the size of the images on the retina precludes binocular vision. oe 


4.4.4.3 Optical instruments with focusable eyepieces must be designed to have an adequate adjustment in 
power to permit older people to use them, and to provide at least -2 diopters when designed for night use. 


4.4.4.4 The vitreous humor is a transparent gel of slightly greater refractive index than water, that fills the 
space between the lens and ciliary process and the retina. Sometimes particles of tissue (muscae volitantes) 
tend to hang or float in the vitreous and are seen when one is observing through optical instruments. These 
may be fragments left over as the vitreous formed, or that have broken away during life. Nothing can be done 
to remove these fragments and they should be ignored. In some diseases, parts of the vitreous become opaque 
and vision is lost to a corresponding extent. 


4.4.4.5 The retina, covering most of the area behind the ciliary process, translates light energy into nervous 
energy and contains the first coordinating nerve celis in the visual system, The front part facing the lens is 
composed of blood vessels, nerve cells and fibers and connective tissues, and at the back of the retina are the 
light sensitive rod and cone celis and protective pigment layer. The entrance of the optic nerve forms a disc 

(a blind spot where there are no light sensitive cells) and the visual angles subtended by this disc are about 7° 
and 5° as illustrated in Figure 4.2, The disc is about 3,5 millimeters (15. 5° to center) on the nasal side of the 
optical pole of the eye and 1.5 degrees below the horizontal meridian of the eye. 


4,4,4,6 The retina thins at the visual axis, some 5° temporal to the opticat pole, as there are no blood vessels 
or nerve fibers over the fovea, The macula subtends about 12° and is 2.5 to 3 millimeters in diameter, The 
fovea includes about 1,5 millimeters of the center of the macula, or about 5° of subtended arc and is the most 
sensitive part of the retina. Some anatomists recognize an area of about 0.35 millimeters in the center of the 
fovea called the foveola, 


4.4.4.7 The center of the fovea only contains cones and those at the central region are longer, thinner and more 
densely packed than cones elsewhere in the retina, This rod-free area is about 0.5 millimeter in diameter and 
subtends about 50 minutes of arc. From here to the edge of the retina the number of cones per unit area de~ 
creases, and the number of rods increases. At 20°, as illustrated in Figure 4,4, the rod population is densest. 


4.4.4.8 The sensitivity of the retina to light varies with the area stimulated as shown in Figure 4.5. The fovea 
is most sensitive and used for seeing fine detail and color, Color sensitivity varies with position on the retina. 
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Figure 4.4 - The distribution of cones. and rods across the 
retina (horizontal meridian). 
(From National Research Council, A. Chapanis 1949) 
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4.4.4.9 The rods contain rhodopsin, which is bleached by light, and the products formed stimulate nerve con- 
duction. Rods are sensitive to very small amounts of light and operate from a few quanta to a luminance of 
about that of moonlight (0.01 ft-L). The cones contain iodopsin and have a useful range from about 0. 006 ft-L 
to 10,000 ft-L. Vision with the rod cells at low levels of light is called scotopic and cone cell vision at high 
levels is called photopic. The overlapping region (0. 1-0. 01 ft-L) is called mesoptic vision. The structure of 
the rods and cones is complex and the exact mechanism of vision is not fully known. A nerve fibre conducts or 
it does not. Nerve fibers respond to stimulation after a latent period and are insensitive during the refractive 
period following conduction. Chemical action and electrical potentials accompany the impulse. These factors 
and the light intensity establish the timing of the impulses. The frequency rate of conduction, and the inter- 
connections of the nerve cells, codes the light from the image on the retina into the brain and consciousness, 
The cones of the fovea are individually connected to a single nerve fiber and have a direct path into the optic 
nerve. Beyond the fovea, the rods and some cones are connected in groups by the retinal nerve cells, thereby 
facilitating pattern vision. 


4.4.4.10 The nerve fibers from the right half of each eye cross at the point where the optic nerves join, and 

go to the right hemispheres of the brain. Those from the left halves of each retina go to the left hemisphere, 
What is seen in the right half of each visual field is connected to the left hemisphere of the cerebrum and-vice 
versa. Cutting one optic nerve would blind that eye while damage to an optic tract would blind the same half of 
both eyes. Br, 


4.4.5 Resolution. The rods and cones give the retina a mosaic structure that determines resolution. Mini- 
mum resolution depends oa three factors: retinal location of the image as illustrated in Figure 4.6; the nature 
of the image and the criterion used; and adequate time for stimulation. A very small light (bright on dark) will 
be seen when its image has enough quanta (2-8) to stimulate the retina, and the smallness of the bright spot de- 
pends solely on its brightness. Two small dark objects can be recognized as two when their images spread 
over or involve two cones providing the diffraction patterns are sufficiently separated. The arc subtense of a 
cone is about 1 minute (49 to 73 seconds from a gradient of 4 to 6 for the cones) and the average eye resolves 
details subtending 1 minute of arc at the eye (70u at 250 millimeters). An extended image (rather than point) 
can be seen when much smaller. For example, a telephone wire can be seen against the sky when it subtends 
only 0.5 second. Horizontally or vertically oriented wires are seen about equally well, but when at 60° or 
120° to the horizontal they are only about one-third as visible. A break in a line, or the misalignment of two 
lines, one above the other, (e.g. scale and vernier) of 4 seconds is visible. Grating objects have different 














Figure 4.6 - Distribution of visual acuity across the retina expressed 
§ in degrees from the fovea , 
(From National Research Council, A. Chapanis 1949) 
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thresholds. The minimum separable for a grating in motion is reported to be about 2 minutes for a visual 

acuity of 1.0 for a 2° retinal area and an optical nystagmus criterion. Resolving power decreases with dis- 

tance from the fovea, ‘to 25% at 5° and only 7% of foveal resolution at 10° from the fovea. Thresholds, as 

illustrated in Figure 4,7, decrease linearly as the distance from the fovea increases. 
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Figure 4,7 - Threshold decrease with distance (in degrees) from the fovea. 
(From American Journal of Optometry No. 46, F.W. ‘Weymouth, 1958) 
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4.4.5.1 Light entering the center of the pupil is more effective than light entering the edge of the pupil. This 
Stiles-Crawford effect is explained by the orientation of the cones within the retina since the effect occurs only 
in photopic vision (see paragraph 4.4. 4. 9). At about 1 millimeter from the center of the pupil there is a de- 
crease to about 90%, at 2 millimeters 70%, 3 millimeters 40% and at 4 millimeters from the center of the pupil 
the effectiveness of the light is about 20% of that passing through “ center of the pupil. 
. 4.4.5.2 The light on the retina varies with the area of the pupil. The Troland formerly called photon) is the 
i unit, of intensity of stimulus for Imm“ of pupil area anda luminance of Ice/m“, Luminance (mL) times 

5d ‘72 = Trolands, when d is the pupil diameter in millimeters. Correction may be required for the Stiles- 

Crawford effect and for the transparency of the eye should a value iia than 0.5 be ee 


4.4.5.3 Optical instruments for visual use should be designed to provide the best image on the retina, of a 
size and intensity resolvable by the retina. _When measurements or judgments can be made by vernier acuity 
they will be most sensitive, e.g. when a scale value can be aligned to the specimen, the measurement will be 
more accurate than if the scale is superimposed on the specimen. Small linear detail is more readily seen 
when imaged horizontally or vertically on the retina, rather than at oblique angles. 


1 
I 


4,5 SEEING \ ; ; 
| | i 

4.5.1 Sensitivity. Light of equal energy from different parts of the spectrum does not appear equally bright 
to the eye as illustrated in Figure 4.8. The yellow-green at 555myp is brightest and is ten times brighter than 
the blue of 470 or the red of 650my. The standard observer curve represents. an internationally accepted 
sensitivity for use in calculations involving color and relative sensibility of the eye. Like the reduced eye 
discussed in paragraph 4.3.1, it is representative of average eyes and exact agreement is rarely found between 
it and an individual eye. Sensitivity curves for individual eyes reveal small departures from the standard ob- 
server curve that were averaged out of the standard. : 
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Figure 4.8. - Photopic and Scotopic standard observer curves and chromatic aberration of the eye. 


4.5.2 Contrast andtime. The eye can adapt itself to see over a wide range of light. The changes within the 
eye which make this possible involve the pigments of rods and cones and probably neural factors, The sensi- 
tivity of an eye in darkness increases rapidly for a few minutes, followed by a gradual increase for about ten 
minutes as illustrated in Figure 4.9. A further rapid increase of sensitivity (decrease of threshold) takes 
place until equilibrium is reached. While a further slow increase in sensitivity may take place for hours the 
amount is not large after one hour inthe dark. The curve of Figure 4.9 is typical, and the change after ten 
minutes marks the end of the cone adaptation and the beginning of the dark adaptation of the rods. The shape 
of the curve depends on the adaptation state of the retina at the beginning of the dark period. The eye should 
be exposed for some minutes to a known light (12 log pL) before measurement. This adaptation may be 
measured as the threshold at a given time, or as the time required to reach a known sensitivity. Wearing 
red glasses {A > 590mp) accomplishes some adaptation without being in total darkness. 


4.5.2.1 After adaptation, the eye is more sensitive to blueish-green at 510mp, and the scotopic standard ob- 
server. curve applies as illustrated in Figure 4.8. The change in the brightest region of the spectrum, from 
555 to 510mp, is called the Purkinje shift. In the mesoptic range, as the eye becomes dark adapted, blues 
appear brighter and reds darker until color vision fails at about 0, 04ft-C of illumination, 


4.5.2.2 Dark adaptation is effected by the amount of previous exposure and the physical condition of the in- 
dividual. It is facilitated to a limited extent by an increase in the available oxygen and is decreased by malnu- 
trition (especially vitamin A deficiency), some drugs, and various diseases. Night-blind individuals cannot 
adapt to lower light intensities and are disqualified from night operations. When the luminance is too tow for 
the sensitivity of the cones, one has to look to one side of an object so that its image is not on the fovea. The 
retina is more sensitive for scotopic vision at about 20° from the fovea. This coincides with the greatest 
density of the rods. 


4,5.3 Flicker. Wien the eye is illuminated by brief flashes of light, alternated with darkness, the eye sees 

a flickering until the rate reaches 10 to 30 cycles per second when the images fuse and appear continuous. This 
rate of fusion is called the critical flicker frequency (CFF) and slightly different values are obtained from in- 
creasing the rate than from decreasing the rate to fusion. The CFF increases with increased luminance. Tal- 
bot's law states that, "fluctuating and steady lights of the same energy content appear equally bright, " although 
recent experimentation indicates that for brief exposures intermittent light is less efficient, while for long ex- 
posures fluctuations help. The difference is probably related to the small fluctuating movements of the eye. 

‘A great many factors affect the CFF and attempts to use it as a criterion of vision or health have not been very 
satisfactory. 
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MINUTES IN THE DARK 
Figure 4,9, - A typical curve of dark adaption. 
(From National Research Council, A. (Chapanis 1949) ; 
4.5.3.1 When the image is stabilized on the same exact part of the retina, vision gradually fades and dis- 
appears. Continuous small fluctuating movements (30-80 cps) and slow drifting of the eye prevents loss of . 
vision, After the image drifts too far from its original Position, a quick motion returns the image to the more 
sensitive part of the retina. To avoid the effect of eye movements in vision research, it is necessary that the 
stimulus be exposed no longer than 1/100th of a second. During steady fixation for 3 to 4 seconds the image 
may move over 25 to 50 receptors. | ; . 


4.5.4 Measuring vision. For the practical purposes of measuring vision for the prescription of spectacle 
lenses various types of test charts are used, usually consisting of letters of different sizes, The standard is 
a 5 minute square letter, the individual details of the letter subtending at the observer's eye 1 minute of arc. 
The reference line on the chart is made with details of a size for the viewing distance to be used. Ordinary 
Snellen letter charts are designed for use at 20 feet from the observer. Other lines on the chart have graded 
sizes of letters, e.g. the line marked 40 ft. on the chart would subtend details of 2 minutes at the eye. Visual 
acuity (VA) is expressed as a fraction, the numerator of which is the design distance for the chart (usually 20 
ft.) and the denominator is the line which can be read at that distance. With sucha chart 20/20 vision would be - 
normal, 20/15 would be better than normal, and 20/80 would be about 1/4 normal vision (observers only able 
to read at 20 feet, the line normal observers would read at 80 feet). These charts have high contrast black on 
a white background. In Europe similar charts are based on 6 meters distance (very nearly 20 feet) and the 
corresponding acuities are written as 6/6, etc. The Landolt C, a circle of 5 minutes diameter with a break 
of 1 minute (equal to the width of the line of the character) is used also as a test character. The break can be 
turned up, down, etc., to test its recognition. : | , 

| | 
4.5.4.1 Different letters have different thresholds for recognition and the few letters of about equal difficulty 
restricts chart construction and explains why different charts give slightly different results. The differences 
are not great enough to be of concern in ordinary clinical practice, but can be important in research work. 

i | | : 
4.5.4.2 Visual acuity for moving objects is different from that measured with static tests and is called dynamic 
visual acuity (DVA) to distinguish it from ordinary or static visual acuity (GVA). Acuity varies with the con— 
trast of the test target and illumination, Figure 4.3. Contrast is expressed as the difference between the lumi- 
nance of the object and the luminance of its surround divided by the luminance of surround. At any given inten- 
sity there is a minimum contrast which is visible. Some relations between contrast and illumination are shown 
on Figure 4.3. 
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4.5.5 Lighting, comfort, and glare. For a given intensity of illumination, contrast, and size of object, there 
is also a minimum time for vision. At any luminance level less time is required to see at higher luminance 
levels. The time relations are different for scotopic vision at low luminance levels than for photopic vision. 
Except on rapidly moving vehicles the time factor is usually too small during daylight to limit vision. However, 
in the present jet age the seeing reaction time of an individual is too great to avoid collision at the distances at 
which very rapidly moving aircraft can be seen. 


4.5.5.1 Adequate lighting is necessary for comfortable seeing. Too little light is inadequate, leads to strain 
and fatigue, and with too much light (sunlight on snow or ice) temporary blindness occurs. Outdoors, the eye 
can see well in the shade with 100 to 400 ft-L brightness. Indoors, considerably less luminance is available 
(6-20 ft-L). Because of the adaptation of the eye, the indoor room appears bright at ‘night. The amount of 
{llumination required for seeing depends on the size and reflectivity (contrast) of the object. Sewing with black 
thread on black cloth requires many times the illumination needed for black thread on white cloth. Lighting 
recommendations of the IHuminating Engineering Society are available and a recent revision considers. con- 
trast and time for adequate vision, 


4.5.5.2 Light reaching the retina other than in a useful image is called glare. Glare reduces vision most.when 
the glare source is close to the object or is between the object and the viewer. Small amounts of glare make 
seeing difficult and are uncomfortable. Excessive glare disturbs the adaptive state of the eye, can prevent see- 
ing and should be avoided. Methods for measurement and computation of glare effects are available. . 


4.5.6 Color vision. Color vision depends on the spectral distribution of the illumination and the wavelength 
range reflected or transmitted to the eye, the state of adaptation of the eye and the part of the retina involved. 
For example, a red object would reflect wavelengths greater than 640mp, a blue object from 410 to 480m. A 
monochromatic yellow light (589mp) from a sodium lamp falling ona blue object could not be reflected and the 
object would appear dark. A yellow can also include yellow, orange and red light. Subtractive color appears 
when parts.of the spectrum are removed; additive color when more than one color is combined, as by project- 
ing onto a screen. The brightness of colors depends on the energy in the light and the sensitivity of the eye, 
Figure 4.8. The spectral distribution of energy from different sources can be quite different, e.g. ordinary 
tungsten lamps are deficient in blue and produce an excess of red light as compared with sunlight. The term 
daylight is meaningless unless specified with respect to, time, place and direction. Average noon sunlight is 
nearly an equal energy spectrum, but light from a north sky has an excess of blue and a higher color tempera-— 
ture than direct sunlight. To avoid these ambiguities in color measurement, standard sources have been de- 
fined and internationally accepted, and any work on color vision or color comparisons should be made with 
standardized conditions. . 


4.5.6.1 The normal human eye can match any color with a mixture of three primary colors: red, green, and 
blue. Color blindness, that is having only gray visual sensations, is extremely rare in humans and only a few 
such people (achromats) have been measured and described. More common is the condition of deficient color 
vision, and one in ten men and one in one hundred women have more or less color vision deficiency. The most 
common deficiency is poor red-green discrimination, and relatively rare are defects in blue-yellow vision. A 
mild deficiency, or anomalous color vision, is indicated when the person requires more or less green than red 
to match a standard yellow, but still must have all three primaries for color matching. When the deficiency is 
in green, the individual is said to be deuteranomalous; when the deficiency is in the red, protanomalous. A 
more severe type of color deficiency is dichromatic vision. The dichromat can match any color with only two 
primaries. Green deficient dichromats are called deuteranopes, and the red deficient dichromats are pro- 


tanopes. 


4.5.6.2 The color deficient individual is unable to distinguish certain colors, and the type of color confusion 
points to the kind of anomaly. There are appropriate tests to determine color deficiency and such tests must 
be done under proper illumination. A protan who is red deficient would see red, brown, dull green, and blue- 
ish green as the same color when they have the same brightness. A green deficient deutan would confuse pur- 
plish red, brown, olive, and a green. A tritan, the rare yellow-blue deficiency, would be unable to distinguish 
a purple from a tan or a yellow, 


4.5.6.3 Color vision may improve and reach maximum towards the end of adolescence. Thereafter, there is 
little change until old age. Color defectiveness is inherited and no cure or remedy is known, A mild deficiency 
is only a small handicap and may not even be known by the person. Medium deficiency would exclude a person 
from working where medium color discrimination is important, and seriously deficient individuals should be 
excluded from all occupations where color recognition is important. Color codes should use colors which have 
a minimum confusion. A good example is a green traffic light with enough added blue that it is ordinarily not 
confused with the red light by most color defective people. The seeing of colors is more difficult when they are 
small and thereby require excellent color vision ability. 
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4.5.6.4 The very center of the retina is color deficient for yellow. A yellow object, sufficiently far away that 
its image is small enough to fall in this region, appears light grey or white. Yellow has not been a very satis- 
factory color for air-sea rescue, because of its confusion with the white caps on the ocean. The most conspic- 
uous color depends on the background against which it is seen and the color vision of the observer. A golden 
yellow, or orange is usually readily seen. Reds appear dark and may not be seen by protans. 

; | ; 


4.5.6.5 Looking at a colored object through a complementary colored filter makes the object appear dark; 
conversely, through a filter of the same color it may not be seen at all. Colored glasses reduces the overall 
amount of light to the eye, and vision is reduced in proportion to the loss of light. With the rare exception 
when complementary color contrast can be used, and there is sufficient light, colored glasses will reduce see- 
ing. This reduction is increased as dusk approaches, and no colored glass improves seeing at night, A neu- 
tral glass can reduce the intensity of light and, if mae too dark, maintain color discrimination, 


4.5.6.6 The appearance of many colors will change with changes in the viewing conditions. Increasing, or | 
decreasing, the intensity of light will de-saturate some colors, and change others to a:different hue. As dusk 
falls, a lemon yellow gradually changes to light grey or white and may not be distinguishable from a white ob- 
ject. For the normal eye, red is seen as red when seen as a color, but other dim colors may not be recog- 
nizable. Some colors also change in hue after being fixated for some time. nae 
4.5.7 Perception. Perception has been defined as a complex appearing in the field of consciousness and made 
of sense impressions supplemented by memory. Outside of experimental projects most seeing is done at the 
perceptual level. The recognition of objects depends on their form and shape, and is supplemented by learning 
or training. It is also possible to make psychological scales, as itis possible to adjust two lights so that one 
appears to be twice, or half as bright as the other. The scale of equal steps in brightness can then be related 
to the energies measured as photometric luminances. A brightness scale increases at an exponential rate with 
respect to the stimulating energy. ; i 

| | ‘ 


4.5.7.1 The appearance of objects depends on their immediate surrounds, due to retinal irradiation, A series 
of discs cut out of the same grey paper, but placed on brighter or darker greys will not appear to be the same, 
but lighter or darker depending on the contrast with the surround. The appearance of color depends on the sur- 
round and on the immediately previous color adaptation. White paper looks white in daylight and will also look 
white at night under tungsten illumination, even though the tungsten light has more red and yellow, and the 
paper is reflecting more red and yellow to the eye, as the eye has adapted to and interprets the new illumina- 
tion, After exposure to an intense stimulation there is seen a series of after-images. These will be in com- 
plementary color when the object is colored and they are seen against a neutral background. The after-images 
gradually fade and may or may not affect seeing, depending “ thetr, intensity. i 
4.5.7.2 Much work, during and following World War I, has discovered better form, size and arrangement for 
visual displays to aid the designer when scales or indicators are needed. Vision through instruments involves 
the same principles discussed in this section. Unless the instrument produces a sharp, image of proper size, 
intensity, and contrast on the retina it cannot be resolved and seen, Glare should be avoided. Reticles and 
scales that appear in the field of view require careful planning as to size, contrast, and lighting if they are to 
be seen with comfort. When half shade plates, or comparison fields are used in an optical instrument, the 
dividing lines should become invisible and the areas compared should have the same size, otherwise a slightly 
larger lighter area may be equated with a slightly smaller saa — 

' \ 


4,6 MOVEMENT OF THE EYES i \ \ 


1 | | : 
4.6.1 General. Six muscles move the eye. The conjunctiva, Tenon's capsule, and the fat pads within the 
orbital cavity of the skull aid in positioning the moving eye. The center of rotation is about 13-15. 5 millimeters 
behind the cornea. Since there are no inflexible mechanical axes, the center of rotation may vary a millimeter 
or so depending on the resultant of the muscular action. The muscles which turn the eye are coordinated with 
those of the other eye, by the muscular movements within the eye, by the movements of the eye lids, and also 
by the neck muscles which move the head via the nervous system. 
4.6.2 Muscular action. The superior and inferior rectus muscles as illustrated in Figure 4.10, raise and 
lower the eye in @ plane 23° from the plane of the medial orbital wall. This is the wall of the skull seperating 
the nasal and orbital (eye) cavities. The medial (internal) and lateral rectus muscles ‘rotate the eye toward 
or away from the nose in a horizontal plane, when the eye is in the primary position of looking straight ahead. 
The superior oblique muscle passes through tendon pulley and inserts into the upper, back side of the eye so 
that contraction of the muscle depresses the eye. The inferior oblique muscle is attached underneath the eye 
and on contraction raises the eye. The movement of the oblique muscles is in a plane through the center of 
rotation of the eye which slopes back about 129° from the medial orbital plane. The gaze must be directable to 
any place within its field of view, Figure 4. 11, and maintain a horizontal reference on the retina corresponding 
with horizontal in the field of view. The superior oblique and the inferior rectus muscles working together 

| i | 
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Figure 4.11. - Monocular and binocular visual fields. 
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minimize a tendency for the eye to roll on an anterior posterior axis. Nevertheless, there is some torsion, or 
rolling, of the eye that can be mapped with the aid of after-images. Plotting the observations shows the visual! 
field to have pincushion distortion. i 
1 
4.6.3 Imbalance. The actual motions of the eye are complex. Adjustments of the eye to the left or right are 
made easily and up or down reasonably well, but the eye muscles are not arranged for movement of the eyes at 
oblique axes. Consequently, if the eyes are provided with more than slightly twisted images, they cannot ad- 
just and fuse for single vision. The movement of the eye from one fixation to another is not smooth, and con- 
sists of movements of about 4 minutes subtended arc. The eye does not move directly ‘to the point of fixation, 
but moves towards it and then approaches the fixation by a series of smaller movements. The following of a 
moving object by the eye also tends to go in small jumps rather than as a single smooth movement. The move- 
ments are the resultant of the contractions of one or, more pairs of opposed muscles, and fluctuations are 
characteristic of neuromuscular mechanisms. Action potentials of the muscles can be recorded from elec- 
trodes placed around the eye, or within the muscles and their analysis is providing considerable new informa- 
tion on muscular movements, The eye follows a moving object as far as it can and then suddenly jumps back | 
to a new fixation and this stepwise motion is called physiological nystagmus. Workers:in mines under dim light . 
develop a characteristic nystagmus, 7 


4.6.4 Phorias and trophias, Two types of misalinement of the eyes have clinical importance. When one eye 
is covered and subsequently moves away from the fixation point, the condition is called a phoria. If the visual 
axes of the eyes are different when the eyes are open and uncovered, the condition is called strabismus or squint, 
and the direction is indicated by a tropia. Normal fixation is orthophoria or orthotropia and deviations would be 
heterophoria or heterotropia. The direction of the abnormal orientation is indicated by prefixes: eso- refers’ 
to movement toward the nose, exo- toward the temple, cyclo- a rotation, hyper- up, and hypo- down. Eso- 
tropia would indicate crossed eyes, while esophoria would indicate a moving toward the nose by a covered eye, 
or when the eye is dissociated from binocular vision, | 


| 
; * 1 | 
4.7.1 Advantages. The use of two eyes is a decided advantage in seeing. There is an apparent increase in 
brightness. of about 20% when an object is seen with both eyes rather than with one eye alone. Normally the 
eye movements are equal and symmetrical and the sensory feed-back from the movements aids in balance and 
orientation of the organism. 


7 


4,7 BINOCULAR VISION 


| i 
4.7.2 Stereoscopy. A great advantage of two eye vision is the emergence of the experience of depth, or 
stereoscopic vision. Stereoscopic depth is a primary factor. Other factors which aid in the understanding of 
depth, such as superposition, are learned secondary factors. The basis of stereoscopic vision is horizontal 
dissimilarity of retinal images on corresponding points of the two retinas. In Figure 4, 5, looking at the two 
points A and B which are at different distances from the eye, the images of the lines at A and B for the left 
eye are closer together than for the right eye. The fusion of these dissimilar images leads to the space per- 
ception that one is farther away from the other, Likewise, if one arranges drawings to give disparate images 
(within the physiological limits of the eye) when viewed through a stereoscope, the appearance of depth is pro- 
duced. Stereopsis varies with the distance between the centers of the two eyes, the intérpupillary distance 
(PD), and the spacing of the eyes alters the Spatial visual geometry. . 
: ! ' 
4,7.2.1 In designing binocular instruments, sufficient adjustment must be provided for the interpupillary 
distance of the intended observers, Formerly, 50 to 75 millimeters was considered adéquate, but individuals 
are now growing larger and 76 millimeters ones interpupillary ies have been used. 
. I 
4.7.2.2 In stereoscopic depth the disparity between the retinal images for contours is probably more im- 
portant than mere difference in size. There are limited areas on the retinas, within which objects can be 
placed on corresponding parts of the retinas, called Panum's areas.: These areas are probably accounted 
for by the extent of the overlapping of the arborizations of the neurones from corresponding retinal points 
at the terminal areas of the cortex of the brain. The stereoscopic threshold is the smallest depth or dis- 
parity that can be experienced, and depends on the dimensions, contrast sensitivity of the retinal elements, 
and the sharpness of focus, i.e. the size of the blur circle on the retina. Stereoscopic acuity is less for 
individuals with less than 20/20 vision, but fails to increase with superior visual acuity.. Stereoscopic vision 
is not limited to the macula and there is some evidence that it is maximal at an extra-foveal angle of 15-21 
minutes. Useful stereoscopic depth is limited to about 1900 feet or a disparity angle of 24 seconds. For 
stereoscopic range finders the unit is about 12 seconds. The threshold for stereoscopic perception of depth 
increases with decreased illumination in dark adaptation, and shows a marked change which corresponds 
with the shift from photopic to scotopic vision. 


i i 
i 


| 
| 





Downloaded from http:/Awww.everyspec.com 


VISUAL OPTICS MIL-HDBK~-141 


LEFT EYE RIGHT EYE 


Figure 4.12, - Stereoscopic vision with disparate images. 


(From American Medical Association, Archives of 
Opthalmology, No. 60, K.N. Ogle, 1958) 


4.7.2.3 One of the main problems in vision is the interpretation of the geometry of what we see. This involves 
the two eyes, their separation, and the connections within the brain, If we use a neutral filter to absorb some 
of the light to one eye, little change is noted in the stereoscopic effect for static objects, but tf we.look at a 
pendulum we find that the apparent movement is no longer in a single plane, but the bob tends to swing around 
anellipse. This Pulfrich illusion is explained as a result of the different reaction times for the eye with and 
without the filter. 


4.17.3 Psychological and physical space variations. Psychological visual space is different from Euclidean phys- 
ical space. If five lights are arranged in a dark room to be in a straight line they will be found to be in a curved 
line after the lights are turned on. When aligned at right angles to straight ahead gaze, one plane is found where 
the lights would be set in a straight line. Nearer than that, the lights would be in an are concave toward the eye 
and farther away in an arc convex to the eye. Such experiments provide evidence that psychological visual space | 
is hyperbolic or elliptical rather than Euclidean. The transformation equations between physical and psychologi- 
cal space have not been fully worked out. 


4.7.4 Limitations. There are practical applications for instrument design. If the images of an object are 
different in each eye either a depth sensation or distorted space perception will occur. When the differences 

are due to unequal magnification in size the appearance is that of a distorted space, and space distortion from 
size differences in the images is aniseikonia. The tolerance of individuals to such differences varies, but 
differences of 1 to 2% or more usually result in visual strain and discomfort. Differences of 5% usually preclude 
binocular vision. The differences are not always those of the actual size of the images on the retina but rather 
are an overall size effect which involves the central nervous system. An Eikonometer is used for clinical 
measurement and the aniseikonia can be corrected by a special size lens for one eye. Differences in size are 
innate in some eyes. In others they are produced artificially by a considerable difference in the spectacle 


‘prescription for the two eyes. A common problem arises from unilateral aphakia, when a strong, plus-spectacle 


lens is needed to take the place of the lens of the eye. It may not be possible under these conditions to restore 
stereoscopic binocular vision. 


4.7.5 Design considerations. The design of binocular instruments is challenging since comfortable viewing with 
two eyes presents difficulties that do not occur with monocular instruments, The coordinated motion of the two 
eyes must not be disturbed. A pupillary adjustment of 50 to at least 76 millimeters should be provided. Magnific- 
ation differences to the two eyes should not exceed 2% Some people cannot tolerate more than 0. 5% while others 
may tolerate a little more than 2%. Oculars must be paired so that increased size differences will not occur. 
Beam splitters should be neutral, otherwise the light to the two eyes will cause discomfort from the chromatic 
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aberration of the eye. Should one eye receive a bluish light and the other eye a redish light the accommodation 

of each would have to be different, which would leadto strain and intolerable discomfort. The amount of light to 
the two eyes should be balanced, preferably within 10%. Vertical imbalance should not exceed 0.5 prism diopter. 
Horizontal imbalance need not be quite so small, but in excess of this value it would be fatiguing. Spectacle pre- 


scription practice holds to about 0.25 prism diopter. For low power instruments suchas a bi-objective, binocular, 


microscope a 0.33 prism diopter difference may be tolerable. Any twist in the images should be kept to a min- 


imum to avoid strain from complicated and difficult eye movements necessary to aline the images on the retinas. 


Since the light is divided to two eyes, more light will be required for binocular than for monocular instruments, 
In some types of binocular instruments, double mirrors or a large or: diffusing mirror, may be necessary to 
direct the light to both eyes. When the objectives and the oculars of the instrument have different convergent 
angles, the appearance of depth can be made true (orthoscopic), or it can be increased or decreased (hyper- or 
hypostereoscopy), providing another variable for use by the instrument designer, 


nme . 


4.8.1 Fatigue. Fatigue of the retinal processes is not likely at ordinary conditions. The usual "visual . 
fatigue’’ @sthenopia) is muscular rather than retinal. Difficult seeing gradually involves 20 or more muscles, © 
spreading to include those of the brow, cheek and lip. Greater mental effort is needed for getting and inter- 
preting the visual information required, Uneven lighting results in one part of the retina needing more light 
and calling for pupil opening, while another is over stimulated and calling for a smaller pupil. The resultant 
conflict fatigues the ciliary process. Changes in illumination, too rapid for the accommodating ability of the- 
eye, cause local and general fatigue, Continuous use of more than one-half of the available accommodative 
response, and close work necessitating strong convergence are fatiguing. Body tension increases during dif- 
ficult seeing. An awareness of body sensation during difficult seeing, and the appearance of increasing hyper- 
reactivity, both increase general fatigue. A visual perceptual load, greater than can be assimilated, is also 
fatiguing. Visual fatigue is minimized with proper illumination, adequate contrast, form.and time for seeing, 
proper arrangement for easy functioning of the eyes, and comfortable working conditions. An uncomfortable 
posture can cause eye strain and fatigue especially if seeing becomes difficult (dim light, fog, glare, etc.). 
An unpleasant task may make the eyes feel very tired, although instant recovery may occur on changing to an 
interesting visual task. , | 


4.8.1.1 Any instrument that requires steady orientation of the eyes should be provided with a head rest, and 
heavy equipment should be properly supported in order to lessen fatigue. Instruments should be set up so that 
they are observed with a straight ahead position of the eyes, and when that is not feasibleithe instrument should 
be adjusted to the head for comfortable vision, not the whole body of the observer cramped into a viewing posi- 
tion, Image brightness and convergence should be adjustable and no adjustments of the eyes beyond normal 
functional ability should be required by an optical instrument oe designed to test a visual function), 

; i | 
4.8.2 Age. Seeing is probably at its best towards the end of adolescence. Some of the age changes are sum- 
marized in Figure 4.13. At about age 40 the accommodative mechanism begins to fail and the individual is no 
longer able to focus the eye on near objects. This is due to a decrease in the elasticity of the lens of the eye, 
although the focussing muscles may also be involved. The condition is called presbyopia and is corrected by 
adding positive spherical power to the spectacles, usually in the form.of a bifocal, or trifocal addition. The 
trifocal addition has the further advantage of providing an intermediate distance of clear vision just beyond 
that of the near correction. The pupil of the eye does not open as far in the elderly, which fortunately in- 
creases the depth of field, Although less light gets to the retina and greater illumination is necessary for 
equal visual efficiency. One experimenter has found that the illumination should be doubled for each 13 years 
increase in age. : ' 

i | 


4.8.2.1 The eye media lose transparency, particularly the lens, which becomes yellowish as age increases, 
These changes effect color vision, and in addition, lessen the light available for image formation, Accom- 
modation is slower in old age than in youth. The efficiency of the retina declines and resistance to glare be- 
comes less. The fibers of the lens may become opaque and form a cataract. With developing cataracts, 
asymmetrical screening may improve the vision slightly by reducing glare. The balance between enough light 
for adequate seeing, and excess light or glare, is difficult and more criticat in later life. When instruments 
are to be designed for use both by young and old people the limitations of the older eye should be kept in mind. 
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Figure 4. 13 - Some age changes in vision, 
(From American Journal of Optometry, O.W. Richards, 1958) 
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5 FUNDAMENTAL METHODS OF RAY TRACING 


5.1 GENERAL 


5.1.1 Basic optical system. Every optical system consists of one or more reflecting or refracting surfaces. 
The function of the system is to transform the diverging spherical wavefronts coming from object points in 
object space to converging spherical wavefronts going towards image points in image space. As mentioned 

in paragraph 2.1.2 the passage of the wavefronts through the optical system can be most easily discussed by 
utilizing the concept of rays. The passage of rays through an optical system may be determined by purely 
geometrical considerations, since it is correct to make the following assumptions: 


(1) A ray travels in a straight line in a homogeneous medium. 
(2) A ray reflected at an interface obeys the law of reflection. 
(3) A ray refracted at an interface obeys the law of refraction. 


Computing the passage of rays through an optical system is a purely geometric problem best solved by the 
techniques of analytic geometry. 


5.1.2 Centered optical systems. 


5.1.2.1 Fortunately, nearly every theoretical optical system consists of centered refracting or reflecting 
surfaces. In a centered optical system all surfaces are rotationally symmetrical about a single axis. A 
cross-section view of a typical photographic lens is shown in Figure 5.1. In this case all the surfaces are 
spherical surfaces and the centers are assumed to lie on the optical axis. Herein lies one of the differences 
between theory and practice. In the design phase, the system is assumed to have an axis of symmetry. In 
practice the lenses may not be lined up perfectly so it will not be a centered optical system. If the lens is 
to perform according to the design, the lenses must be adjusted until they are centered. Procedures to 
assure centering of the elements are a prime consideration in the mechanical design of optical instruments. 


Optical 
Axis 





Figure 5.1 - A cross-section view of a photographic Figure 5, 2—An optical system containing a mirror. 
lens. : 
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5.1.2.2 The optical system shown in Figure 5.2 may not appear at first glance to be a centered optical sys- 
tem. The optical axes of the two lenses do not coincide. However, if properly constructed this may be a 
centered optical system. To understand this consider Figure 5.3, which shows how a system involving plane 
mirrors can be thought of as folded out. These ideas are treated in detail in Section 13. 
’ \ i 
5.1.2.3 Consideration of the law of reflection shows that the ray of light traveling along the optical axis from 
lens A is actually deflected, but can be thought to continue straight through the mirror. If the axis of lens B 
lies on the extended axis of lens A, then the system is a centered optical system. One can see that if lens B 
of Figure 5.3 is shifted to the left or right, there will be a corresponding shifting of lens B' up or down; the 
system will become decentered and lose its axial symmetry. 


| 


5.1.2.4 The sections on geometrical optics in this handbook consider centered systems. Decentered systems : 


usually, when carefully analyzed, are seen to be part of some centered system. Hence if a final design calls 
for a decentered system, the preliminary design considers the centered system as a basic starting point. — 

| : ' : 
5.1.3 Plane, spherical and aspheric surfaces. 

cd j | - 4 
: i 

5.1.3.1 Production techniques for generating plane and spherical surfaces on optical materials are well 
established and thus these are most commonly used. Aspheric surfaces, however, offer certain advantages, 
and recent advances in the generation of this type of surface, coupled with the need for the design refinements 
they offer, have resulted in more frequent design application of this type. Aspheric surfaces are also usually 
considered to have rotational symmetry about the optical ue : : 

I ; 

| ! | 
5.1.3.2 In ray tracing, plane surfaces will be considered to be special cases of spherical surfaces, having 
radii equal to infinity; hence no special technique for plane surfaces will be developed in detail in this sec- 
tion. In Section 13, reflection from plane surfaces is considered more fully. The technique for treating 
aspheric surfaces is developed by extending the technique for spherical surfaces. In both cases, the sur- 
faces are considered to be centered. r ' : 

' | ! 

5.1.4 Ray tracing, the basic tool of optical design, ea 

i i 
5.1.4.1 In order to understand clearly the kind of image formed by a system, and what must be done to im- 

. | 1 ee . 


| | 
| 
I 
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Figure 5.3 - Diagram showing "folding out" of an optical system containing a mirror. 
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prove this image, a certain number of rays must be determined in their passage through the system. This 
process of ray tracing involves the determination of the direction and location in space of each segment of a 
ray as it goes from object to image. Since the function of the system is to transfer light from an object sur- 
face to an image surface, the object surface and the image surface, although neither reflecting nor refracting, 
can be considered as surfaces of the optical system. 


5.1.4.2 Figure 5.4 shows a cross-section view of a centered optical system. The ray, consisting of seven 
straight line segments, goes {rom the object point, O, on the object surface, to the image point, O', on the 
image surface, being refracted at six intermediate surfaces. The remainder of Section 5 will be concerned 
with numerical and graphical methods of determining the course of general and special rays through a gener- 


al system. 


5.2 DEFINITIONS AND CONVENTIONS 


5.2.1 Need for specific conventions. The ray tracing formulae to be used for tracing a ray through a system 
involve parameters of more than a Single surface or a single medium. Therefore, it is important to adopt a 
convention of notation which will clearly distinguish one surface from another and one medium from. another. 
In addition, many optical systems employ mirrors, 50 that the rays sometimes proceed ina direction gener- 
ally opposite to the incident rays. Our conventions should be such that a reflecting surface can be handled 

as any other general refracting surface. It is assumed that before applying these conventions the system 

has been folded out in the sense of Figure 5.3. : : 


5.2.2 Statements of definitions and conventions. The following definitions and conventions, which are in 
agreement with those given in MIL-STD-34, will be used in Sections 2, and 5 through 15, inclusive. Refer- 
ence to Figures 5.4 and 5.5 will indicate examples of some of these conventions. 


(1) It will be assumed that light initially travels from left to right. 


(2) An optical system will be regarded as a series of surfaces starting with an object surface 
and ending with an image surface. The surfaces will be numbered consecutively, in the 
order in which the light is incident on them, starting with zero for the object surface and 
ending with k for the image surface. A general surface will be called the j th surface. 


(3) All quantities between surfaces will be given the number of the immediately preceding 
surface. : 


(4) A primed superscript will be used to denote quantities after refraction only when necessary. 


(5) xr, is the radius of the jth surface. Jt will be considered positive when the center of 
curvature lies to the right of the surface. 


(6) The curvature of the jth surfaceis cj; = Yr, - ¢; has the same sign as Yr; - 


(7) t, is the axial thickness of the space between the jth andthe j + 1 surface. It is positive 
if the j + 1 surface physically lies to the right of the jth surface. Otherwise it is negative. 


(8), n, is the index of the material between the jth and the j + 1 surface. It is positive if the 
physical ray is traveling from left to right. Otherwise it is negative. 


(9) K, , Lj, Mj are the products of n; and the direction cosines (with respect to the X, Y, Z 
axes respectively) of a ray in the space between the jth andthe j + 1 surface. They will 
be called the optical direction cosines. : 


(10) The right-handed coordinate system shown in Figure 5.5 will be used. The optical axis 
will coincide with the Z axis. The light travels initially toward larger values of Z. 
Positive values of X are away from the reader in Figure 5.5. 


(il) X Yj, 2; are the position coordinates of a ray where it intersects the jth surface. 


je 

(12) In writing formulae where no confusion is likely to result, the j will be omitted from the 
subscript. Thus the curvature of the j - 1 surface will be written c_ , the curvature 
of the j th surface will be written c and the curvature of the j + 1 surface will be 


written cCy4 - 
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Figure 5, 5- Right-handed coordinate axes. 
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5.3 BASIC RAY TRACE PROCEDURE 


5.3.1 Transfer procedure. As can be seen from Figure 5.4 a ray travels in a straight line from a point on 
one surface to a point on the following surface. It is then refracted and proceeds to the next surface in a 
straight line. The ray tracing procedure then consists of two parts, the transfer procedure, and the refrac- 
tion procedure. The transfer procedure involves computing the intersection point of the ray on the surface 
from the optical direction cosines and the intersection point data at the previous surface. That is, given 
K_, M.}, Ly and X_j, Y.y, Z_,, compute X, Y, Z. The equations used are called the transfer equa- 
tions. 


5.3.2 Refraction procedure. The refraction procedure involves computing the optical direction cosines of a 
ray from the intersection point data and the optical direction cosines of the previous ray segment. That is, 
given X, Y, Z and K-1, M-1, L-1, compute K, L, M. The equations used are called the refraction 
equations. : 

5.3.3 Repetition for successive surfaces. After having applied the two procedures, we have the initial data 
for the next application. The transfer equations will be used to compute X,,, Y,1, 24; and the refraction 
equations will be used to compute Kj, L,;, M4 - It should be noted that it is often convenient to introduce 
fictitious or non-refracting surfaces to simplify the procedure. One example is the tangent plane, an XY 
plane tangent to a physical surface at the optical axis. Another example is a sphere, tangent to an aspheric 
surface at the optical axis. These fictitious surfaces are handled in exactly the same manner as a physical 
surface. Transfer equations are used to go to or from such a surface. The refraction equation reduces to 

1 = I", and the direction cosines of the refracted ray equal those of the incident ray, as would be expected 
at a non-refracting surface. Fictitious surfaces will be used in the next section. 


5.4 SKEW RAY TRACE EQUATIONS FOR SPHERICAL SURFACES 


5.4.1 Types of rays. 


5.4.1.1 A general ray is any ray passing from any object point through the optical system to its image point 
on the image surface. A special ray that lies in a plane containing the optical axis and the object point is 
called a meridional ray, Any non-meridional ray is a skew ray. A ray close to the optical axis is a paraxial 
ray. Because of the approximation involved, a paraxial ray is a special type of meridional ray. A skew ray 
is considered to be non-paraxial since it is non-meridional. These distinctions will become apparent as the 
subject is developed. 


5.4.1.2 Corresponding to the three types of rays, skew, meridional, and paraxial, we will develop three 
sets of ray trace equations and procedures. Because the three rays, in the order given here, become less 
general and more specialized, the equations relating to these types of rays become simpler as we proceed 
from skew through meridional to paraxial. One method of developing the subject would be to discuss the 
simplest case first (paraxial), then proceed to the more complicated (meridional!) and finally to the most 
general (skew). This procedure would have the advantage of beginning with the simplest derivation. How- 
ever, it would necessitate three separate derivations. 


5.4.1.3 We will proceed in the other direction, beginning with the most general case, the skew ray trace. 
From this the meridional and paraxial equations follow by simplification; hence only one derivation is 
necessary, instead of three. The particular equations derived in Section 5.4 are set up ina form for an 
electronic computer. However they are completely satisfactory for use with a desk calculator, and repre- 
sent a good starting point for the human computer who has not yet worked out his own equations. 


5.4.2 Initial data for a skew ray. Figure 5.6 shows the skew ray as it traverses the space between two 
surfaces. At the right hand surface it is refracted, and a drawing corresponding to Figure 5.6 could 
show this ray as it traverses the space between the j th and j a spherical surfaces. Similarly, another 
drawing could show the ray before refraction at the j_) surface. The initial data for the ray we are 
considering will consist of the emergence point with the left surface, and the direction of the ray in 
space. Hence we specify X_1, Y¥_1, and %_,, the coordinates on the j_, surface, and K_,, L_,, and 
M_,, the optical direction cosines of the ray. From these data we will determine the intersection of 
the ray with the next surface, and the optical direction cosines of the refracted ray. These values then 
become the initial data for the new ray, and the process is repeated until the image point is reached. 


§.4.3 Transfer procedure, physical surface to next tangent plane. 
5.4.3.1 The first part of the problem, namely the determination of the intersection of the ray with the jth 


spherical surface, will be divided into two parts: first, the intersection of the ray with a non-physical sur- 
face, the plane tangent to the spherical surface, and, second, the final intersection with the spherical sur- 


5-5 









rom p://WWW.e' 
| i 







veryspec.com 
1 





MIL> HDBK-141 : FUNDAMENTAL METHODS OF RAY TRACING 
| : , i 


Origin of j_4 
surface coordinates 








Position coordinates 
x, ¥ , Z@ onthe 


iti rdinates Fae 
Position coordin: jt spherical surface. 


Xp, Yq on the 


t pl: is 
tangent plane. REFRACTED 


< SKEW RAY 





Axis 


Position coordinates 
Ky ¥Y4 Z.4 on 
the j_, surface, 





X - Y plane (Z = 0) tangent tothe jt 


ba spherical surface at coordinate origin, 


Figure 5.6 - Diagram of a skew ray in space between the j_ surface and the j th surface. 


face. In Section 5.4.3 we consider only the first part. 


. ' i C : 
5.4.3.2 The origin of the position coordinates for points on the tangent plane is at the point of tangency, the 


optical axis. Hence Z, = O for all points in the plane. The new value of X, Xp > is the old value, X -p 


plus the change in X, AX. The latter is the projection of the skew ray, of length d -yp ontothe X axis. 
Hence : 


| 
+ Ku 


Xp = KX, AX = K+ 4,5 
-1 





> 


since K uV/n_ is the direction cosine of the ray with respect to the X axis. There is a corresponding 
equation for tne 


i. ' | 
5.4.3.3 The length of the ray, d_,, between the left-hand surface and the tangent plane is not given; it 
must be calculated from the initial data. From Figure 5.6 the change in Z is given by 

; : 





AZ =ty,- 24, 
and this equals the projection of the ray along the Z axis. Therefore : 
AZ = dy Ma. 
nay 


> : he) : 
5.4.3.4 It is now possible to summarize the three equations which are used to calculate the intersection of 
the ray with the tangent plane. 


d 


—t = (ty, - 24) gh, (1) 
na 1 My 
Yop = Yt da Liy> (2) 
nay : 
and a 
Xp = K+ —? Ky. (3) 
Boa 


| i | i 
it should be pointed out that in addition to the initial data for the ray,’ we must be given the value t_,, the 


| [ 
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distance between the surfaces.measured along the optical axis, It is notnecessary , however, to 

know explicitly the value of n_, at this time. The specific procedure followed is first, to use Equation (1) 

to calculate the numerical value of d_,/n_, ; second, to use the value thus obtained in Equations (2) and (3) 
to calculate Y., and Xq respectively. 


5.4.4 Transfer procedure, tangent plane to spherical surface. 





5.4.4.1 The discussion in Section 5.4.3 treated the first part of the transfer problem. The following dis- 
cussion treats the second part, transferring the ray coordinates on the tangent plane to those’ on the spheri- 
cal surface. 


5.4.4.2 Referring to Figure 5.6, since the tangent plane is not a refracting plane, the ray continues on to 
the sphere, for a distance A. The segment A has the same optical direction cosines as the segment d_,. 
Therefore the new values of the coordinates, KX , Y , and Z onthe sphere, are determined from the values 
on the tangent plane, Xp ¥ Yo >» and Zy , by the process that was used to set up Equations (2) and (3). 
Remembering that Zy is zero, we have . 


Xe Kye Sey, (4) 
ny 
A 
ee ae as (5) 
and 
z= A M,. . (6) 


i 

5.4.4.3 In order to use Equations (4) , (5) , and (6), it is necessary to calculate the value of A. It is 
clear from Figure 5.6 that this value depends on the curvature of the jth spherical surface, the coordinates 
of the ray at the tangent plane, and the direction cosines of the ray. We will use a relation between X , Y, 
Z and c which depends on the properties of a sphere. This equation can be used with Equations (4) , (5) , 
and (6) to eliminate X, Y, and Z. The result will be an expression for A/n -1 in terms of known data. 


5.4.4.4 Figure 5.7 shows a plane containing the optical axis and the intersection point (K , Y , Z) of the 








Spherical surface 


Tangent plane (0, 0, r) 


Figure 5.7 - Some properties of a spherical . 
surface. Figure 5.8 - Determination of n_, cos I. 
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; \ . 
ray on the spherical surface. From the figure, and recalling that c = Vr, we have 
(ie ! i 
1/2 1 i : 1/2 
Z - x -[r?- (x2 x4] ~2.1f 1 2 texts 2%]: 


which can be simplified, by transposing and squaring, to : 


| 
Substituting into this equation the expressions for X , ‘Y , and Z from Equations (4) , ) » and (6). The 
result, on collecting terms, is 


co? (x2 4 ¥2 + Z2) -2e% = 0. 


(4) e(K?, + by + m?,) HON scores a+ XK ,) | +e(x2+¥2)- 


! 
5.4.4.5 In this last simplification it was assumed that c A 0 ; the case of c ~ 0 will now be considered, 
Since the sum of the squares of the direction cosines is unity, the coefficient of (A/n_ Di is cn cae . Calling ° 


the other coefficients 2B and H respectively, we have 


2 
(ah cea) 
which has the solutions, : 


i, oeeale) ae 


ny ent 


| 


As c ~ 0, that is as the spherical surface approaches a plane surface, A ~ 0 as can 1 be seen from 
Figure 5.6. To insure this we can use only the negative sign in the above solutions. A has the same sign 
as c; this can be seen either by considering the expression for A/n_ ‘1, or from Figure 5.6. When A 

is negative, the tangent plane lies to the right of the surface. The coefficients B and H were introduced 
for convenience in calculation. Their physical significance is not difficult to understand. From the definition 


of H, andfrom Figure 5.7 , it is seen that : ; 
i 


2 2 xp t+ ya 2 
Ho = ¢ (Xp+ ¥p) = yt = rtan“p, 
a oe | 
where § is the angle between the optical axis and a line drawn from the center of curvature to the intersec- 
tion of the ray with the tangent plane. From this expression for H , andthe result derived in paragraph 
5.4.4.4, an expression for B interms of n_,, and angles I and B can be found. 
| i 


5.4.4.6 Before simplifying the expression for 5 a disendaten of ia physical meaning of the square root, 


[(e/n_,? = cn |” 2 is in order. This term will be used by itself in the refraction procedure; it is con- 
venient to put it in another form here. Consider Figure 5.8 ; ali the lines are in the plane of incidence. 
Using the cosine law, it can be stated that ; : : 
. ' | | 
Dp? = x24 ¥24 7? = A? 4 27 4 2Arcosl: 
T T | 1 
i ' | 
Solving for cosI, and substituting H for c (x2 + Yi) produces i 
\ 








2 
2 
H - 
n_, cost = ope ) 
% A 
iy : 
Finally, substituting the expression for ae » with the negative sign, given in paragraph 5.4.4.5, gives 
. | 
ats 1/2 3 . 
n_, cosI = na | (2) -cH ] < : ” 
: | | i 
L 
' | i 
| | i 
| a 
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5.4.4.7 Returning to the solution for ar in paragraph 5.4.4.5, and using the expression for n_, cosI, 
we have = 


A B - n_; cosl 
ny ens 


But by using Equation (7) 


2 B?. az cos"I (B+ n_, cosI)(B- ny cos I) 
mal = ii * Hf , 





and the final expression for A becomes, 


-1 
A _ H , 
ny B+nycost * (8) 


5.4.4.8 The four equations, then, which are used to calculate A are, in the order used, 


= ¢(x2+ ¥2), (8) 
= M4 -c¢ (¥pb4 + XpK4), (10) 
B 2 V2 
n_,cosI = ny (2) -~ cH , (7) 
and 
A EB 
ny  B+nyecost * se ~ oo (8) 


Equations (4) , (5) , and (6) are then used to calculate K, Y, and Z. 


5.4.5 Refraction procedure at the spherical surface. 


5.4.5.1 Now that K, Y and Z have been calculated, these values together with initial data K_,, U_; , 
and M_,, canbe used to determine K, L, and M, which specify the direction of the ray after refraction. 
The basic equations which will be employed are Equations 2-(3) and 2-(4) . 


5.4.5.2 In Section 2 it was shown that Equation 2-(3) has the following meaning: if vectors are drawn 
(refer to Figure 2.3) from the intersection point, in the direction of the incident and refracted rays respec- 
tively, and these vectors have lengths equal to ng and n,, then the closing side of the triangle is parallel 
to the normal to the surface, and is of length Tr. 


5.4.5.3 We now redraw this figure considering the surface as the jth surface. This is shown in Figure 5.9, 
which is drawn in the plane of incidence. Thus, the radius of curvature of the surface is also in this plane. 
The line of length [ is paraHelto r. The unit vector My is the quotient of the vector parallel to the 
normal divided by r. Hence 


M, = e[ (0 -x)T+ (0 -vitetr- 2k | 


e[-xt-yT+cr- ae], 


where i, Z a are unit vectors along the coordinate axes. Using Equation 2-(3) , 
Sy - 8, = -exXPri- eYTr} + e(r - Z)Tk. 
5-9 
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Figure 5.9 - Triangle for ee law of! refraction. 


Now 
= > => = = ‘ 
8 = 1,Q@ = Kyii+b,j+M_ 4k, : 
de 1 ! 
and @ similar equation holds for S ,. Hence : 
_ —_ | 
8, - Sy = (8 ea)Pe nba T + On ae. 


Equating like coefficients of i, j, and ¥, we have relations between the old and new ‘optical direction 
cosines. ‘ i 
| 

i . 
5.4.5.4 There remains the calculation of T. This is done by using Equation 2-(4) . We can now write 
down the five equations which are used in the order given to calculate K, L, and M from the initial data 
or from previously calculated results. 


neosI’ = n [ G2 cos 1)’ = Gay +1 es (11) 
nh n ; ; / 
ro = ncos? - n_, cosI, (12) 
K = K_, - Xer, , (13) 
L = L,- Yer, (14) 
and , 
M = M4 -(Ze-1)r. (15) 


5.4.6 Summary of ray trace equations. 


| : ' i : 

5.4.6.1 In the previous sections there were derived the equations used to trace a skew ray from one sur- 
face through the following one. For convenience, the equations are, ‘now listed in the order of use. The 

initial ray dataare X-1, Y-1, 2-1, K-1, Ly and M4. The initial system data are t_}, n_, and 

c¢. Final values to be determined are X, Y, 2, K,L, and M * , 

: : 
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diy i 
—i s - —— 1 
ge 1) 
Yop = Y¥u+ a Li, (2) 
ne 
a-a 

Kp = Ky + Ra Ki, (3) 

= e(x2+ ¥2), (9) 
B= Mj -c(¥pL.4+ XK), (10) 

2 B\2 1/2 
n_j cosI = na [ @) - cx | 5 (2) 
AL z _H_ : (8) . 
ny B+ n_,cosI 
A 
Kk = Xp+ na K-1> (4) 
A 
Ho Fp* gy Say 0) 
A 
Zo= 7, Mow (6) 
1/2 
neosl’ = n [ (22 cos 1)’ - Ga) +1 | : (11) 
n n 
T = necos? - n_j cost, ‘ (12) 
K = K, - Xer, (13) 
L = L4i- Yer, (14) 
and 

M = M.- (Zc -1)Pr. : (15) 


5.4.6.2 The final calculated values, KX, Y, Z, K, L, and M now become the initial ray data for the 
next calculation. The new system data, t, n, and c,, must be given. These ray and system data are 
used with the above ray trace equations; in this way a given skew ray from any object surface can be traced 
through any number of spherical surfaces to the spherical image surface. 


5.4.6.3 The equations listed in paragraph 5.4.6.1 are general, in that they also hold for plane surfaces. 
Referring to Figure 5.6, the physical result is that the j'® surface coincides with the tangent plane, hence 
the coordinates Xp , Yp , Zp equal X , Y , Z, and A = 0 . These results follow mathemat- 
ically by‘using c = 0 in the equations given in paragraph 5.4.6.1, Refraction at plane surfaces will be 
discussed in detail in Section 13. 


5.4.7 Step by step ray tracing procedure. 


5.4.7.1 The following table, Table 5.1, shows how these calculations can be made ina compact system- 
atic manner. The surfaces are numbered 0, 1, 2, 3 beginning with 0 as the object surface. The initial 
system data are the values of the c , t, and n quantities indicated above the double line. In a numerical 
example ( see Table 5.2) the values of these quantities are written in the places indicated. The letters in 
the left hand column have been defined in Section 5.2.2, or by the equations in Section 5.4.6. 


5.4.7.2 The initial ray data are numerical values of X,, Yo, Z 9, Ko, Le, and M,, which would be 
written at the place indicated. Note that quantities pertaining to surfaces are written within the column for 
the corresponding surface; quantities pertaining to the space between surfaces are written in a break in the 
corresponding vertical line. The numbers running from 1 to 17 are the steps in the calculation in the order 
they are made. The steps, except (7) and (14) , correspond to the 15 equations, listed in order of steps, in 
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Section 5.4.6.1. "Next step” indicates step No. 1 for the next ray segment. The table entries have been 
so chosen that a person using a desk calculator does not have to write down any number except those to be 


entered in the table. 


(10) 
(11) 


(15) | 
(16) . 
(17) 

1/04 (1) Next Step 


BSCR NM 


Yq 

H 

B 

n_, cos I 
B+n_,costI 
A/n_y 





1.43679417 
0. 29386784 
0.01585220 
-0. 24330257 ~0. 25700617 
0. 17360000 0. 22858306 0. 23138586 
0. 98481625 1, 58522985 0. 93830084 
~2, 23391927 0.18758061 
48 . 43436116 
. 38780839 - 29158202 
. 59186710 03157802 
. 00183892 . 57910362 
. 92413654 . 57871680 
B+n_,cos I . 92597546 - 15782041 
A/n_y - 30730770 ). 00999994 
n cos! . 57430250 . 98163659 
r , . 65016596 - 64708020 
er - 16439363 . 00953762 





Table 5, 2-Skew ray trace for three surfaces, 
5.4.8 Numerical example. : 
: : i | 
5.4.8.1 Throughout the discussion of geometrical optics, lengthy explanations have been avoided by the in- 
clusion of numerical examples showing the actual calculations. Table 5.2 is such an illustration. The calcu- 
lations shown in this table can be made by an experienced person with a modern desk calculator without undue 
labor. In order for the calculations to be useful, at least six significant figures must be carried throughout. 
Since the introduction of the modern electronic computing machines, there is really very little justification 
for a human computer to carry out these calculations unless ray tracing is only done occasionally. The above 
equations can be programmed in a modern machine to make these calculations in less than one second per sur- 
face, with at least eight significant figures. The calculations shown in this and other numerical examples may 
not offer complete consistency in the number of significant figures for two reasons: @ some were prepared 
| | 
ae 
5-12 ‘ 
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from automatic computer results where intermediate values were not available and had to be developed by 
hand computing; (2) others were prepared from a designer's work sheets where the aim was not eight-figure 
accuracy but only three or four-figure accuracy in which case the designer had merely entered results as they 
appeared on the hand calculator. No units appear in this and other numerical examples, because the equations 
are valid for any set of consistent units. As long as all lengths are in the same units, the numerical example 
will be correct for any units. 


5.4.8.2 Some specific remarks should be made about Table 5.2. The initial data which are given to one, 
two, or three significant figures are assumed exact. From the initial system data it is apparent that we are 
considering a double convex lens, index 1.62, surrounded by air. The incident light first intersects 
the convex face of the lens. The lens thickness is about one quarter of the distance between lens and object 
surface, but no information is given (or needed for a ray trace) concerning the absolute magnitude of any 
distance. The object surface is to the right of the lens; therefore the object is virtual. 


5.4.8.3 From the initial ray data we see that the (virtual) object point, that is the point towards which the 
ray is heading, is onthe X axis, but not inthe Y- Z plane. The initial ray is parallel to the Y - Z plarie, 
hence X; = X,. The ray is inclined upwards at an angle withthe Z axis of 10°. The calculations indi-' 
cate that the ray intersects both surfaces of the lens below the X - Z plane (because Y is negative), and 
interseets both surfaces at points "away from the reader" with respect to the Y - Z plane (because X is 
positive). The Z value at the first surface is positive because the curvature is positive ; likewise the % value 
at the second surface is negative. 7 


5.5 SKEW RAY TRACE EQUATIONS FOR ASPHERIC SURFACES 


5.5.1 General, 


5.5.1.1 The discussion in Section 5.4 developed equations for, and demonstrated their use in, ray tracing 
procedures through spherical surfaces. Although spherical surfaces are still much easier to make, and 
hence are preferred by the lens maker, aspheric surfaces are readily handled by the lens designer who has 
access to an electronic computer. Aspheric surfaces afford the designer a great deal more latitude in the 
design, and in addition often permit better correction of aberrations. Aspheric surfaces are being used more 
and more, and their widespread use depends on inexpensive methods of production. 


5.5.1.2 In the skew ray trace for spherical surfaces, it was convenient to effect the transfer from one 
physical surface to the next by introducing a non-physical tangent plane, and effecting the transfer in two 
steps. In the case of aspheric surfaces we introduce two non-physical surfaces, a plane and a sphere, both 
tangent to the physical aspheric surface at the optical axis. See Figure 5.10. The transfer between physical 
surfaces is now effected in three steps: 

(1) first surface to next tangent plane; 

(2) tangent plane to tangent sphere; 

(3) tangent sphere to physical (second) surface. 
Steps (1) and (2) are carried out using the procedure already developed in Section 5.4 . 


5.5.2 Mathematical description of an aspheric surface. 





5.5.2.1 We need to describe the aspheric.surface in a way that indicates clearly its depariure from the tan- 
gent sphere. This kind of description will not only be easily handled by the ray trace equations, but will also 
quickly and quantitatively show how close in form the aspheric is to the sphere. 


5.5.2.2 In Paragraph 5, 4.4.4 there is given an equation for Z ; this quantity is called the sag of the sphere, 


an abbreviation of sagitta. Using S82 = X24 Y¥2, this equation is 
2-4 [1-1 - cts]. ay 
~£ RQ 
< i 


By multiplying and dividing by [ P+(1 - ec? s2 ye | » we have 


cs? 


Qo Cs 
1+ V1 - ¢2 §2 


Because the shape of an aspheric surface (which is assumed to have rotational symmetry about the Z axis) 
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differs from that of the tangent sphere, the sag ( Z ) of the aspherii 


| 
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i 


at any distance S from the axis may differ 


from the sag of the tangent sphere. This is indicated by expressing the difference in these two sags by a 
power series in s?. (The series is in powers of s? , and hence only even powers of 5 appear, because the 


aspheric has rotational symmetry about the Z axis.) The final ex 
\ i 


cs? i. ue 8 
Z= 14¥i aren * 88 + fS + ¢8 


5.5.2.3 Each of the numerical coefficients e, f, g, and h may 


pression for the sag is 
1 


t 


10 12. 


+ hs’ + 0(S8 


) 


be positive or negative. The term O (s1) 


stands for the rest of the series, that is terms of order 12 and higher. Ina numerical calculation, if the sag 
is given by this expression, O (sl?) would be assumed zero, and the calculations would involve only e, f, 
g, andh. Theterms eS*, £S® , etc., are called deformation terms. 


| 
5.5.3 Initial data, and transfer from physical surface to next tangent sphere. 
physical surface to the next has ares been solved in Section 5.4. 


between aspheric surfaces is the same as given in Section 5.4.2, 


and M_,;. We determine the intersection of this ray with the non-physical sphere, tangent to the jth aspheric 
surface, by the procedure given in Sections 5.4.3 and 5.4.4. In other words we apply Equations (1), (2), (3), 


namely X_}, Yy 


Part of the transfer from one 
The initial ray data for the skew ray _ 


> Z24,Ky, by 


(9), (10), (7), (8), (4), (5) and (6) in that order. The only difference so far between this ray trace and the 


former is that in the previous case the sphere was a physical surface, 


while in the present case it is a purely 


fictitious surface. The equations do not know the difference between physical and non-physical surfaces; 


hence the same equations are used for both cases. 


5.5.4 Transfer procedure, tangent sphere to aspheric surface. 


5.5.4.1 In Paragraphs 5.4.4.4 and 5.4.4.5 an expression tor AL was derived using four equations, 


namely the equation for the sag, Z , of the sphere and Equations 


%, (6), and (6). 


This value of A 


veel 1 I a 
was then used in Equations (4), (5), and (6) to transfer from tangent plane to sphere. ' tt would be perfectly 
possible to proceed similarly here. We would set up three equatidns, corresponding to (4), (5), and (6) , 
but replacing A by A + A'. (See Figure 5. 10) . Using these three equations, and the equation for the 











Origin of j-4 
surface coordinates 

Position coordinates 
Xy, Yq on the 

tangent plane 





Position coordinates 
X14 Y1 Z-. on 
the j_; surface. 


Figure 5.10 - Diagram of a skew ray in space between the j 















_1 surface and the 


’ Position coordinates 
X,Y, Z, onthe 
j't aspheric surface 





REFRACTED 
SKEW RAY 


Optical 
Axis 


Position coordinates 
xX, Y, Z_ on the 
97 “oO? 
tangent sphere 


X - Y plane (Z = 0) tangent tothe jth 
aspheric surface at coordinate origin. 


jth aspheric surface. 
: 
| 


| 
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Tangent Plane Asphere 
at Point 3 








Final 
4 Lp Intersection 


fo 5 Point 
3 


Tangent Plane 
at Point 1 


Point 0 
(Xo, Yo» Zo) 


Tangent Sphere 
Figure 5. 11- Step-wise approximations from tangent sphere intersection, point 0, to final intersection point. 


A +A’ 

nay 5 
transfer directly from tangent sphere to aspheric. The resulting calculations are extremely involved and it 
is preferable to proceed otherwise. 


sag of an aspheric surface, Paragraph 5.5.2.2, an expression for could be found, and used to 


5.5.4.2 The procedure to be employed makes use of the fact that transfer to the tangent sphere is fairly 
simple. The remaining transfer from tangent sphere to aspheric is effected in a step-wise procedure ap- 
proaching the final intersection by successive approximations. The physical procedure is indicated in Fig- 
ure 5.11 ; this figure represents the plane determined by the skew ray, and a line through this ray parallel 
tothe Z axis. 


5.5.4.3 Beginning at point 0 , the intersection of the ray with the tangent sphere, the first approximation 
to the final point is point 1. Point 1 has the same X and Y values as point 0 ; its Z value differs from 
that of point 0 by the deformation terms evaluated at these particular values of K and Y. The second 
approximation is point 2, the intersection of the ray with a line tangent to the aspheric at 1. The tangent 
line is determined from the known coordinates of point 1 and the calculated curvature of the aspheric at point 
1. Since the ray direction is known, its intersection with the tangent line, point 2, is determined. The 
procedure is now repeated. Point 3 has the same X and Y as point 2, andits Z value can be found from 
the deformation terms and the Z value at point 2. The fourth and fifth approximations are points 4 and 5, 
respectively. (The point 0, onthe sphere, is correctly called the zeroth approximation to the final point. ) 


5.5.4.4 The various values of KX, Y, and Z for points 0, 1, 2,--- will be referredtoas X, , Y, , and 
Z, where the n will stand for the order of approximation. Let us begin at any even-numbered point, that is 
a point on the ray; in practice, the calculations begin with point 0, but we wish to make the equations gener- 
al so that n will stand for any even-numbered point. The next point, on the aspheric, will have coordinates 
X, > Y, » 2y,- Note that the X and Y values are the same as for the previous point. The S, value now 


used to calculate the sag, Z,, , is 
2 2 2 
&, = 3 + Yi - (16) 


The change in Z, thatis Zm - Zp , is the distance parallel tothe Z axis between an even-numbered 
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| i ! i 
point and an odd-numbered point. Calling this distance - F (see Figure 5.11) , we have 


2 
cs 
F= Z - [ats + est + 18% 4 gs® + ns® |. (17) 


| { t Hl 
(The subseript n has been omitted. Henceforth all values of S are rigorously Sy 2 
f ' : : 


| ; 
5.5.4.5 For notational purposes it is convenient to designate the square root in Equation (17) by W. Hence 
Ww = [1-2 s? |v. (18) 


| 1 : i 
Referring to Figure 5.7, it canbe seenthat W = V1 - sin2a@ = cosa, where @ is the angle be- 
tween the normal to the surface and the optical axis. W therefore is the direction cosine, with respect to 
the Z axis, of a radius drawn from the sphere to the center. ' 

| “yo | : : 
5.5.4.6 From an odd-numbered point, whose coordinates we now know, we move along the tangent line to. 
the ray. The coordinates of this new even-numbered point are K,,, , Yyy, » and Z,,, . Calling the dis- 
tance along the ray, between two even-numbered points, AA', we can write equations tor the new coordi- 
nates similar to equations (4), (5), and (6). We have then 

| 





e AA’ : 
wi = Xt a. K, (19) 
AA! ‘ 
You = Ya * a Bay (20) 
and an 
Zn = Sy + a M_j- (21) 


We will consider the calculation of AA' presently. Once this is known, the new coordinates on the ray 
are known, and we repeat the calculations through two more steps until we get once again tothe ray. This 
iteration procedure is continued until AA'/n_, is less than any desired tolerance. In this manner we can 


approach the final point on the aspheric as closely as we choose. ' 
‘ i 


i | i 1 : i 
5.5.4.7 The remaining problem in the transfer from tangent sphere to aspheric surface is the determination 
of AA'. First we need the equation of the plane tangént to the aspheric surface at dn odd-numbered point. 
From the equation for the sag of the surface, Paragraph 5.5.2.2, we can write , 
. 1 p< i 
| ' j 


"o ! 

cS : 

= _ pr 4 6 8 10] _ 
w(%,Y,Z) = 2 | vie +{S°+¢S vase |= 0, 
\ 

\ | | 
where yw (X,¥Y,2Z) = Q is the equation of the aspheric surface. Now a plane, tangent to the surface 
at the point X, , Yq, , 2, will coincide with the. first approximation to the surface. Physically, if we 
restrict ourselves to points close to (Xy , Yp » 2m ) the surface isa plane. To find the first approxi- 


mation to the surface we expand y (XK, Y, Z) and keep only the zeroth and first order terms. 
! i 
: t 


5.5.4.8 The equation of the tangent plane is then ; 
‘ | He as 1 


2 | ay ; 
y (X,, Yn , Zn d+ (KX - x,) [3%], Yn, 2m 
ay - a 3 | 
re en oF = 0 
+(¥ -¥) Bae Zin + (2% m ) [# a Yn, Zn , 


where the first term is the zeroth order term, and the last three are the first order terms, in the expansion 
of wy (X,¥,2Z). Using Equation (16) we have ‘ : 
i ik i 


aw 2 oy a8 2 ay xX 
ax os 3 ee : 
ay . av ¥ 
ay as Ss? : 
and | 
| 
aw : i 
a 0° 
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Using the expression for ~(%, Y, Z) given in Paragraph 5.5.4.7, and Equation (18) , we get 


wy. 8 e-s{ ses? 4 6 8 | 
35 W c s 4eS* + 6fS* + 8gS° + 10hS . 
A 5 ssi ay s ea 
which can be simplified to 3s * Ww Eby defining 
E=c+Ww [ ses? + 6fS4 + Bgs® + 10ns8® ] - (22) 


{If the deformation coefficients are small, E is approximately the curvature of the aspheric surface at the 
distance S, from the optical axis.) 


5.5. 7 9 The equation for the sag of the aspheric surface aS in Paragraph 5.5.2.2 is an equation for Z,, 

if s2 = x2 + x2 - Because of this, ¥(X,, Y, , Z,) is zero, using the equation for y in Para- 
graph 5.5.4.7. The zeroth order term in the expansion is therefore zero. The equation of the plane becomes, 
using the above expressions for the partial derivatives, eS 


-(%-x,) MBB -(y-¥,) WE + (2-2) Wt Za Zu = 0, 
where we have separated the term Z - Z,, intotwoterms. By Equation (17), F = Z, - Zon . We 
define here two quantities, 
U = - XE, (23) 
Vo= - YE. (24) 
5.5.4.10 With these substitutions the equation of the plane becomes , 
(X-K,)U+(¥-Y¥,)V+(Z-2Z,)W = - FW. 
This equation holds for all values of K, ¥ , andZ, in particular X > and Zui - Instead of 


the difference (X,,,; - X,), we use(AA'/n JK * trom Equation ag *sixtftardy, using Equations (20) . 
and (21) , and solving for PAA /n eas : 


AA’ - FW 


ee a . 25) 

ny Kj 0+ LyjV+ My Ww ee . 
From Figure 5.10, it can be seen that the distance, D_,, along the ray is 

Dy = dy+tAr+A'. (25a) 


5.5.5 Refraction procedure at the aspheric surface. 


5.5.5.1 Now that the intersection point, (KX, Y, Z) , of the ray and the aspheric surface has been found, 
the refraction equation is used to determine the new direction of the ray. The procedure is basically the 
same as that used for refraction at spherical surfaces, discussed in Section 5.4.5. In that section Equation 
(11) was used ito calculate neosl', because n_, cos} had already been calculated using Equation (7). 


5.5.5.2 In the present case there is not yet a value for n_, cos1. To caiculate this we use the fact that 
the cosine of an angle between two directed lines is equal to the sum of the produets of their corresponding 
direction cosines. Since we are calculating cosI, the two lines in question are the ray whose optical 
direction cosines are K_, , L_,; , andM_, , andthe normal to the aspheric surface, Now the normal to 
the surface is just the normal to the tangent plane. The equation of this tangent plane is given in Paragraph 
5.5.4.10 , where Xy> Y, > and Zy are the coordinates of the final point on the ray, the intersection with 
the surface. 


5.5.5.3 Given the equation of a plane, the direction cosines of the normal are proportional to the corre- 
sponding coefficients of X , Y , and Z. Hence the direction cosines of the normal are, in the usual order, 
v/G , V/G , andW/G , where G is a proportionality constant. Because the sum of the squares of the 
direction cosines is unity, we have : 


G2 = vu? + v2 4 w2. (26) 
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Using the direction cosines of the ray we get 


Uo Lav M, W 
Gta, G¢* ay G 


ny G ny 


Ea 
nay 


cosi = > 


which is rewritten in final form as 


Gn, cosl = K,U+L,V+M,W. (27) 
1 : | 
5.5.5.4 Equation (11) is now used to determine ncos I’. However, for calculation purposes, it is prefer- 
able to leave the G on both sides of the equation. iv 


GneosI' = n [ “a cos i)" = ¢* (2)? + o* | ‘ : (28) 
1 


| i | i 
5.5.5.5 Returning to the equation in Paragraph 5.4.5.3, we write this vector equation as three scalar 
equations using the method of Paragraph 5.4.5.4. We get 
| 


- yt 
K-K, =e, 
L-bLa =r, 
and ; 
J 
M-M,-rdz, 


| 
because [I is parallel to the normal to the surface and therefore has the same direction cosines. Intro- 
ducing P =1/G, we have, using Equation (12) , 
' i 

| : | i 
P = (Gneosl' - Gny cos 1)/G? is ; (29) 


Finally, K, L, and M are found from the equations, 


(30 


K = Ki, + UP, 

L = Ly +VP, . (31) 
and i | 

M = M,+WP. (32) 


| 
5.5.6 Summary of ray trace equations. . . ‘ ; 


i i 
5.5.6.1 In the previous sections we have derived the equations used to trace a skew ray from a tangent 
sphere through the aspheric surface. For convenience we rewrite the equations in the order of use. The 
initial ray data are X_,, Vy ,Z4,K_,,L4,andM_,. The initial system dataare t_, , ny,c, 
and the deformation coefficients e,f,g,+++ . Final values to be determined are .X', Y , % »K,L, 
andM. ‘ 
' ! ; 


! i 
5.5.6.2 The position coordinates for the ray on the tangent sphere are calculated using the first ten equa- 
tions listed in Section 5.4.6. Equations (16) through (32) are then used in the order listed below. 

| | 


spe xey yy? | (18) 
1/2 

w= [1-2 s?]” : : (18) 
4 

ry - 2, - | ——*S + es* + £8° + gs® + ng? (17) 
a 1+Vi-c2s2 & : 
- 4 

E=c+wW [ 408? + 6fS* + Bgs® + 10n8® | , (22) 
1 i te 

= -XE , | (23) 
| ! 

= -YE , (24) 
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AA' _ -~ FW 
ny Ky U+LyV+My WwW ” (28) 
‘AAT 
Suu = Xy + Ro Ky ’ (19) 
AA' 
You = Yat Req Lia + (20) 
AA' 
21 = 2n + ny Ma > (21) 
G2 = U2+ v2 + w2 > (26) 
GnycosI = K,U+L ,V+M,W , (272) 
naa 2 2 (n4\? re ‘ 
‘Gneost' = na é — cos 1) - G G2) +G 5 5. (28): 
P = (GneosI' - Gny cos 1)/G? 3 (29) 
K = Ki, +UP >; (30) 
L=bL,+VP ; (31) 
and 
M = M; + WP. (32) 


5.5.6.3 The first ten of these equations are used in an iterative process until AA'/n_y becomes as small 

as desired. The final values of U , V , andW are then used in the last seven equations (26) through (32). 
The final calculated values of KX, Y, Z,K,L, andM become the initial ray data for the next calculation. . 
These values, together with new system data, t,n,C;,, , and deformation terms, are used in a reapplica- 
tion of the ray trace equations. 


- 25284872 -0.01473947 
005 
- 00001 
- 0000005 
0 


48 1. 44043943 
- 33905030 0. 29645624 


- 27660001 -0.01594078 
—0. 20481560 


~ 17360000 0. 22052072 
0. 98481625 1, 59179807 
-2, 23391927 
1.48 

~0. 38780839 

0. 59186710 

1. 00183892 

0. 92413654 

1. 92597546 

0. 30730770 


Enter Xp Yn Zn 
in Table 5,4 





Table 5.3 - Skew ray trace through an aspheric surface. Part of the calculations are shown in Table 5. 4. 
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5.5.6.4 Because a spherical surface is a special case of an aspheric surface for which the deformation 
terms are zero, the ray trace equations for aspheric surfaces should easily reduce to those for spherical 
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surfaces. We see, for the case of asphere (e = f = g a h = 
E = c, | 
U = - Ke, ; 
Voze-Ye, sy 
Ws (Zc - 1), (holds for aspheric also ) 
G@=1, oo 
ny cost = ~e[ xKa+ vn. + omy |, 
Per, 


| 
and equations (30) , (31) , and (32) become identical with equations (13) , (14) , and (15) . 
i ; 





ITERATION 


hs# + gs? 

ns& + gs4. 19? 

hs8 + gS&4 fSt+ es? 
ng 10, 


-F 
-10 hs 2 

-10 hs* ~ 8 gs” 

-10 hs § -8 es -6 fs? 
1o ns 8 
-E 

U 

Vv 

K_,U+L.1.V+M_.W 
FW 


Table 5.4 - Skew ray trace iteration and refraction ecealeens, 


5.5.7 Numerical example. 


|| 
5.5.7.1 A numerical example is shown in Tables 5.3 and 5.4. The system data is the same as the example 
The coefficient 


8 6 4 
gS" + £5°+eS tw 


+8 98° +6 S444 e5” 


1. 48000000 

~0. 33445977 

0. 30264163 

2. 30226334 

0. 85281060 
0.92347745 
0.13145395 
0.00000000 
-0.00000115 

0. 00002037 

eg? ~0.01146441 
0. 27624751 


1. 48000000 
-0. 33905071 
0, 27659764 
2. 30535538 
0. 85261290 
0.92337040 
0, 13146127 
0. 00000000 
-0, 00000115 
0.00002040 
-0, 01147976 
0. 27660004 


~0. 02639422 
0.00000000 
0.00000821 
~0, 00011693 

-0.04577605 
-0. 21057557 
~0, 31165184 
0.07042906 
0.92268208 
-0. 02437438 
~0. 02644553 
1.48000000 
~0. 38905071 
0: 27659764 


-0. 00000238 
0, 00000000 
0, 00900922 

~0, 00011706 

~0, 04583724 

- 21052397 
31157548 
07137830 
- 92174144 


- 48000000 
+ 33905030 
- 27659999 


| f 


- 000002198 
. 000002384 





0), 


i 


1. 48000000 
~0. 33905030 
0. 27659999 
2. 30585510 
0. 85261290 
0.92337040 
0. 13146127 
0, 00000000 
0. 00000115 
0, 00002040 
-0, 01147976 
0. 27660000 


~-0. 00000002 
0. 00000000 
0, 00000922 

~0. 00011706 

~0. 04583723 

0. 21052398 

0. 31157549 
0.07137822 
0. 92174143 
6. 000000018 
0. 000000020 
1, 48000000 
0. 33905030 
0. 27660001 


0. 95478704 
1, 54937517 
0, 65735466 


~0. 20481560 
0. 22052072 


1, 59179807 





| 
The table shows three iterations. 


shown in Table 5.2, except for the addition of three deformation coefficients’ e, f, andg. 
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h is specifically listed in both tables as zero, This avoids possible error in not being certain whether or 
not a coefficient was erroneously omitted. The initial ray data is identical with the previous example; hence 
the calculations and results for transfer to the tangent sphere are the same. Thus steps 1 through 11 ( see 
Table 5.1) are identical, except for the location of the results of step 11. These are placed in Table 5.4 
and are the initial data for the iteration process. 


5.5.7.2 Table 5.4 shows the iteration process by which (AA'/n_, ) < 0.00001 ; this represents the 
criterion, set up prior to the calculations, to determine when the iteration process is to be stopped, It is 
noticed that the first value of AA'/n 1 is negative, the second positive, the third almost zero. This 
oscillation about the target value (< 0.00001) is typical of the method of successive approximations. This 
method will be used in later sections where aberrations are discussed. 


5.5.7.3 The final values of X, Y , and Z, shown just above the double line in Table 5.4 in the column 3 , 
are entered in Table 5.3 in the place for steps 9, 10, and1i. ( The entire iteration process gives the. 
results for steps 9 , 10 , and 11 for an aspheric surface. ) These values are now part of the initial ray data 
for the next surface. The refraction calculations at the aspheric surface are given in Table 5.4 below: the © 
double line, and use the final results found above. The values of K, L , and M are now entered in Table 5.3 
as the results of steps 15 , 16 , and 17. They will be used as initial data for the next surface. ; 


5.6 MERIDIONAL RAYS 


5.6.1 Definition. A meridional ray is any ray lying in a plane containing the optical axis. A meridional 
ray will remain in the same plane throughout an entire centered system. For this reason, the tracing of 
meridional rays is a two dimensional problem, while the tracing of skew rays, which do not lie in a plane 
containing the optical axis, is a three dimensional problem. 


5.6.2 Use of skew ray trace equations. The skew ray forinulae given in Sections 5.4 and 5.5 are designed 
for use on modern automatic computing machines. However, they are in a form which can be used with 
relative ease - for skew rays - on a desk calculator. Extensive skew ray tracing, which is essential in 
order to make a complete analysis of a lens system, should be done on a computing machine. In the pre~ 
liminary design of a lens system it is usually convenient to trace a few selected meridional rays. These . 
are often traced by hand. If the object point has coordinates (K, = 0, Yo , Z ) andthe ray pierces 
the first surface at coordinates ( K, = 0,Y, , 2, ) the ray is meridional and will remain in the 
YZ-plane all the way to the image surface. Meridional rays can be traced using the skew ray formulae - 
given in Sections 5.4 and 5.5 by setting K = 0 and K = 0. 


5.6.3 Meridional ray trace, spherical surfaces. 





5.6.3.1 Meridional ray tracing can be done for spherical surfaces by using Equations (1) through (10) , 
followed by either Equations (11) through (15) or Equations (16) through (32). For meridional rays, Equa-' 
tions (1) through (10) reduce to the following eight equations, in the order used: 


da 1 


1 = - = : 
at me (ta - Bad ges @ 
d 
Yop = Ya + SILL, (2) 
-1 
H= exe 3 (9a) 
’ 
B= M, - cY, Lio, (10a) 
B\2 1/2 
n_y cosI = nae] -cx (1) 
A H 
= = ae ee - slong Danae “ 8) 
nly B+n_, cost (8) 
A 
Ye Yp t+ o ba, (5) 
-1 . 
and *- 
z= 1 My a (6) 
Only eight equations are needed, the other two being X, = X = 0. These eight equations trace a 


meridional ray from any surface to the next spherical surface. 
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5.6.3.2 Refraction at the spherical surface may be caloulated by aiivite Equations ay, (12), (14), and (15) 
as written, Equation (13) becomes K = 0. (This procedure is referred to as the short form). On the 
other hand Equations (16) through (32) may be used. These are reduced to the pane seven equations, in 


the order used: ; ; 


1/2 i ! 
w= [1- ctv? | ‘ (18a) 
| 
Vz -Ye, : i (24a) 
ny cool = L,V+M, W, so (27a) 
| 
2 2 1/2 
Pe nia no ; 
neost’ = a [ (38 cost)" - (ee (11) 
| 
Yr = ncosI’ - ny cost, : : ; (12) 
L = Ly - Yer, : (14) 
and : 
M = M,-wWr. (32a) 
| - 
Only seven equations are needed, the other tenbeing S, = Y,, E = ¢, G = 1, Yuu = YW, 
Zu = Zy, and F = U = AA' = Xyyy, = K = 0. 


! | 
5.6.4 Meridional ray trace, aspheric surfaces. For meridional rays and aspheric surfaces, after applying 
the eight equations given in Paragraph 5.6.3.1, the Equations (16) through (32) are used. These reduce to 
the following thirteen equations, in the order used: 











1/2 : 
w= [1- ctv | ‘ (18a) 
2 1 | 
c¥ 
F = 2, -|apw t+ ey++1£¥8 + exé + nyt0 ]. (11a) 
E=c+W [ sev? + 6f¥*+ BgY® + 1Ony8 Ie (22a) 
| | i 
v= - YE, / (24) 
; I 
AA' - FW 
es 25 
ny Liv+M,w ” . (25b) 
AA! ‘ : 
Yaa = Yat go ba, (20) 
i 
AA! 
Zasa = Zy + ta M_,; (21) 
; 
G2 = v24 Ww? , (26a) 
1 : 
Gn cos] = Ly V+ My w, ‘ ‘ (27a) 
2 
GneosI' = n [6 “3 cos 1)? - G2 (2) + o? | ; (28) 
/ 
P = (Gneost’ - Gn, cos1)/G?, (29) 
h ' : 
L = Ly+vP, (31) 
and \ 
M = M., + WP. : ; (32) 
i : 
Only 13 equations are needed, the other four being 8S, = Y,, and U = Kay = 2% = 0. 


5.6.5 Simplified meridional ray trace, spherical surfaces, _ : ; 
| | | 

5.6.5.1 There are many other methods, involving different parameters, which are commonly used to trace 

meridional rays. One such method specifies the angle the ray makes with the optical axis, and the per- 
. pendicular distance from the center of curvature of the surface to the ray. Figure 5. 12. indicates the two 
5-22 
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Figure 5, 12—Ray tracing by the PR method. 


quantities specified, U_y and CA. The corresponding quantities, U and CA’, specify the refracted 
ray. This diagram involves the angles U and U_; , called the slope angles. We will use a convention 
for the sign of a slope angle similar to that for incidence, reflection, and refraction angles. (See Section 
2.2.2). If the ray must be rotated clockwise through the acute angle to bring it into coincidence with the 
optical axis the angle is called positive. Both U and U_,; are negative as drawn. 


5.6.5.2 The following equations are readily derived from the figure: * 





sinI = CA ; Sis 
r 
and 
CA’ 
inT’ = 4 
sinI' = r- 


Therefore from Snell's law 


ny sin = ———— = =—— = nasinI'. 


By definition: 





P = CAn, = CA'n, 
and 
1 neq ww, 
at ny’ R'o= ay - + 


(Because of these two definitions, this method is referred to as the PR method.) 





* The notation used in this simplified ray trace must not be confused with the skew ray formulae. There has been no 
attempt to avoid duplication of symbols. 
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| 
' 
| 


| 
| 1 
| 

The refraction equations then become 


sinl = PR, - (33) 


sinI’ = PR‘, (34) 
and | 
U = Uy, -(I-T'). , . _ (35) 


! i i 
The value of P is transferred from one surface to the next by the following equation: 
|: I 
Py = P-(r-7ry, -t)nsinu. (36) 
: : 
5.6.5.3 Equation (36) is seen to follow from Figure 5. 13. We have é 
| 1 | 1 
Puy = Cy Ay m= C A'n+C Cy n sin U, 
{ i | 7a 
because U is negative. The distance C Cy1= t - rv + 4,4, and Equation (36) follows by rearrangement. 
The above ray tracing equations, (33) through (36), require a minimum of calculation and are ideal for hand 
computing. If several rays are to be calculated it is worth while to precalculate the lens constants R » Ry 
and n(r-ry -t) . ; ; 


' 
| 
| 
| 


i 


| 
| 
| 






Optical Axis 


j i 
Figure 5.13 - Transfer procedure for the PR method. 


|. [| 
5.6.5.4 A numerical example is shown in Table 5.5. The numbers above the double line are either given, 
suchas r,t, andn, or are precalculated suchas R, - R', and (r - Yy, - t)n. The P below 
the line, surface 1, is calculated from initial ray data, CA. All other values in the table, below the 
double line, are calculated using Equations (33) through (36). The problem of finding angles I and I' from 
their sines, in order to use Equation (36), is discussed below. 


I V 


| 

| 
| 

| 


| 
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SURFACE 


0 .0520021| -0.0103063 
-0 0344346} 0.0155642 
124.861 -77 81 


3.330000 } 10.708028 1.703612 
0.173167 | -0.110360 
-0.114667 | 0.166662 
-0.059124 -0.115983 





Table 5.5 - Numerical example of ray tracing by the PR method. 


5.6.5.5 One should note that the above formula, (36), cannot be used to transfer from a plane surface where- 
in r + 0, ortoa plane surface wherein ry, — ©- To deal with a plane, the procedure is to calculate 


the distance from the pole of the plane surface to the ray; see Figure 5.14. 


Let 
OAn_, = Q for the entering ray, and 
QGA'n = Q’ for the refracted ray. 
Then, because U_y = I, and U = I' , we have, 
tan Ut 
roe fanU-1 
Q 2 tan U 
Eng 
er; 
¢ lege 








Optical Axis 


nj 


Figure 5.14 - Method of transfer for a plane surface. 
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To transfer from a spherical surface r, toa plane surface, Ty, = ©, Weuse 
; : i 
Q4, = P-(r-t)nsinu. ; 
To transfer from a plane surface, r = ©, toa spherical surface, Ty, » the equation is 
Jos i : | 
Py, = Q'- (-ry, - t) nsinU. : 
‘ | 
| 
5.6.5.6 To trace meridional rays through systems involving plane surfaces, Equations (33) through (36) are 
used until the plane surface is encountered. To transfer toa plane surface from a spherical one or vice 
versa, use one of the transfer equations in Paragraph 5.6.5.5. A transfer between two plane surfaces is 
calculated using 


Qa = Q+tnsinU. 


Refraction at a plane surface is calculated using 


sinu = =) sinv_,, 
n 
and 
tan U. 
ee =i 
a Q tanU ” 





{ 
i | ' 1 
where Q is either specified initially, calculated from initial data, or gotten by transfer, from a previous 
surface. The calculations for plane surfaces are put into the same table (Table 5.5) as used for spherical 
surfaces. The values of sin U_, and sin U are written opposite sinI and sin I’ (which they equal 
respectively), and the values of Q and Q’ are written opposite P. (The tangents need not be written 
down. } ; \ 


| 7 { : 
5.6.5.7 One difficulty with the above formulation, Equation (36), is that if r 1 becomes large, but re- 
mains finite, P,, becomes equal to the difference between a relatively smaili and a relatively large num- 
ber. Hence unless a large number of significant figures are usedfor n, sin U » and the coefficient of | 
these terms, the value of P,, will be independent of P. In doing hand computing one can readily notice 
this loss of precision. If this occurs, it is necessary to resort to other formulae, or reshape the lens so 
that the surface becomes plane. Another difficulty with Equation (36) arises if U becomes small, but re- 
mains finite. In this case the ray is almost parallel to: the optical axis, and P,. becomes equal to the 
difference of two nearly equal numbers. Hence unless both numbers are known to a large number of signifi- 
cant figures, the value of P31 is quite inaccurate. In case the use of Equation (36) becomes difficult, the 
formulae given in Section 5.6.3 should be used. / : | i 

i i I 


5.6.5.8 In using the above equations it is necessary to convert sines to angles and to tangents, and to con- 
vert angles to sines. Tables are given in the Appendix. The tables convert from sine or tangent to the 
argument in radians and vice versa. They are designed for six place accuracy, and intervals are chosen 
for ease of interpolation. The first three digits of the function can always be found in the table and the 

last three digits are always multiplied by the interpolation constant and the product added to the tabular 
value. Interpolation therefore requires no mental arithmetic, and the process becomes completely auto- 
matic. By paying attention to such details a good human computer ean trace rays through a lens at a speed 
of 40 to 60 seconds a surface. This method, in spite of its limitations, is an extremely useful method for 
hand computing meridional rays. 


‘ t | 
it ! \ 
' 1 

| | 

| | 


5.7 GRAPHICAL RAY TRACING PROCEDURE | i . 
| | i 


5.7.1 Explanation of the method. ; : 
' i 
5.7.1.1 Rays may be traced graphically by means of a simple construction. The left side of Figure 5.15 
shows a portion of two concentric circles whose radii are proportional to the indices nj and n. Onthe 
right side of the figure is shown the surface separating media of index ny, and n. The angle of the re- 
fracted ray is determined from the diagram on the left. From this diagram ny sinI = o sinI’ ; thus, 
the construction solves Snell's law, Reference to Paragraph 5.4.5.3 will disclose that this is merely the 
graphical solution of the vector method. : | 

' 


5.7.1.2 The detailed procedure for tracing a ray is as follows. Draw a line through the center of the two 

circles parallel to the incident ray. Draw a line, parallel to the radius of curvature, through the inter- 

section of the first line and the circle corresponding to the index of the object space. The line through the 
t I 


| ! 
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Figure 5, 15- The method of tracing rays graphically. 


center of the two concentric circles and the intersection of the second line with the other circle is the re~ 
fracted ray. The incident and refracted rays can be drawn on the right hand diagram, but this is not’ 
necessary. The two diagrams may be superposed by placing the center of the concentric circles on the 
incident ray a distance n_, (arbitrary units) to the left of the incidence point. This procedure makes un- 
necessary the drawing of the circle for n_, , or the drawing of two lines each for the incident ray and the 
radius vector. The remainder of the construction is as given above. 


5.7.2 Example using an air-spaced doublet. Figure 5.16 shows the graphical ray trace for a ray which is 
initially parallel to the axis (ray a). It is seen that the first surface of the second lens is a diverging sur- 
face; the other three surfaces are converging, because the ray is bent toward the optical axis. By measure- 
ment of the radii of the concentric circles, we see that ny = 1.5 and ng = 1.7. This combination of 
a converging crown lens, followed by a diverging flint lens is typical of a type of achromatic telescope objec- 
tive. These lenses will be studied in detail in Section 11 . 


5.8 DIFFERENTIAL RAY TRACING PROCEDURE 
5.8.1 Meaning of a differentially traced ray. 


5.8.1.1 In the previous sections equations have been developed for tracing a general ray (skew or meridi- 
onal) through a general surface having rotational symmetry. Once such a ray has been traced through the 
system, we have a baseline from which to find the path of neighboring rays. A differentially traced ray, 
sometimes referred to as a close ray, is a ray differing from the originally traced ray by small, first order 
quantities. This means that the change in direction cosines, dK_, , dL_,, dM_, , andthe change in 
the coordinates of the intersection point, dX, d¥, aZ, are first order differentials. 


5.8.1.2 The tracing of one ray gives us information about the one intersection point of that ray with the 

image surface. The tracing of several neighboring rays gives us their intersection points and hence infor- 
mation about the structure of the image formed by these rays. In addition to this useful information, differ- 
entially traced rays are generally easier to calculate than a single, general ray. Because of these advantages, 
the concepts and procedures of differential ray tracing are important. . 
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Figure 5.16 - Graphical tay trace of a doublet. 


5.8.2 Differentially traced skew ray. 
| 
5.8.2.1 Once a skew ray has been'traced through a lens system it is 
entially displaced from it. The skew ray trace provides the values of 
M between surfaces. The values of X > Y, Z on adjacent surfaces 
| : 








D 
Zoo Xy 4 2 key, 
Dey, 
Dia 
Yor Yi + ay Ly, 
and ' 
Z=Z,-ty += M4, 
ny 


possible to trace the path of a ray differ- 
X,Y, Z oneach’surface, and K, L 


> 
are linked by the transfer equations 


(7) 


(38) 


(39) 


where D_; , given by Equation (25a), is the geometrical distance along the skew ray between the two sur- 


faces. These equations follow from Paragraph 5.4.3. 7 applied by any 


two surfaces. 


5.8.2.2 A neighboring ray, in the sense of Paragraph 5.8.1.1, will have slightly different coordinates on 
the jth surface. The differences, dX, dY , anddZ are found by differentiating Equations (37), (38), and 


(39). We have | os 


D D_i4\. 
ax = dX, + —L aK, + K, a( = ) ; 
ny Diy 




















dY = d¥., + Deva dL.4,+L, 4 (2+ : 
i niy 
and : i 
; De ‘YD , 
dZ = aZ, + —4t am, +My a( 1). 


ny ny 
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(40) 


(41) 


(42) 
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These equations may be referred to as differential transfer equations, in that they are used to calculate the 
change in coordinates. The changes in coordinates at the previous surface have been determined by the previ- 
ous application of these equations; the changes in optical direction cosines are calculated by differential re- 
fraction equations discussed below. The last term, involving the change in total ray length, must also be 
calculated. The remaining equations will first be derived; then their order of use will be summarized. 


A 


5.8.2.3 The procedure used to derive an equationfor d ( ae be quite similar to that used to derive 
an equation for 7 2 (See Paragraphs 5.4.4.3 - 5.4.4. 5). 


that case we used four equations, Equations 


(4), (5), (6) and the equation for the sag, Paragraph 5.4.4.4. These four equations were solved simultane- 
ously for as The equation for the sag, Z, is the equation for the surface, in that case the sphere. Be- 


cause the intersection point must lie on the surface, this equation is called an equation of constraint. In the 
present case, the four equations to be used are Equations (40), (41), (42) and the differential equation of con- 
straint. 8 


5.8.2.4 Although the physical jth surface is a general surface of revolution, this surface is replaced by the 
plane, tangent at the intersection point. The reason this must be done is that we have restricted the change 
in coordinates to first order differentials; as one moves away from a point on a surface by distances of the 
order of first differentials, the motion is constrained to the plane tangent to the surface. The equation of the 
tangent plane is given in Paragraph 5.5.4.10. Differentiating this to obtain the differential equation of con- 
straint we have : 


UdX + Vd¥Y + WdZ = 0. 


We now substitute into this equation the values of dX, dY, anddZ given by Equations (40), (41), and (42). 
Collecting terms, and using Equation (27), we have . : 


D_ D 


D 

1 -1 =1 

a(22) : U (dX _, + 1 dK_) + V(dY_) + a dL_)+W (QZ +a) dM _1) 
ny ° -Gan_, cosl 


(43) 
5.8.2.5 Using Equation (43), and then Equations (40), (41), and (42), we will have completed the transfer 
of the differentially traced ray. The differential refraction equations, now to be derived, will be used to 
calculate dK, dL, anddM.. Differentiating Equations (30) to (32) gives 


+ PdU + UdP, (44) 


ak = dK, 

dL = aL 1 + Pav + VdP, (45) 
and 

aM = dM_, + PdW + WdP. (46) ° 


5.8.2.6 In differentiating the equation for the tangent plane we kept U , V , and W constant and thereby 
obtained the differential equation of constraint. Physically this means that at any point on this tangent plane 
the ratio of the direction cosines of the normal, U:V:W, is the same as at any other point. (See Para- 
graph 5.5.5.3). Justifiably it may be asked why U , V , W were not held constant in differentiating Equa- 
tions (30), (31), and (32). The answer is that though the tangent plane and surface differ by second order 
differentials, at the new intersection point, the normals to the two tangent planes, erected at the two inter- 
section points, have direction cosines differing by first order differentials. Hence, since refraction in- 
volves the normal at the intersection point, dU, dV , anddW are not necessarily zero in Equations (44), 
(45), and (46). 


5.8.2.7 Differentiating Equations (23), (24), and (18), we get 


aU = -XdE - EdX, (47) 
dV =-YdE - EBay, (48) 
and 
, c2 ‘ 
aW = - a (XdX + ¥d¥). (49) 
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and 
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dE 


dE 


KdK + LdL + MdM 


dP 


KdK + LdL + MdM 


dX 


dy. 


1 


dZ 


dU 
av 
dw 


dE 


dP 


1 


U 


, anddM_, 


= Po ax 


OE 


-[eq2 


Ww 


| | 
K (dK _, + PdU) + L(dL_, + Pdv) + M(dM_, + PdaW) 





as the differential equation of constraint. 
remerabering Equation (27), we have 





aE may be found by differentiating Equation (22), remembering that 
1 


aE 
ax ax + ay @ + ag a2, 


5.8.2.8 The one remaining problem is the determination of d 
This is done by the same method used to derive Equation (43). 
(45), (46), and a differential equation of constraint. 
entials on the left-hand side of the first three equations. 
sines of a given line is unity, we have 
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(4e + 128” + 24gs* + 4ons®) 


i | 

P to be used in Equations (44), (45), and (46). 
The four equations used are Equations (44), 
In each case, the fourth equation involves the differ- 
Because the sum of the squares of the direction co- 


| | a . 
Substituting Equations (44), (45), and (46) into this constraint, and 





No 


QO, 


Oo. 


- Edx, 


From Equations (40), (41) and (42), 


o? 


- Gn oe 


5.8.2.9 We can now summarize the calculations, in the order made,. 
skew ray through aspheric surfaces. 


(50), (47), (48), (51), (44), (45), 
not seem to be worthwhile to trace close skew rays since the 
However for hand computing the close skew ray trace e ave 


and the differential ray is to be traced around a meridional ray 
had assumed dM, = 0, then it would follow that dL, 


Careful inspection of Equations (47) to (51) shows that, 


5.8.3 Differentially traced meridional ray. At first sight it might appear that it would t: 
to trace a differentially traced ray as a skew ray. 
are involved. An interesting application of the above e 
Assume a meridional ray has been traced from an obje: 
system; let us now trace a ray from the same object point which will be d 
mount dK, . We also assume that dL, = 0. Since 


ct point (XK, = 
| 


used in tracing a differentially traced 
In addition to the results for the skew ray, available from tables such 
as 5.3 and 5.4, the initial ray data of the neighboring ray must be given. Thatis dX 
qdK_; , dL.y 
(43), (40), (41), (42), (49), 


1, dY4 ,dZ_y, 
must be specified. The following equations are used in the order giv 
and (46). With an automatic computer it does 
regular skew rays can be traced so rapidly. 

ry ee tool. 


ake as much time 
Actually the equations are simple and‘no square roots 
quations occurs in connection with meridional rays. 
0, Y, , Z, ) through the lens 
ifferentially displaced by the a~ 


0. (If originally we 
0). Equation (43) shows that d(D,/n,) =0. 
| | 
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Substitution into Equation (44) gives the relation 


Gn,cosI' - Gn, cosI 
= = 
aK, = 4K, [ ni eos F 5 Sng cost ]* aX,. 
‘ Dy; \ 
It then follows, since d Dy = 0, that 
Dy 
d¥_ = 4X, + Th aK, , 
and 
= : Gngcost' - Gn, cosI 
dK, = dK, - [ Sass sents! | E, dX. 


The close meridional ray may be traced through the system by successive application of the equations - 





aX = dXy + a dK _y (52) 


and 


dk 


ul 


aK, - (=== ged cos I | Bax. (53) 
G 


5.8.4 The Coddington equations. 


5.8.4.1 The above two equations,(52) and (53), apply to a general surface having rotational symmetry. In 
case the surface is spherical, Equation (53) is simplified since E = c¢ and G = 1. If the close ray 
has dL, = dM, = 0, as inthe above example, and if the traced meridional ray and the close ray 
intersect to form an image, these two rays obey one of the Coddington equations, namely, 


n 
ae + By = ¢ (mn, cosI' - ngcosI). 


Because the close ray was shifted in a way that resulted in dY¥, = dZ, = 0, the shift of the inter- 
section point occurred parallel to the X axis, in other words in the sagittal plane. The resulting focus is 
referred to as the sagittal focus, or the skew focus, because the close ray is actually a skew ray. 


5.8.4.2 The above Coddington equation can be derived from Equations (52) and (53) applied to a spherical 
surface, (E =c¢ and G = 1). Because we are dealing with a single object and single image point, 
dX, = @X_ = 0. Applying these two equations to Equation (52), we have 


D, D 
aX, = a, 9Ko = 2a. 2 


Using Equation (53), for a spherical surface, 
dK, = dK, - (njcosI' - ngcost) cdX,, 


and, expressing dK, interms of dK, , and dX, in terms of dK, , we get 


Dy Dy 
dK, = - vs De aK, + (nj cosl' - ngcost) ¢ —- dK; - 


Simplification gives the above Coddington equation. 


5.8.4.3 Instead of shifting the ray in a plane perpendicular to the meridional plane, the ray could have been 
shifted in the meridional plane. Inthis case, dK = dX = 0. Ina manner similar to that used in Sec- 
tion 5.8.3, ray trace equations for dY and dL can be derived, corresponding to Equations (52) and (53). 
(We do not need specific equations for dZ and dM , because these are proportional to dY and dL 
respectively). For a single image to be formed by two close rays from a single object point, 


adY¥, = dY, = 0. The final result is the second Coddington equation involving the meridional or tan- 
gential focus, 
2 2° 
= + a -= ¢ (n,cosI' - ny cos I) F 
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5.9 PARAXIAL RAYS 


5.9.1 The paraxial ray concept. The previous section on differentially traced meridional rays provides a 
good way to introduce the concept of paraxial ray tracing and the meaning of paraxial rays. A ray passing 
directly along the optical axis of the system is a perfectly good ray to use as a base from which to trace a 
close, neighboring ray. Such a ray, differentially traced with respect to the optical axis, is a paraxial ray. 
Physically, paraxial rays are the rays that get through the system as the aperture of each lens, centered 
concentrically with respect to the optical axis, becomes very small. Because paraxial rays are fairly easy 
to visualize, and because the ray tracing equations become quite simple for these rays, the usefulness of 
paraxial rays in the preliminary design of optical elements cannot be overemphasized. 


| u 
5.9.2.1 For a ray coinciding with the optical axis, cos I and cosI' will be exactly equal to 1 on every 
surface and D.y ~ t-1 , so Equations (52) and (53) become , ; 


dx = aX, +22 aKy | (54) 
-1 
a ; 


and ; i ; 


5.9.2 Ray trace equations. 


I 


' 


aK = dKy -(n- ny) cdX. (55) 


c i i i 

Therefore a ray may be traced differentially close to the optical axis by applying the above equations. Since 
the original ray was the optical axis, there is no distinction between the X and Y axes, and these equations 
apply equally well for a close ray inthe YZ plane. For sucha ray, replace dX by dY and dK by dL, 
for each part of the system. It should be noted that these equations hold for aspheric as. well as spherical 
surfaces. Mathematically this is so because for the optical axis, X = Y = 0; hen¢e by Equations (18) 
and (26), W = 1 = G, and by Equation (22), E = c¢. Physically the aspheric and the sphere are 
tangent at the optical axis and have the same curvature; hence a ray close to the axis intersects a surface of 
curvature c. : i ‘ 

i 1 
| 
5.9.2.2 Paraxial ray calculations will be used so extensively to build up an understanding of optical systems, 
that a special notation will be used to refer to paraxial data. It is customary to use lower case letters for ©. ~ 


paraxial rays. Equations (54) and (55) will be written for a ray in the YZ plane and become 





t ' 
yoryy + = (ny uy), (56) 


bo | 

and | ! | 

| i 

nu = mn, uy, + ye (ny -n). : (57) 
: Jeol i : i 

The differentials have been replaced by small letters indicating paraxial ray data. One can see that dY has 
been replaced by y , indicating a small displacement perpendicular'to the optical axis.: dL, which re- 
places dK for a paraxial ray inthe YZ plane, is the change in the optical direction cosine of the originally 
traced ray. Since the original ray is the axial ray, and the original L = 0, dL = new value of 
L = ncos§, where 8 is the angle between the ray andthe Y axis. Instead of cos g¢, we can use sin U, 
the angle between the ray and Z axis. Therefore dL = n sin U'.But U is asmall angle, and we re- 
place the sinU by U, the first order approximation. (See Section 5.11). Hence dL! = nU, and using 
small letters, dL = nu. We see here why the term paraxial ray optics and first order optics are 





synonymous. ; ; 
| | 
§.9.3 The use of finite angles and heights for paraxial rays. 

; 


ha ! | ! 
5.9.3.1 Equations (56) and (57) were derived on the assumption that y and u are small, of the order of 
first order differentials. Physically, in order to form an image using paraxial rays, the actual rays must 
obey the condition that y and u are small. It is, however, both a remarkable and extremely useful fact 
that in ray tracing, we may use finite heights and angles, not necessarily small, for y and u. We will 
show this in the following paragraph. , 
' | 


‘ I i 
5.9.3.2 Consider Figure 5.17 which indicates two rays from an axial object point O to the corresponding 
axial image point O'. Because u_, and u in Equations (56) and (57) were assumed small, we can re- 
place them by tanu_,; and tanu respectively. (The expansion of tanu, interms of 'u, shows that the 
first order approximation is tanu = u, as inthe case of sinu., The third order approximation, how- 
4 : 


| 
I 
I 
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Figure 5.17. Paraxial rays through a single refracting surface. 











Figure 5.18 - Paraxial rays through a single refracting surface. 
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ever, differs from that of sinu). Remembering that u is negative, we substitute into Equation (57) and find 


n -(2) = ig ee + 7 (n_, -n). 


t we 


Upon rearrangement we get : . aS rey \O 
: 4s 
By, Roof Re My Y 
tly t r ; 


I 
which is the familiar form of the paraxial equation for a single surface. The important thing to note is that 
u.z , u, and y no longer appear inthis equation. This fact is interpreted as meaning that mathematically 
we may consider the image O' formed by any ray leaving the object O. Thus both rays (A) and (B) inter- 
sect the axis at the same image point. . : 


5.9.3.3 Figure 5.17 and the above paragraph apply to axial object and image points. The same conclusions - 
concerning finite heights and angles hold for rays through off-axis object and image points. Hence, in Figure 
5.18, all rays (A), (B), and (C) intersect at one image point. Neither the angles i, or i, , nor the 

heights Y, , ¥,, or Yg » need be small. * 


5.10 GRAPHICAL RAY TRACE FOR PARAXIAL RAYS 


li 
5.10.1 Specialization of the general graphical method. 

[ { | t 
5.10.1.1 Paraxial rays may be traced graphically through a lens system by a construction very similar to 
the construction shown in Section 5.7. This is done by replacing the refractive index circles by tangent ‘ 
planes, and the curves of the lens surfaces by tangent planes through the vertices of the surfaces. The justifi- 
cation for these replacements will be given in Paragraph 5.10.1.3. For paraxial rays, the construction 
will appear as shown in Figure 5.19. \ 





1 ! } t 
5.10.1.2 In the above paragraph we have indicated that Figure 5.19 is correct for paraxial rays. 


7 | 
| ' 






i 
1 
' 
i 





Refracted Ray 





(a) | tb) 


| . 
Figure 5.19 - The method for tracing paraxial rays graphically. 
i 
| i | 
SS SS 14 
* The angles and heights corresponding to rays through off-axis object and image points are written 
with a line or bar over the symbol, as Wand y . : 
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Assuming this let us use the drawing to reexamine and extend the ideas discussed in Section 5.9.3. From 
Figure 5.19 it can be seen that 


tt 


¥y ny tanU_y 


and 
Yg = 0 tanU. 


Since the line connecting AB (a) is parallel to line DC (b) it is clear that, from similar triangles, 


My 7 Yn _ 27 M4 
y r 


By inserting the expressions for Vy and Vo into the last equation, we find on rearranging 
ntanU = ny tanU_y + ye (ny - n). 


5.10.1.3 This last equation, derived from Figure 5.19, is correct for small angles. This is easily seen, 
because when the tan U_,; and tanU are replaced by the angles u_; and u respectively, Equation (57) 
results. However let us assume for the moment that both Figure 5.19 and the last equation are correct for 
any angles U and U_, . In particular, these may be finite angles and do not have to be small. Now if we 
compare this equation to Equation (57), which is true for small angles u and u_, , and therefore for par- 
axial rays, we see that tan U and tanU_,; correspondto u and u_y , respectively. This indicates that 
the equation derived from Figure 5.19 can be used in connection with paraxial rays, provided the angles u 
and u_, are replaced by tan U and tan U_, respectively. Since U can have any value, tan U and there- 
fore u can have any value. Equation (57) and Figure 5.19 can therefore be used for paraxial rays incident 
at any finite height and making any finite angle with the optical axis. Equation (56) and Figure 5.19 can also 
be used to accurately transfer the value of y from one surface to another for paraxial rays. This equation 
and figure can also be used with non-paraxial meridional rays to transfer between plane surfaces; in this 
case u_, is replaced by tanU_, .- 


5.10.2 Two approaches to the treatment of paraxial rays. 





5. 10.2.1 We have shown that paraxial rays can be considered from either of two points of view: 
(1) We use small angles and finite curvatures for surfaces. This led to Equation (57). ° 


(2) We use finite angles and zero curvatures for surfaces. This led to Figure 5.19. It 
must be emphasized that we do not have to combine these and use small angles with 
plane surfaces. 


5.10.2.2 It is convenient then to think of paraxial rays as passing through the optical system at finite 
heights, striking the surfaces on the tangent planes instead of the actual curved surfaces. Since the two 
Equations (56) and (57) are linear equations, and since the location of images are found for values of 

y, = 0, it makes no difference what value of u is used. It is instructive to trace paraxial rays through 
a lens at heights equal to the actual ray heights, and note the difference in path for a paraxial ray and an 
actual ray. This is demonstrated for a single surface refraction in Figure 5.20. The ray traced through 
the curved surface crosses the axis at M, closer tothe surface than the point P. The paraxial ray 
crosses at P, further away from the surface. This defect of focus is called spherical aberration. 


5.11 THE DIFFERENT "ORDERS" OF OPTICS 


5.11.1 Expansion of the sine function. 


5. 11.1.1 The fundamental equations which have been discussed and used in tracing rays are: (1) the trans- 
fer equations, and (2) the refraction equations. Both have been put into a form explicitly using the cosine 
function of various angles, such as the angles of incidence and refraction, and the angles which the ray makes 
with the coordinate axes. Both equations could have been written in terms of the sine function; so as to ex~ 
plain the meaning of the phrase orders of optics we will deal with the sine function. 


5.11.1.2 The optical axis is a special ray for which both angles of incidence and refraction are zero. In 
addition the angles which this ray makes with the X, Y , and Z axes are 90°, 90°, and 0° respectively. 
For a meridional ray near the axis, the angles of incidence and refraction, and the angle with the Z axis, 
are small. The ray trace equations, therefore, involve the sines of small angles. As the meridional ray 
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| 

Figure 5.20 - Comparison between a paraxial and an actual ray showing spherical aberration. 
| ' | m4 


\ } 

; ! i i 

makes larger and larger angles with the Z axis, we have to be concerned with the sines of larger and 
larger angles. | ' 


5.11.1.3 One reason the ray trace equations are complicated is that they involve the trigonometric functions 
of angles, instead of just the angles. (We have seen in Section 5.9 how the equations are greatly simplified 
when they can be expressed in terms of angles, instead of trigonometric functions). To relate the sina to 
the angle @ , we expand the sine function ina series, thus 


1 ' \ 
5 7 
cha Beate gr ee Gp ee ST 
ly | t ‘ 
5.11.1.4 The terms given explicitly as zero have been written down to clarify the situation. Whenever a 
function is expanded in a series the "first" term is called the zeroth approximation or the zeroth order, 
and successive terms are called the first, second, third, etc., orders. In the case of the expansion of the 
Sine function, the zeroth, second, fourth, and all even order terms are identically zero; only the odd orders 
remain. . : : i i 
2 i ' i 

5.11.2 First order optics. If in ray trace equations the sine is replaced by the angle, we are using the 
zeroth and the first order terms in the above expansion. The resulting equations and design procedures 
are called first order optics, and the rays concerned are paraxial rays. One of the fascinating parts of : 
geometrical optics is the extensive understanding of lens systems one can obtain by tracing two paraxial 
rays. With two paraxial rays one can predict the location and size of any image formed with paraxial rays, 
and by making further calculations based on these paraxial ray data it is possible to predict the approximate 
magnitude of image errors. The following sections, 6 and 7, will be devoted to the development and use of 
the equations of first order optics. This development will be pee the two simple equations, (56) and (57). 








5.11.3 Third order optics. ; 5 | 
| 


5.11.3.1 If the first and third order terms in the expansion of the sine are retained, the resulting equations 
are part of third order optics. But this term has an added meaning, pertaining to aberrations, and it is 
usually in this latter sense that the term is used. ; | : i 

| | : i 


5.11.3.2 The intersection of a ray with the image surface locates the image. If the intersection has been 
computed using the skew ray trace equations, the intersection is the true image. If paraxial ray trace equa- 
tions have been used, the resulting paraxial image will generally be displaced from the true image. The 
| : : 
5-36 _ 
| i | 
| | | 








Downloaded from http://www.everyspec.com 


FUNDAMENTAL METHODS OF RAY TRACING MIL- HDBK-141 


difference between the true image and the first order approximation (paraxial approximation) is known by the 
general term aberration. (We are considering here monochromatic light only. Aberrations due to non-mono- 
chromatic light are considered in Paragraph 5.11.3.4,) In the same way that the sine was expanded in a series, 
the aberrations can be expanded. The first term in the expansion is known as the third order aberration. The 
reason for this is that it represents the first approximation to the total aberration, and hence can be con- 
sidered as the difference between the paraxial image and the image using the third order approximation for the 
sine. Third order optics then has come to mean the equations and procedures dealing with the first approxi- 
mation to the aberrations. It is fortunate, as will be evident in a later section (Section 8) that these third 

order aberrations can be calculated from first order (paraxial) ray trace data. ‘ 


5.11.3.3 The next term in the expansion of the aberration, after the third order aberration, is called.the 
fifth order aberration. Fifth order optics deals with the aberrations through the fifth order aberration term. * 
Hence fifth order optics deals with fifth order aberration, or the second approximation to the aberration. 


5.11.3.4 Aberrations due to non-monochromatic light can also be expanded in a series. The first term gives 
the aberration appearing in paraxial images, hence is referred to as first ondex aberration. This is 
treated in Section 6, dealing with first order optics. : 


*In some countries other than the United States, for example England, ‘the first, second, third, etc., terms 
in the aberration expansion are referred to as primary, secondary, tertiary, ete. aberration. 
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6 FIRST ORDER OPTICS 
6.1 GENERAL 


6.1.1 First order optics and paraxial rays. In Séction 5.11.2 it was pointed out that when the sine of the 
angle is replaced by the angle, the resulting equations belong to the field of first order optics. In general, 

if any trigonometric function is replaced by its first approximation, we get first order equations, in the 

field of optics. In Sections 5.9.1 and 5.9.2 we defined a paraxial ray as one differentially displaced from 

the optical axis. Because of this definition we must use the first approximation to the trigonometric functions 
in the equations for a differentially traced ray. The resulting paraxial ray equations are hence identical to 
the first order equations. 


6.1.2 Preliminary layout and graphical ray trace. The method of tracing paraxial rays graphically was. 
explained in Section 5.10. Graphical ray tracing is extremely useful in the preliminary design stage, -par- 
ticularly for complicated systems, which cannot be visualized easily. The designer can thereby get a "feel" 
for the system, which a mere array of numbers often hides. Graphical ray tracing, however, is limited to 
an accuracy of about one percent. For additional accuracy, which is absolutely necessary in the calculation . 
of aberrations, we must resort to numerical paraxial ray tracing. The methods and results of this type of 
ray tracing in the realm of first order optics will be discussed in Section 6. : 


6.2 NUMERICAL TRACING OF PARAXIAL RAYS 


6.2.1 Importance of paraxial ray tracing. The accurate numerical tracing of paraxial rays is used exten- 
sively in the design of optical systems for three main reasons: 


(1) Tracing paraxial rays through the system is a simple mathematical procedure. 
(2) Images formed by paraxial rays provide very convenient reference planes. 


(3) Data obtained in paraxial ray calculations can be used to calculate the first 
approximation to image aberration. 


For these reasons, a systematic method of numerical ray tracing of paraxial rays is a necessary tool for the 
designer, even today when large automatic computers are readily available. In this section such a method 
will be described; and it will be used extensively in the following sections to illustrate the vast amount of. 
information made available by paraxial ray tracing. 


6.2.2 Ray trace format. 


6.2.2.1 The first step in tracing a paraxial ray is to lay out the system data in a form as shown in the top 
of Table 5.1. Then the two constants, c(n_, - no ) and t7n, are computed for each surface and 
space respectively. (See Table 6.1). With these constants filled in, the paraxial ray may be traced by 
applying Equations (56) and (57) of Section 5. 


6.2.2.2 As one uses this representation, its value becomes evident. These equations, and the way the data 












c | eg 


Table 6.1 - Recommended format for tracing paraxial rays through an optical system. 
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i I t 
are laid out, make almost a perfect match with the requirements of a desk calculator. A few of these 
features are: 


1 I 
(2) In tracing the ray, both equations are computed in the same way. First a number is 
multiplied by a number directly above it, then the product added to the number below the double line on the 
left, and the result written in the space on the right. This is indicated by the lines shown in the figure that 
appear as AA and “A : 


(1) In calculating c(n-y - n) one obtains the data from a triangle of numbers, tS 


' + ' i 
(3) Many times, problems are worked backwards. For example, suppose n.» u_y , nu, 
and y are given, and the problem is to find c, The question is: how to remember what to do first, i-e., 
divide y by (nu - n_; U., ), or vice versa? It turns out that the correct method is always the easiest 
one to do on the calculating machine. Dividing (nu - nj, U_, ) by y can be done without writing down 
(nu - ny uy ). However, tocaleulate y/(nu - n_j u_; ), the difference must be written down; there- 
fore, we know that to calculate c, the result must be (au - ny u -1 )/y divided by ( ni, - n). As 
another example, suppose a value of y; , yp , and ny: uy are given, what t; /n, is needed? The 
formula can be remembered in the following way: first compute Ya - ¥, , and then divide by n, uy 
Therefore the formula is ty /ny = (ye - Vy Many uy - 
| | 
| I 
I ‘ | j 
| i ' 
| | 


| \ 
| { 
| 
| 











ty 


Object mo ny Image 


| 
| ss 
Figure 6.1 - Relation betwéen image and object points. 


i 


t 1 
fe fr. i 
6.2.3 Algebraic example. Table 6.1 may also be used to derive algebraic expressions useful in optics. One 
can very readily work out the equation for image and object distances for a single refracting surface. If a 
surface of radius r, separates two media of index ng and ny , an object point will be imaged at a dis- 
tance t, from the surface ( see Figure 6.1). What is the relation between. t, and t, ? Thisisa 
three surface problem, the object surface, 0, the refracting surface, . 1, and the image surface, ‘ 2. 

A paraxial ray at y ) = O will be imaged at Yq = 0, It is therefore possible to fill out the caleula- 
tions of Table 6.1 to the following extent. : ( See Table 6.2). 


SURFACE OBJECT 


i 
1 
i 
1 


[a ane) 








| | 
| I | : 
Table 6.2-Single refracting surface, axial object and image points. 


le 
| 












Downloaded from http:/www.everyspec.com 
FIRST ORDER OPTICS : MIL-HDBK~-141 
Now, as pointed out in Sections 5.9.3 and 5.10.1, the angle used to trace a paraxial ray does not affect the 


image position. Since the choice of y on the lens is arbitrary, let it be y, - The calculations to this 
point are shown in Table 6. 3. 





Table 6. 3 — Continuation of Table 6. 2. 


With yy (=0) and y, (arbitrary) known, ny uy = (y, - O)/(ty/n, )- 
With no uy and y, Known, m Uy = My Up + yz Cy (ng - mH). 


Withn, u, , y, and y, (=0) known, t,/ ny, = (0-y,)/n, a+ 





Therefore t,/ ny=-¥y /n, uy, or 
ny ny Uy -ny uy ny 
°° yy UT a a a a er hee 
This equation becomes the familiar refraction equation, derived in Paragraph 5.9. 3. 2, 
at gh Te (ye). aw 


Notice how the Yq has dropped out of the equation indicating that any value Vy could have been used. 
The calculations will be finally filled out in Table 6. 4 as follows: 3 


y 


Ma no/t, % No/te 
*¥ycalMo- Ny) 





Table 6. 4—Conclusion of Table 6. 3. 


6.2.4 Numerical example. Equation (1) was given to show how the ray trace table can be used to derive 
a classical formula. Actually one will find very little occasion to use Equation (1) to calculate a numerical 
result, because problems can be solved much more readily using the format of Table 6.1. For example, 
suppose one is given the problem cy = 0.10, nn, =1, ny = 1.5, ty = 10. Rather than re- 
member any special formula, go directly to the format as ‘shown in Table 6.5. 


(0.05) z +150 


ty -1 
Ts * toe * -% 
ty = (1.5) (-20) —30 





Table 6.5-Numerical example of a single refracting surface. 
6.2.5 Ray trace for three element lens. Table 6.6 shows the data and ray trace results for a three element 
lens. Ail the material above the lowest double line has been discussed earlier in this chapter, The last two 
lines, involving y and nwt, and the calculations of m (lateral magnification), f' (focal length), and 
® (optical invariant ) will be discussed in the following sections. 
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SURFACE “OBtHCT 


c 
t 25. 00000 6. 60000 1.06541 0. 15000 1.13691 0. 60000 14. 05015 
n 1,.00000 1.62000 1.00000 1.62100 | 1.00000 1.62000 1.00000 





-0. 15677 0.16129 | -0.03140 70. 15245 
25. 00000 0.37037 1.06541 0.09254 1. 13691 0.37037 14,05015 


1. 25000 1:19594| "1.02879 1. 02606 1.18070 
0.05000 -0. 14596 -0. 15689 -0. 02948 0.13601 0.09894 -0. 08664 








-10.00000 | ~0. 75000 -0. sve] -0. 04440 0. 00069 0. 55481 0. 72887 5.77084 
0.48758 


0.37000 0. 49278 0.48728 § 0.48739 0. 46997 ‘0. 35886 





Ng U, ¥ 
m = 7o7o = -0.57708 = 7 & = -0. 50000 
6°6 “Yo 
a £ Be a Os 
fe-a- aig = tug) * 10.05 x 0, 35086 +0.37 x 0.08667 ~ 1000 


Table 6.6 Sample calculation of paraxial rays through a three element lens, using Equations 5-(56) and 5-(57). 
: | | . 1 


( : | . 
6.2.6 Ray trace procedure for calculation of aberrations. Another way to trace paraxial rays is to use the 





following equations: 


\ i | 
y =ye] + teyuey (2) 


usuy+i [(r4/0) -I] (3) 


t ' 


This ray trace involves the new quantity, i, which is the limiting value of the angle of incidence, I, as 
the ray approaches the axis in the paraxial region. Equation (2) is merely Equation 5-(56) simplified. Equa- 
tion (3) comes from Equation 5-(35), written for small angles, with the substitution i’ = i ny /n; the. 
latter is the law of refraction for small angles. Now from Figure 5.11, I' - U = the acute angle between 
r andthe optical axis. But for small angles this is y/r = yc. Hence, using Equation 5-(35) we have, - 

t | ‘ I t i 


i= ye+uy. i (4) 
‘ | : ; 


: [eee \ I i 
It will be shown later ( Section 8 ) how the third order aberrations may be calculated from paraxial ray data. 


For these calculations it is easier to use Equations (2), (3) and (4) ,than Equations 5-(56) and 5-(57). 
= ho | ! : i : 


6.2.7 Numerical example. : 
bss | | : 
6.2.7.1 To illustrate these equations, Table 6.7 includes paraxial rays traced through the same lens as 


used in Table 6.6. In this example, a different set of rays are traced through the lens. Below the lowest 


double line there are entries used in the calculation of chromatic aberration. These calculations will be 
explained in Section 6.10. : 


SURFACE 
0, 252850 0.259730 | 0.050650 0, 245880 


c 
t oo 0.600000 1, 065410 0. 150000 1.136910 0. 600000 8, 279369 
n 1.000000 1. 620000 1.000000 1. 621000 1.000000 1.620000 1.000000 








(ny / 0) -1 0.382716 | 0.620000 | -0.383097| 0.621000 | -0, 382716 0. 620000 








1. 500000 1, 412907 1, 148619} 1. 138827 1, 227353 1, 241918 
~0.145155 -0.248063 -0.065279 . 0.077866 0.024274 -0. 150001 


0.379275 ~0. 165981 ~0.477120] 0. 230508 0. 140031 -0. 281089 
0. 006370 0.010586 ; 0, 006370 


0. 606370 0. 006370 0.010586] -0,010586 0.006370 -0. 006370 
0.00362 ~0, 00242 0, 00580 0. 00450 -0..00109 -0. 00360 


Table 6.7- A paraxial ray is traced through the same lens as used in Table 6.6. in this case 
Equations (2), (3), and (4) are used. ; 
4 | 

- , | | 







ITAch = -0,0029 
Za = ~0. 00044 
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6.2.7.2 For use with a large computing machine there is no preference for either of these methods. For 
hand computing, unless aberrations are calculated , the method outlined in Table 6,1 is simpler. Therefore, 
all the paraxial ray theory given in Section 6.3-6.9 will be based on Equations 5-(56) and 5-(57). 


6.3 THE OPTICAL INVARIANT 


6.3.1 Axial and oblique rays. In Section 6.2 it was shown how images may be located along the axis of the 
optical system. The procedure is to trace a paraxial ray from where the object surface crosses the optical 
axis (y, = 0 ). Such a ray is called an axial paraxial ray. An image surface is formed wherever this 
paraxial ray crosses the optical axis. By tracing a second ray from the object at a value of y, # O itis 
possible also to determine the size of the image. Such a ray is called an oblique paraxial ray. The.data for 
this second ray will be identified by writing y and u. Table 6.6 shows a second ray iced ‘through the 
lens. The second ray is commonly referred to as the oblique paraxial ray because it passes from an off-axis 
object point obliquely through the optical system to the image. If this ray passes through the center of the - 
aperture stop it is called a chief ray. In tracing the oblique paraxial and the axial paraxial ray ii the" 
system, the following equations have been applied for each surface: 





nu =n, u, + ye (n_, -1) for the axial paraxial ray refraction. 5- (57a) 

nu = ny uy + ye(n_ -n) for the oblique paraxial ray refraction. 5-(57b)’ 

y = ¥y + fa (mn, uy, ) for the axial paraxial ray transfer. 5- (56a) 
n-1 a 

as = t_ aa : 

y= ya + = : (ny uy ) for the oblique paraxial ray transfer. 5-(56b) 


6.3.2 The optical invariant and its importance. We will use the last four equations, involving axial and 
oblique paraxial rays, to derive an expression called the optical invariant. This quantity, as its name 
implies, is a constant; as such it may be calculated in several ways and its value for a given system can be 
used in the calculation of various quantities. This invariant has a meaning for an optical system similar to 
momentum or energy for an isolated mechanical system. . 


6.3.3 The invariant for refraction. By transposition and division, using Equations 5-(57a) and 5-(57b), it 
is possible to equate the common term c (n-1 - n) giving 


nu - ny Uy = nu - Ry uy 
y y 


By rearranging, this may be written 
¥(nq uy) - y(n. ua) = y(nu) - y(nu) - (5) 
The index and angle data on the left side of this equation refer to the space to the left of the surface, and 


the corresponding data on the right side refer to the space to the right of the surface. This equation shows 
that 


y(nu) - y(nu) = & (6) 
is an invariant for the refraction at any surface in the optical system. © is called the optical invariant. 


6.3.4 The invariant for transfer. Ina similar way Equations 5-(56a) and 5-(56b) may be combined to 
give the relation 


Year (my uy) - ya (ny ty) = y(ng uy) - y(ny uy). 


It is noted that the right hand side of this equation is equal to the left hand side of Equation (5), and hence is 
@, the optical invariant. Moreover both y values on the left apply to the surface to the left of the space, 
and both y values on the right refer to the surface to the right of the space. Therefore this equation shows 
that the optical invariant is also an invariant as the ray is transferred from one surface to the next. 


6.3.5 The invariant for the entire system. We have shown above that there is a combination of y,n,u, 


y,anau , which has the same value on either side of a surface, that is, it is invariant across a surface 
between two spaces. We have also shown that this same combination of parameters is the same on either 
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| ! : 
side of a space, that is, it is invariant across a space between two surfaces. Hence the optical invariant is 
an invariant for an entire optical system. It is therefore possible to write down the optical invariant between 
any two surfaces (or any two spaces). For example, between the object surface and the image surface we can 
write i i ° 

® = y, (nou) - y, (nyu) = (ay Wey) - yy (a, a) 

| 1 

The invariant may also be written in determinant form as 


y ou 
@ = i 
y nu 
| i i 
6.3.6 Lateral magnification. If Y, = 9 onthe object surface (the 0th surface), and Yy, = 0 onthe. 


image surface (the kth surface), then the next to ue last equation becomes 


= y,(nyu,) = ¥, My ue, )- 


This is illustrated in Figure 6. 2. 
| i 
Using the optical invariant then, it is possible to calculate the height of the image Ye from the object 


height, Yo: The lateral magnification, m, is defined as 
| 


m= Jk = (Mg) a . (7) 
yy (mya Ur ) 





| i { : 
This equation shows that the lateral magnification can be calculated by tracing a single paraxial ray from the 
base of an object to the base of the image, and by taking the ratio given in Equation (‘).. Physically, the 
lateral magnification is the ratio of the height of the image to the height of the object, both heights being 
measured perpendicularly to the optical axis. By defining lateral magnification by Equation (7), and remem- 
bering that y values of points below the optical axis have signs opposite to those abc we see that a posi- 

| mo Bg 








I 

! 

| 

I i 

| ! 

| vie a 
Figure 6.2 - Diagram illustrating the data used to compute the optical invariant. 

: | 

| 

| 

1 


i 
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tive value of m indicates an erect image. A negative value of m indicates an image inverted with respect 
to the object. 


6.3.7 Angular magnification. 


6.3.7.1 There are instruments which work with the object placed at a large distance t o from the first 
surface of the lens or mirror. If this distance is great enough to assume it is infinite, then the ray co- 
ordinates on the first surface for the axial andoblique rays are:y, ;u, = 0; y 3 Uy - The optical 
invariant, for the first surface (1) and the space to the left (0), becomes 


6= -y (ny Uy ). 
In the image plane, yy = 0, so 
- Vy (a, uy d= Ye (nya Up ), 
and 
ss ~ Vy a 
% = SO, a )- (8) 


(my Uy ) 


In visual instruments, the image surface is usually at a great distance from the last optical surface (k ~ 1). 
If the distance is assumed to be infinite, then u,_, = 0, and 


= - y (my Uy) 


When both the object and image surfaces are assumed to be at infinity we have a telescopic system and: the 
optical invariant is 4a. 5 


&- -y (ngu,) = - y (ayy Uy) 


The most familiar example of a telescopic system is a telescope for which both object and image surfaces 
are at infinity; when so adjusted the telescope is said to be afocal, From the material to be presented ina 


Object Image 
0 


(a) 





(c) 


Figure 6.3 - Diagrams illustrating the use of the 
Smith Helmholtz equations, Thin 
positive lenses are represented by 
the symbol t , thin negative lenses by X 
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later section we can say that such a telescope has its focal lengths equal to infinity and both focal points at 
infinity. ; : : 
I cb | 1. se ae 1 
6.3.7.2 The angular magnification, @ , is defined as the ratio — Uya/ ug - Therefore the angular 
magnification for a telescope in afocal adjustment is : 
a = se = MP. a (9) 
Yc Peet 


For a telescope, the angular magnification is called the magnifying power (MP). 
6.3.8 The Smith-Helmhoitz and the Lagrange equations Bavations (7) and (8) can be rewritten as 


Yo Bot, = Vig Pea Ur 
and 


Ng Yy = - . 
¥y Po Mo a a 


These equations are referred to as the Smith- Helmholtz equations by some optical writers, and the LaGrange 
equations by others. Through the use of these equations, it is possible to decide rapidly what is needed to set. 
up a given optical system. For example suppose we wish to form an erect image on surface k twice the size 
of the object on surface 0. See Figure 6.3 (a) . Equation (7) shows that if m is to be + 2 then ug and 
uy-7 must have the same sign. This is illustrated in Figure 6.3 ‘(b) for the case of n o = Nyy - Aray 
emerging from the base of the object at anangle u, must pass through the optical system and emerge from 
below the optical axis at an angle u, /2. As is shown in Figure 6.3 (c), this can be accomplished, by any 
number of methods. A positive lens may be placed at A and be adjusted to refract the rays to cross the 
axis. At B a second positive lens refracts the rays to the final image. On the other ‘hand two lenses could 
be used at C and D if desired, in which case the axial rays would refract as shown by the dotted lines. 

i, | | I 


6.4 LINEARITY OF THE PARAXIAL RAY TRACING EQUATIONS 


| é 
6.4.1 General. In Sections 5.9.3 and 5. io we have seen that finite heights and angles can’ be used with the. 
paraxial ray trace equations. The basic reason for this is that these equations, 5- (56) and 5-(57), are 
linear. Another result of this linearity is that if two rays are traced through an optical system, it is possi- 
ble to predict the path of any other paraxial ray. The proof of this fact will be developed below. 
6.4.2 Proof of the theorem. ; ! : 

er ; L | i 

6.4.2.1 In order to prove the statements given above, let y and y be the heights of any two paraxial 
rays onthe jth surface, Corresponding to these two rays, u and t& are the angles between the rays 
and the optical axis. If y and wu are the height and slope angle of any third ray, we wish to show that 


the equations : 


(10a) 


“dil 


AYy+By = 


' i 
| | ' 

and : : : 

| | 4 


I 4 
are valid for the entire optical system. We also must be able to calculate the values of A and B. 


(10b) 


el 


Auv+ Bu = 


6.4.2.2 Equation (10a) applies tothe jth surface. Using Equation 5-(56), we can show that an 
equation similar to (10a) applies to the j + 1 surface. Substituting Equation 5-(56) into Equation (10a) 
gives 


" 


| 
= ‘ t 
eS ae 2 Bes nu. 


ae 


= t = _ ee 
Yan 7 (nu) AY ~ 
Collecting the terms involving n results in the expression t'( u-Au- Bu). But this equals zero 
by Equation (10b) so that : : 
| | ! 
= a | 
Vag Yi + BY, ; 


| { i 
Hence Equation (10a) holds for the j + 1 surface, and therefore, by induction, for any and all surfaces. 


|: | 
| | | 
6-8. | ! 








Downloaded from http://www.everyspec.com 


FIRST ORDER OPTICS MIL- HDBK-1I41 


6.4.2.3 Similarly, we show that Equation (10b) holds for all spaces. Substituting Equation 5-(57) into 
Equation (10b), and collecting terms, we have 

Net Det 
n 





= 2 n e(n-n = = 
2 1 ss “ 
Uy = A Uy, + EL Buy, + ( a a) (y - Ay By). 


By Equation (10a) the last term equals zero. Hence 
Uy = Aty + Buy, 


and Equation (10b) applies to any and all spaces. 


6.4.2.4 We have shown that Equations (10a) and (10b) apply to all surfaces and all spaces respectively and 
hence to the entire optical system. Solving these equations for A and B gives 


= 


ell 


Yu-Wy Se 
A = wee en (ur - tty) /Fs 
yu-uy 
and 
yu-uy Se Se 
B= = = n(yu-uy)/&. 
yuruy 


These equations hold for any surface and the space to the right of that surface. In particular, we will use the 
expression for A for the object surface, and that for B for surface number 1. . 


6.4.3 Two particular rays. 


6.4.3.1 Because the theorem proved in Section 6.4.2 holds for any three rays, we can choose these rays in 





M1 


Surface 0 Surface 1 


Figure 6.4 - Rays used to find simple expressions 
for A and B. . 
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such a way as to simplify the calculation of A and B. The two particular rays we use are: 


from the center of the object surface (x, = yo = 0), and (2) any ray 
which intersects the axis at the center of the first surface (x ,= YY 

and any third ray, are shown in Figure 6.4. Using Yo = Vy 5 0, 

duce to : 


A = ¥,/%,. 


and ' 

B= Y,/y,- 

| } 

Using Figure 6.4, we have 
¥, = ugt, = mee Yo /a, , 


| | 
and therefore i : i 
| 





i 
1 
' i 





(11) 


(12) 
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(1) any ray 
from the object (y, 
0). These two particular rays, 
the expressions for A and B re- 


# 0) 


| . I ° 
6.4.3.2 The two particular rays chosen are often specified more stringently. In order to get some idea as 
to the necessary diameters of the elements, the ray from the axial object (y, 


of u, soas to pass through the edge of the aperture stop. Such a ray is calleda 


9) is taken at a value 


rim ray, or marginal ray; 


the value of ug determines the energy passing through the system. The other ray is taken as coming from 

the top of the object. This gives some idea as to the diameters of the elements necessary to attain the de- 

sired field of view. We will specify later that this second ray (y,.. # 0) be the chief ray. 
: : ' 


6.4.3.3 The above two paragraphs have specified the two particular rays ( Vo 


correspondence between these and the equations in Paragraph 6.4.3.1. 


i \ 
! ' 
i 


6.5 THE CARDINAL POINTS OF AN OPTICAL SYSTEM 


6.5.1 General, 


6.5.1.1 We have already seen, in Sections 5.9.3, 5.10, and 6. 4, some important consequences of the 


O and y, = 0) be 
chosen so as to easily evaluate A and B from the known data and the initial third ray data, (It should be 
emphasized that this is not necessary; any two rays and the initial third ray data will suffice to determine 

A and B). Instead of choosing particular values of Y, and Y, _, we_could have chosen particular values 
of Ug and uy , for example 0. This would result in A = fig /u,g and B = Uy / u, - Note the 


linearity of the paraxial ray trace equations. Another consequence, to be discussed in'Section 6.5, is the 
presence of certain special points which exist in any optical system. Six of these points, all lying on the 
optical axis and known as the cardinal points, are of great usefulness in analyzing an optical system. The 
reason why the linearity of the paraxial ray equations lead to the existence of the cardinal points will not be 
developed in detail. It may be mentioned here, however, that the equations which we will develop from the 
concept of the cardinal points can be derived directly from the ray trace equations. One such equation, for 
example, was derived in Paragraph 6.2.3. The fact that both the paraxial ray equations and the assump- 


tion of the existence of cardinal points lead to the same equations is indicative of the connection between 


Sections 6.4 and 6.5. 


i t 


6.5.1.2 The cardina) points, and the letters used to designate them, are as follows: 
1 ' t 


(a) The first and second focal points, F, and Fy. 


(b) The first and second principal points, PY and Ma 
I 
1 and x 2° 


(c) The first and second nodal points, N 


Sometimes the words first and second are replaced by primary and secondary, or by object and image, 


respectively. : 


| 


' | \ 
6.5.2 The second focal point and the second focal length. In the sample calculation shown in Table 6.6, if 





the axial ray is traced from an infinitely distant object, t o = © and uy 
through the optical system and eventually cross the axis at what is called F, 
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0. This ray will pass 


the 


second focal p . 


cal point 


it 


(See 
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Figure 6.5 - Location of second focal point, second principal point, and second focal length. 


Figure 6.5) . The second focal point is, therefore, the intersection (in image space) of the optical axis and a 
ray which (in object space) was initially parallel to the optical axis. This cardinal point can also be considered 
as the axial image of an infinitely distant axial object. This is why it is sometimes referred to as the image 
focal point. Because the height of the axialray, y, , is arbitrary, all rays parallel to the optical axis, 
coming from an object surface, intersect at the second focal point. We can think of an image surface, 
intersecting the axis at F, . This is the second focal surface, which for paraxial rays becomes the second 
focal plane. Then y; = 0, and Equation (8) applies, 

y = ~ Fy F 


° uo/ (ayy Uy) = 


The second focal length is defined as, : 
fo= -y, Mui: (13) 


Physically, the second focal length is the distance between the second focal point and the second principal 
point, defined below. The reason a telescope in afocal adjustment (see Paragraph 6.3.7, 1) has an infinite 
(second) focal length is that u,_, = 0. Hence the final axial ray is parallel to the axis, and F, is at 
infinity. 

6.5.3 The second principal point. The second principal point is located by erecting a plane perpendicular 

to the optical axis at the point of intersection of the forward-extended entering ray and the backward-extended 
exit ray. The intersection of this plane (the second principal plane) with the optical axis is the second princi- 
pal point, P, . From Figure 6,5 it can be seen that 


f= P, Fy. 
If the second principal point is to the left of the second focal point, f' is positive; otherwise it is negative. 


6.5.4 The second nodal point. The second nodal point, N, , is also an axial point, as are F, and P 2° 
It is a point such that the distance 


No 
Nk-1 





N, Fp = (P. F,) 
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With this expression Equation (8) can then be written 


= n u n u : 
y, =f so. 2 op. p, See se. L N, Fou... 
k Mid ae Die M2 72 To 
iim = Nyy » then Py F, and Ny Fo, are equal and the principal point Py and the nodal point 


No coincide. ; 


1 


| : 
6.5.5.1 With similar arguments one can find a first focal point, F, , such that rays entering the system 
from Fy, will emerge from the last surface traveling parallel to the axis. For such an object point, 


6.5.5 The first focal, principal and nodal points. 





a 0, and Uy; = 0. Therefore from the optical ee equation, 
=. | i 
= n 
Yo = 7 Ny Bhd Mina 
No Yo 


The first focal length f is now defined as, 





= Jk L 
f= i = F, Pi. . (14) 
Finally using F, Ny = (F, P,) 2&1, we have 
No 
~ n a n By 
= -k-1 "k-1 a k-1 Upiy 7 = 
¥, = eg i ee a Se Ry a 


lo: 
6.5.5.2 The physical meanings of the first focal and principal points, and the first focal length, correspond 
to those discussed in Sections 6.5.2 and 6.5.3. The first focal point (see Figure 6.6) is the intersection of 
the optical axis and a ray which will be parallel to the axis when it Leaves the system. It is also the axial 
object whose axial image is infinitely distant. All rays parallel to the optical axis after emerging from the 

fo i ‘ 


| 





| 
| 
| 
a4 


To oo 
UK-1 50 









Do Tkel 





| 

| i 
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system have passed through the first focal point. The plane perpendicular to the axis at F, is the first focal 
plane. 


6.5.5.3 The first principal plane is a plane perpendicular to the optical axis passing through the intersection 
of the forward-extended ray through F, and the backward-extended ray emerging from the system parallel 
tothe axis. The intersection of this plane with the axis is the first principal point. The first focal length is 
the distance between the first focal point and the first principal point, and is positive if FF lies to the left 
of P, . 

1 


6.5.6 Object and image positions with respect to focal and principal poin:s. 


6.5.6.1 The previous sections, in connection with Figures 6.5 and 6.6,have explained the meaning of the 
focal and principal points, and the principal planes, from a graphical point of view. First, these ideas will 
be used to derive some well known relations between object and image positions, These relations will then’ 
be used to indicate additional characteristics of principal planes and nodal points. , 


6.5.6.2 Consider Figure 6.7 which indicates an object of height Vo at an arbitrary position. It should be 
emphasized here that Figure 6.7 indicates a general optical system, without reference to specific positions 

of refracting or reflecting surfaces. (Figures 6.5 and 6.6 show two refracting surfaces merely for con- 
creteness; the ideas involved in those figures apply to the general system, as does the whole of Section 6. 5). 
Of the infinite number of rays that come from the top of the object, we choose two whose course through the 
system we know from Figures 6.5 and 6.6. An entering ray, parallel to the optical axis, passes through 

Fo. , and can be considered to be deviated only once, at the second principal plane. Similarly, a ray through 
F, exits parallel to the optical axis, and can be considered as having been deviated only once, at the first 
principal plane. 


6:5.6.3 Four new distances are shown, Z, Z', 8, and S'. Sign conventions are then established sich 
that all these distances shown, as wellas f and f', are positive. If any pair of points at the ends of the 
double arrows are reversed, the distance is negative. For example if the object is tothe right of Fy , Z 





Figure 6.7 - Diagram showing object and image relations. 
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| lon B® 
will be negative. From similar triangles, remembering that Vx is negative, 


Vx a f 
i, ae 3 
Using the definition of lateral magnification, m = Vy / yy , we have 
=o Be al . 
MOSS Gere BE ape : (15) 


Rearranging there follows 


Zz = $f, i , (16) 
Equations (15) and (16) are in the Newtonian form, in which object ain image positions a measured from the 
focal points, F, and F, , respectively. 
| ' \ - | 
6.5.6.4 Another form of expressing these relations is : the Gaussian form of these equations, in which object 
and, image positions are measured from the principal points, Py and Py , respectively, From Figure 6. 4, 


Z = S - f and Z = Ss! - f'. Substituting these enue tne into 718) and (16) gives 
wg Shee f ‘ 
oe fF Sak : 
and 5 


(S-f)(s-F) = FF. 


| 
Expanding the last equation and dividing by SS', we have 


' 
£ + ar = 1, A (17) 
and using (17), the lateral magnification becomes j 
fs , . 
m= - #5 x ' ; (18) 


Equations (18) and (17) are in the Gaussian form and eetedeg to Equations (15) and (ie. Whereas the 
latter pair does not involve S or S', and the former pair does not involve Z or 2Z' , we may eliminate 
f and f’ from Equation (16) by substituting f= S-@ and fo = st - az. The result is 


& ZL 
s tet 1. 


And using this with Equation (15), we have 
_ Zs 
Bee 2 Seer : 
| | | | 
6.5.6.5 It may be well to summarize here the specific meanings of the six distances used in the equations 


of Paragraphs 6.5.6.3 and 6.5.6.4. The sign conventions are included below if it is remembered that a 
distance measured to the right is positive, 


f is measuredfrom F, to P, 

fis measuredfrom P, to F, 

Zz is measured from the object plane to Fy, ; 
1 Y 


1 
zZ is measured from F, tothe image plane. 
s is measured from the object plane to Py 


i is measured from P, tothe image plane. 
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6.5.7 Additional characteristics of principal planes. Suppose the object is placed at the first principal plane. 
This means that Z = - f , and Equation 18) gives Z' = - f'. But this also means that the image is at 
the second principal plane; the two principal planes are therefore conjugate planes and P; and Pp» are con- 
jugate points. (Equation (17) could have been used, with S = 0, giving S’ = 0, which again locates the 
image at Py ). Using Equation (15) we find for this case m = 1. The two principal planes are therefore 
planes of unit positive magnification, This fact is very useful since it allows us to say that any point on the 
plane through P, is imaged at the same height on the plane through Py . Therefore any other ray (see 
Figure 6.7), entering the system So that it intersects the first principal plane at H 1? exits from the system 
as if itcamefrom H, , at the same distance from the axis. 


6.5.8 Additional characteristics of nodal points. 





6.5.8.1 There is an important relation between the focal lengths of any optical system, and the refractive 
indices of object and. image'space. Equation (7) can be rewritten, using Figure 6.7, to give 


m= Boo = Po = c =) : 
Mae Vie Med 
Comparing this with Equation (18) we have 
: ; 
f/m, = fi'/y,- (19) 


6.5.8.2 Equation (19) can be used to indicate a useful property of the nodal points. Using the expressions 
for Ny Fg and F, Ny, given in Sections 6.5,4 and 6.5.5, in connection with Figure 6.8, we have 








a - Dike we _ . 
P, Ny = F, N, - Fy p, = £ (SEL - 4) = Ear): 
and * 
Ye) ae } 
P,N, = P, F2-N, Fn = f (4 tae ag ee eee 








Figure 6.8 -Graphical construction to locate positions of nodal points, 
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Because of Equation (19), the following relations hold between the cardinal points. 


P, Ni, = Py Ne, 
Pi Pp = Ny Ny, | 
Fi Ni = Ff, 
oe ee -— ee 
And for object and image media the same, ng = nyy, f : f : and the principal and nodal points 


coincide, P, with N, , and P, with Ny. : 
! : t 

6.5.8.3 Because P; Pg = Ny Ne, two parallel lines, one through each nodal point, will intersect the 
principal planes in points equidistant from the axis. Hence these two rays are conjugate rays, and we have 
the important fact that any ray in object space which is heading toward N, will emerge from the system in 
the same direction from N 2 + This gives us a graphical method for locating the nodal points, shown in 
Figure 6.8. A ray is shown entering the system at an angle ug headed towards F, until it intersects the 
plane at P, . It then emerges from the plane at P, parallel to the axis at the image height Ye A ray 
then traced backwards at an angle u, with the axis must emerge anti-parallel to the entering ray as shown | 
in the illustration, because all rays leaving a point on the focal plane are parallel to each other after emerging 
from the system. The two points Ny and N» are the intersections with the axis of the two segments of this 
backwards traced ray. i : ‘ 
i ! ! i 
6.5.9 Numerical example. A numerical example, represented in Figure 6.9, shows the location of the 
cardinal points of a lens with water on one Side and air on the other. Given the three indices, two curva- 
tures, and lens thickness, all other numerical values can be found using the equations already developed. 
An axial ray is traced through the system at u. = 0 and y, arbitrary. t,) can be found, using 
y3 = 0. Therefore Fy is located with respect to the second surface of the lens. A corresponding trace 
locates F, . Equations (13) and (19) give f' and f respectively. The principal points and nodal points can 
now be located. : : 1 ' 
| 

' I 


! 
; I 
1.511 
f = 10 i fF = 13,39 ————_—-—_—_ 
| 
| 











F 1 | 1, 
{ 1 1 i 


Figure 6,9- Numerical example showing location of the cardinal points for alens with water 
on one side, ‘ | ' 


i 
| ; 
\ 7 
! 
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6.6 CALCULATION OF THE FOCAL LENGTH FROM FINITE CONJUGATE DATA 


6.6.1 General. If an optical system is to be used at infinite conjugate, that is either the object or image or 
both are at infinity, then the entering axial ray istracedat u, = 0, Yi arbitrary. (For systems having the 
image at infinity for a finite object, the design is considered as if the rays went backwards through the system. 
Systems are therefore designed with the infinite conjugate as object, whether or not this agrees with the physi- 
cal situation. The justification for this is that an optical system is reversible in the sense that rays traverse 
the same path in either direction). The ray trace automatically gives the focal length, f', by using Equation 
(13). 


6.6.2 Finite conjugates. However, if the system images a finite conjugate object, and an axial ray and an 
oblique paraxial have been traced, Equation (13) does not apply. It is possible, nevertheless, from the data 
obtained from these two rays, to calculate the focal length. If two rays have been traced as shown in Figure 
6.4 and in the presentation of Table 6.6, then 


A = 3p/3, 
and 
B =-¥, u,/y, u, » this latter being Equation (12). 


With these constants known, it is possible to predict the final Und for a ray entering the lens parallel to 
the axis. For then U, = 0 and ¥, (= yy ) are the initial conditions for the third ray. 


Now writing Equation (10b) for the final angle, 
Ya Yo 


pa = Un = = 
k-1 k-1 Yo Yo 


URL - 


sis 
° jo 


From this equation, and Equation (13) written for the third ray, we have 


. tte, Se OS __ 
: Ny (ug Uy ~ Yo Uy ) (20) 


where @ = y, (n, u,) from Paragraph 6.3.6. 


6.7 SYSTEMS OF THIN LENSES IN AIR 


6.7.1 Concept of the thin lens. 


6.7.1.1 None of the basic material presented so far presupposes any specific form of the optical system 
other than that it is a centered system. We now want to specialize the system somewhat and consider a 
single lens, an example of which is shown in Figure 6.9. In that example, ng # n,, sothat f # f'. 
If ng = ng = 1, the lens isinair, and f = f'. The nodal and principal points coincide as explained 
in Paragraph 6.5.8.2. Because of the equality of the two focal lengths, Equations (15) through (18) can be 
simplified. 


6.7.1.2 An additional simplification can be attained by assuming that the axial lens thickness, t, in the 
above example, is small compared with t, and t, . If t, can be neglected, the lens is called a thin lens. 
Since the two deviations of the ray are considered fo occur at one point, for a thin lens, both principal planes 
coincide with the lens of zero thickness. For this case, S and S' are the distances measured to the inter- 
section of the lens with the optical axis, and Equations (17) and (18) take the familiar form for a thin lens in 
air. The two nodal points also coincide with the lens; hence a ray directed towards the lens center will 
emerge from the same point in the same direction. In some special cases, such as high curvature meniscus 
lenses (highly warped lenses), the thickness may be small, but not completely negligible. In these cases the 
lens may be "thin" for certain applications (for example, calculation of focal length), but not "thin" for others 
(for example, calculation of principal points positions}. In such intermediate cases, where the lens is neither 
completely thick or completely thin, the principal and nodal points do not necessarily coincide with the center 
of the lens. 


6.7.2 Focal length and power of a thin lens in air. Many optical systems are made up of individual two- 
surface lenses separated by air. Paraxial rays can, of course, be traced through any system of this type 

by using Equations 5-(56) and 5-(57), but considerable simplification can be made if it can be assumed that 
the individual lenses are thin. In the layout shown in Table 6.8, an axial paraxial ray and an oblique paraxial 
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| I 
| | : i t 
ray are traced through a thin, two-surface element in air. For the akial paraxial ray, we have 


bs i | 
ytp + y(l-n)ey + y(n-1)ey , 


Ug = y/to ? 


Ug i 


WU, = Up - y(n-1)(e, - cp )- (21) 


and 


The focal length may be calculated from Equation (20), u using a = Yo (no ug). If numerical calcula- 
tions are made, the data are found in a table similar to f table 6. 8. aperetore, 


Pee eto tn te 
f No (a, Ug - Uo uw, ) (Wo wo - Uo u, ) , 
to to Yo _ oe : 
j Uo ~ ug (n- 1) (cy, - eg ) 
and i 
Vf = (n-1)(e, - eg ) = ¢. ; (22) 


| { 
Equation (22) is the well known formula for the focal length of a thin lens in air. It is more convenient to use 


it in the latter form, where ¢ is called the Power of _ thinlens. | . 
| ! 


[ser [oes ee 



















y(1-n)cy 
+ y/to 


yin-ije 2 
+y(1-n)ey 





Table 6, 8- Paraxial rays traced through a thin ‘lens, 


6.7.3 Ray trace equations for thin lens systems in air. 





6.7.3.1 Equation (21) can be written 


uy = Up - yo. 
The similarity between this and Equation 5- (57) is now apparent.” Equation 5-(56) can be used to transfer 
between lenses. We have then the transfer and refraction equations for thin lens systems. These equations, 
(23) and (24) , are written for a general thin lens j. _ ; 
. : | | I : 
Yry, +t, uy, (23) 
| i i 


uw, + y(-¢). (24) 
| | 


: ion i ' i 
Table 6.9 illustrates a method using Equations (23) and (24) for ieee the familiar expression for the 


| 2 


| | 


u 


u 


| 
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focal length of a dialyte, i,e., two thin lenses separated by the distance d. 


SURFACE LENS (a) LENS (b) IMAGE 
ob 


-ga 
















1 UR 
Boke kl = ga + ¢b - dga ob 
Yu 
Table 6.9- Tracing a paraxialray, ug = 0 and 


y, arbitrary through two thin lenses. 


6.7.3.2 The tracing of paraxial rays through thin lens systems is probably the one remaining calculation 
that lens designers do on desk calculators. In optical design work, a great deal of time and thought must 
necessarily go into the preliminary layout work. The designer must decide where to place the lenses, and 
what focal lengths are to be used. He needs to know approximately the sizes of lenses needed, and the 
approximate path of rays as they pass through the system. All these calculations can be made assuming 
thin lenses, and it is a problem so varied that it does not lend itself well to a large computer. Experience 
shows that desk calculators or slide rules are preferred at this stage of the design. 


6.8 OPTICAL SYSTEMS INVOLVING MIRRORS 


6.8.1 Sign conventions. It was pointed out in Section 2.3.3 that the equation of refraction could be used for 
reflection by merely writing . 


Nyy = - Re 


If this is done in all the refraction equations, they can be used for reflection. If a mirror is inserted in an 
optical system, it reflects the ray backwards so that if the light was originally traveling from left to right, 
it will travel from right to left after reflection. It is possible to treat reflecting surfaces in exactly the same 
way as refraction surfaces by adopting the following rules: 


(1) Write all the curvatures with the usual sign convention. If a single surface is en- 
countered several times in a reflecting system, the radius is always considered to 
have the same sign. 


(2) Whenever the light travels from right to left, insert the index and thickness with a 
negative sign. 


6.8.2 A mirror system and its ray tracing format. A typical mirror and lens system is shown in Figure 6. 10. 
The proper way to lay out the data for ray tracing is shown in Table 6.10. Actual rays as well as paraxial rays 
can then be traced through this system exactly as though it were only a refracting lens. If the light travels 
from right to left inthe jth space one must remember that the index of refraction ( nj ) is negative. 





6.8.3 First order imagery in a mirror. 


6.8.3.1 By using the above procedure it is now possible to readily work out the first order optics of a single 
mirror. The problem is illustrated in Figure 6.11, and worked out in the presentation shown in Table 6.11. 
From the table, it is apparent, by applying Equation 5-(56), that 


yg = 0 = 1+ (-t, (+26) 
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Optical 
Axis 
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Figure 6.10 - The path of rays through a mirror system. 
| | 
| i 
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SURFACE 








c -0.100 -0. 330 -0. 500 
t 1.000 3.000 -3.000 ~1.000 1.000 
n 1, 500 1.000 -1. 000 ~1.500 1.500 


e(n., - n) 0. 250 0. 165 -0. 200 -0. 165 1. 500 
t/n 0. 667 3.000 3.000 0.667 0.667 


Table 6.10 - Computing sheet format for mirror system illustrated above, Only the lens 


-0. 165 





constants are included in the above table. The calculations, which are not 


given, are carried out as in Table 6.6. | 
| t 
i 


i 
"I 

| } 
i 

| 
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Figure 6,11 - Imaging an object in a concave mirror. 





* Ray traced parallel to axis to calculate focal length directly. 


Table 6.11 ~ Ray tracing through a single mirror system. 
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Therefore , | 
i { 
1 1 1 2 ; 
me ae De ee, eR pe Sg ; (25) 
ty ty ty r ; ; : 
Hi i 1 = . * 
For a numerical example assume r = - 10 and tg = 20. Then t; = - 20/3. The minus sign 


indicates that the image surface lies to the left of the mirror surface, as shown in Figure 6.11. The same 
equation could have been derived using Equation (1), 

| i 

{ | ! 

} | ! 


ny No 
zo + = ey (ny - ny ) 
ty ts i 1 ° 
| : 
and setting 
my = - No. 


The magnification for the mirror may be found from Equation (), 
i \ 


No Uy lft, 
m = ———* = =o. 5 ty fi, - 
ny Wy (1/tg) + 2c 1 /to 
The same equation could have been derived from Equation (18), remembering that f’ = - f because 


nm, = - No. 


8.3.2 The focal length of the mirror may be found by tracing a paraxial ray through the mirror at 


6. 
Y, = 1 and Uy = O as noted in the lower two lines in Table 6.11. Equation (13) can be written 
flo - we 
Mey Up 


and used with the ray at Tig = 0. 











Figure 6.12 - The location of the principal points, 
focal points, and nodal points for 
a single mirror system. 





| | 
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Since ng = - Nyy > ¥y = 1, and ( Dye Uy ) = 2c, we have, 
mo = Bo es = 
7 Ze Mo 9 
If r is negative as it is in Figure 6, 11, fF is negative indicating that F, lies to the left of Py . 


The equation Py, Fy no = ny y Ne F, shows that for the mirror, 
Po Fo = - No Fo 


Since P, F, is negative for the example shown in Figure 6.11, then N, Fy is positive. The location 
of P, , Ny, ,F,,P2:,Ny and Fy are shown in Figure 6.12. The nodal points are at the center of 
curvature. 


6.9 DIFFERENTIAL CHANGES IN FIRST ORDER OPTICS 
6.9.1 General. 


6.9.1.1 The various steps followed in the design of an optical system are discussed in Section 9. The first 
two steps of the procedure are (1) selection of type of element for each part of the system, and (2) calcula- 
tion of a first order thin lens solution. Step (2) involves the calculation of the focal lengths and separations 
of the individual elements, as well as first order aberrations which will be discussed in Section 6.10. The 
basic procedure for tracing paraxial rays, and therefore for determining focal lengths and spacings, have 
already been outlined in Section 6. 


6.9.1.2 After the completion of step (2) the designer may feel that some changes are necessary so that the 
system meets more closely the required specifications. For example, he may have to change the focal 
length of the system. At the present stage of the system design (thin lens, paraxial rays), the designer can 
vary only the curvatures, the separations, and the indices of refraction. It therefore becomes important to 
know how changes in these three parameters affect the first order solution. In the remainder of Section 6.9 
formulae will be given for computing the effects on first order optics for differential changes in the lens 
parameters. 


6.9.2 Determination of the differential coefficients. _ 





6.9.2.1 A change of any parameter, such as thickness, index of refraction, or curvature of a surface, will 
result in the paraxial ray changing its path to the next surface. Specifically, changes in t will change 

y+, ,» andchanges in n or c will change both u and y,, . These changes will, in turn, cause changes 
on each surface up to and including the final image. The final changes, dy, and duy., , which regult 
from a change of any parameter associated with the jth surface, is certainly a function of changes dy; +1 
and duj - If the changes can be assumed to be differentials, it is possible.to write 








: 2% ee ) 
| dy, = (7*) dy, + ou du (26) 
and 
au 3 
= k- = . 
du,y = (=) ay,, + (e+) du. (27) 


6.9.2.2 The partial derivatives in the above equations are called differential coefficients. If we trace two 
differential rays through the system, we have two values eachfor dy,, and du (initial ray data) and 
two values eachfor dy, and du,.; (result of ray trace). Therefore, by tracing two differential rays 
near a given ray, it shotla be possible to determine the respective differential coefficients. It was shown 
in Section 5.9 that a paraxial ray is a differential ray traced near the optical axis. Therefore, we will use 
the axial paraxial ray and the oblique paraxial ray as the two differentially traced rays near the optical axis, 
taken as the given ray. It is possible then to evaluate the differential coefficients for changes in y, and 
u,-7 » by making the following substitutions in Equations (26) and (277): 


dy, = Vy ay, = Yan du = u dup = Uy 
dy, = Ve AY4, = Vaz du-= u dy = By 
6-23 
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| Po 


oe : 
Two sets of simultaneous equations are thereby obtained. These equations, when solved for the derivatives, 
give: 

















ay, Oy u-y Uy a(y, vu - Vi u) a 
TF 41 (Yay ou - yoy 7) ® j 3 
2 Vic = (y Ys 7 yy, Yay) = PAY, Yer ~ Ye Yar) e (29) 
au (Yo U- yy. T) 2 , 
a | 
OUy-4 (aga ou - uRa w) n(ug-7 U - UR U) «G0 
a¥,4 (¥4, u - Yor W) ® , 
| 
' 
and ' 
‘ _ ee L iP. 2 
9m 2 Fen Ue 7 ea Ue) OY Ue > a Mey) (31) 
au (Yap ou - ya, U) & 


6.9.3 Effect of curvature change on focal length. , 


i : | : 
6.9.3.1 The change in focal length, df', due to changes in curyature, thickness, and index is given by 
; ; ' T 3 


«2 (a? af! (at 
af os ($2 de + (= dt + an dn. ‘ 
; | | : 
If the differential coefficients are known, then df' can be found for any small change in the system para- 
meters. It will now be assumedthat t and n are held constant. 


6.9.3.2 Combining the transfer equation , : 
{ | 





Myo = yruetu, 
id 
with the above substitutions we have, for the case of t = constant, 
| ee 
dy,, = tdu. 
been |: | | 5 
Using this and Equations (28) to (31), Equations (26) and (27) become / 
n ~ = , 
9y, = ge (yxy ¥-y y} au, (32) 
' ' : : ; 
and 
n i = 
dug. = zs (Fay1 - yay1) du. (33) 
6.9.3.3 Equation (13), defining the second focal length, assumes that the axial paraxial ray was traced at 
Ug = 0. Differentiating this equation, remembering that y, is arbitrary and hence independent of c , 
we have ! | a . 
Bos -( i dea). . (_f ae 
dc UK-1 dc U_-y .du de 
' | H 
| | : 
Differentiating 5-(57) it follows that : 
: | i 
dus y(ny - 2) 
‘de n - 


Therefore, using Equation (33), 





af [FC Fue -y ty | [re nutes 1 
ae 
ze | \ | 
an 
oy 
| 


| 
6-24 
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6.9.4 Effect of curvature change on final angle. In Table 6.12 a calculation is shown for a change in curva- 
ture made on the fourth surface of the example given in Table 6.6. Comparing the new u, with the original 
one in Table 6.6 we have Aug = 0.00469. Now we will compare this value with a calculated value using 
the equations for the differential coefficients. Since we are making a change in the curvature only, keeping the 
thickness and index constant, we calculate 


dugy = du, du 
de }©— du de 


From Equation (32), and data from Table 6.6, the following calculation may be made, 





dug _ ya (ng - n4) = : os 
deg CSC StS (¥4 Ug ~ Yq Ug ) 
= - 2026 _X 621 ( 9.00069 x 0.08664 - 1.02606 x 0.35886) 
= 0.469. 
We have then that 
dug s : 
Aug dee Aq = (0-469) (0.01) = 0.00469 . 


This is in exact agreement with the result from Table 6.12. 


6.9.5 Effect of thickness change on final angle. It is also possible to compute the change in the final angle 
from a change in any thickness t. If t is changed, then, 


dy, = udt. 





0.16750 -0.03140 | -0.15245 
1.13691 0.87037 14.9709 


1.02606 1.18794 1.22686 
-0 .02948 0.14238 0.10508 -0.08195 





Au, = -0.08195 ~ ( -0. 08664) = 0.00469 


Table 6.12 - Calculations showing the effect on u,_, 
of a change of Ac4= 0.01 in the 
data in Table 6.6 
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Therefore, using Equation (27) with du = 0, and Equation (30), 
t. i 


du yy = Guyey dy +L 
at dy,, dt 
and ; 
duy_. nu = = 
ane = > [ks ur up, v ] ‘ 


6.10 CHROMATIC ABERRATION 


6.10.1 The meaning of chromatic aberration. The variation of refractive indices with wavelength was dis- 
cussed under the topic of dispersion in Section 2.6. The method of differential coefficients described in Section 
6.9 can be used to calculate the effect of such a change in the index of refraction of the lenses. This change in . 
index affects the refraction of each ray so that rays of different wavelengths pass through the system in slightly 
different paths. Generally these rays of different wavelengths give rise to more than a single image, a 
phenomenon called chromatic aberration. If the images are at different positions along the optical axis, the 
system exhibits longitudinal or axial chromatic aberration. If the images are of different lateral magnification, 
the system exhibits transverse or lateral chromatic aberration. Axial and lateral chromatic aberrations are 
sometimes referred to as axial color and lateral color, respectively. 


pr] ! 


7 i | i : 
6.10.2.1 As mentioned above, each surface introduces a certain amount of chromatic aberration appearing 
in the final image. The amount due to a particular surface is called the surface contribution. The general 
approach used to calculate first and third order aberrations is (1) determine the surface contribution, and 
(2) sum the contributions for all surfaces to find the total aberration. The individual contributions may be 
positive, negative, or zero. Hence the sum may be either positive, negative, or zero. In the last case 
the system would be free of this particular aberration. 





6.10.2 Surface contributions. 


‘ |e i ' . 
6.10.2.2 The first order chromatic aberration contribution of any surface may be found by differentiating 
Equation 5-(57), assuming that du -) = 0. This assumption means that the ray betweenthe j - 1 

and jth surfaces is unaberrated; hence we are considering only the contribution of the jth surface. 
The assumption du_; = 0 alsoleadsto dy = 0, because the ray to the left of the jth surface 
retains its original path. We then have, 


| 
ndu+udn = u., dn, + ye(dn_, - dn). 
| | 


This can be put into a form more suitable for calculation. From Equation 5-(35), written for small angles, 
and Equation 6-(4), we have ; 


1 
vo.e yertu. 


‘ : ‘ ; . (33a) 
| t 


Using this equation, Equation 2-(1) for small angles, and Equation 6-(4), it is possible to derive the ex- 
pression : 


» it. @ 1 
. Bel [ dn_, dn 
du =i ( - (= is 
n ny n 
| ' \ 
ie | t : 
6.10.2.3 Here, dn and dn_, represent infinitesimal changes in index due to an infinitesimal change 


in wavelength A . The change in u, due toa change of dn_, and.dn,_ will thus cause the ray to 
take a deviated path to the image. The change dy, , inthe final image, may then be calculated from 
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Equation (32). Since y, = 0 for the axial ray, the value of dy, is: 
yy, 2, i dn dn : 
oy Meet (Ct) - (2) ] | 





ae a)? 
yn, i [ A = | J (m1 Upy ) 5 * (34) 


- a/(myy Uy) 


0 


ay, 
or 


tl 


dy, 
The above derivation could have been equally well carried out for the oblique paraxial ray giving 
ee 2 7 dn 
dy, = yaa t LA (mer Yer) = 7 PA ty) 8) 


= dy, i/i. (36) 


Wl 


6.10.3 Total chromatic aberration. Equation (34) gives the amount by which the image of an axial object 
point is displaced from the optical axis due tothe jth surface. Similarly Equation (35) applies to the 
image of an object point off the axis. Both these equations give the transverse displacement in the final 
paraxial image plane due tochanges dn_, and dn. Now, if these changes are due to a change of wave- 
length dX, changes dn and dn, occur at every surface inthe lens. Each surface then contributes 
a dy, anda d Vi , and since they are all différentials, they are directly additive. The totals are 


jo= k-l 
totaldy, = TAch = Goce) ya, : (37) . 
Ding UR ) j= 1 
and 
- -4 j = kel 
totaldy, = Teh = TOO) ZY b, (38): 


where a and b are the chromatic surface coefficients. Note that Equation (34) has i while Equation (35) 
has TY . Inall other terms the equations are identical. The symbols TAch and Tch have replaced dy, 
and d Vv, as descriptive terms to indicate the total transverse chromatic effects. TAch is the abbrevia- 
tion for transverse axial chromatic aberration. Tch is the abbreviation for transverse chromatic aberra- 
tion. A sample calculation for TAch is included in Table 6.7. . 


6.10.4 Particular wavelengths used to calculate chromatic aberration. 





6.10.4.1 The first order chromatic aberration, strictly speaking, is the infinitesimal change, dy; , re- 
sulting from achange dn whichis duetoachange dA. Therefore, in order to calculate the infinitesi- 
mals, TAch and Tch, it is necessary to know the index at all wavelengths. As was discussed in Sec- 
tion 2.6.3, indices are measured at only certain standard wavelengths. It is possible to interpolate between 
standard wavelengths, using an appropriate dispersion formula, in order to calculate the index, and hence 
the chromatic aberration, at any wavelength. 


6.10.4.2 However, in order to obtain accurate indices for ray tracing, it is customary to use only measured 
indices. Therefore in order to calculate dn, which is now considered a finite change, two wavelengths 
are chosen ny and n,- Then dny,. = My - My - Ev and r_ indicate wavelengths at the ends 
(violet and red) of the visible region 1 » Thena wavelength A between v and r_ is used as the 
reference index of refraction. A g is any wavelength in the middle part of the spectrum. The paraxial 





dn 
*A(dn/n)is defined ao(¢}(= ). The use of A is often used in optics to denote the difference between a quantity on 
. -1 


the two sides of a refracting surface. For example, An=(n-n_,). 
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rays are traced at wavelength Ag + Therefore, 


TAchy,. = (y,)y - (Cy, , > 
: : : r 
and i 
Teh = (Cy, , 7 (XRD, 
The differences are measured in the paraxial image plane where ( Vy Q. It should be pointed out 


that TAchy-y and Tchy-y tell only the difference in y, and; nf to: eg aan y a 
YE = Ye Jeg > e calcula- 


A, - In order to calculate other chromatic aberrations, for Example 


tions are made with 
i 
dn, we = ( ny ~My, ) | 


The wavelengths chosen for calculation, depend on the wavelength region of interest. Visual optical systems . 


are usually calculated with : 


ny = 3, > 
me = Bp > 

and : 
nn, = Ne . 


i \ , 
6.10.5 Graphical interpretation of axial and lateral color. , ; 
Po | 
. | ' 
6.10.5.1 In Figure 6.13 a simple lens is shown with an exaggerated amount of chromatic aberration. A 
simple converging lens, which is necessarily uncorrected for aberrations, is said to be undercorrected. 





When a particular aberration is made zero, or smaller than some predetermined tolerance, the lens system 


is said to be corrected. If the aberration of the system has a on opposite to that of a staple epnveraiy 








| 
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F-light 
focal plane 
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Figure 6.13, - Under-corrected chromatic abberation of axial and oblique rays ina simple lens, 





6-28 









Downloaded from http:/Awww.everyspec.com 


FIRST ORDER OPTICS MIL-HDBK~ [41 


lens, the system is over-corrected. The two surfaces of the lens in Figure 6.13 are labelled 2 and 3, and 
they appear as planes, as they should in the paraxial region. Axial and oblique rays in D and F light are 
shown as they pass through the lens. The oblique rays cross the axis at a reference surface #1. This 
reference plane will often coincide with the entrance pupil of the system. The pupils will be discussed in 
Section 6.11. With a positive lens, the F light image plane falls closer to the lens than the D light image 
plane. The chromatic blur, dypp > isa linear function of y ra the height of the axial ray entering 
the system. This can be seen by considering Figure 6.13. All axial paraxial rays in D light pass through 
the same point on the optical axis, independent of ¥y, - Hence all values of y for D light are zero.and 
therefore Figure 6.14 indicates a horizontal line for D light. Similarly all axial paraxial rays in F light 
pass through a common point on the optical axis, independent of Yi + Hence the separation of the two focal 
planes for F light and D light is a constant, independent of ¥, - This separation is called the longitudi- - 
nal axial chromatic aberration, and is denoted by LAy_p - From Figure 6.13 it is seen that : 


TAch py = (LApp) gy = - (LA gp) : 


Because the chromatic blur, TAchy_p ,_ is a linear function of Yo: the line for F light in’Figure 
6.14 is straight and inclined to that for D light at the angle (LA y_p)/f'. Figure 6.14 shows a plot for 
( Ye ye and ( Vee )p inthe D light image plane, as a function of the height of the axial ray on the 
entranCe pupil plane. “This is a recommended way to indicate the transverse axial chromatic aberration of 
a system. 


6.10.5.2 Figure 6.15 shows a plot of y, versus y, for F and D light. The chromatic blur, 

dyy.p » isalinear function of y, for a reason similar to that given in Paragraph 6.10.5.1. For all 
values of y, , .all D rays pass through a common point onthe D light focal plane. Similarly, all F 
rays pass through a common point. Since the rays are paraxial, the oblique ray at y, =.0 can be con- 
sidered as an auxiliary axis; hence a ray parallel to it through a pointy, # O will make the same angle 
with the chief ray that an axial paraxial ray makes with the optical axis. The former angle is a linear function 
of Y, , ag u,, isalinear function of y, . Hence the chromatic blur is a linear function of J. 
and the F light line is straight in Figure 6.15. *phe distance between the F and D chief rays inthe D 
light image plane is as indicated in Figure 6.15. This is the value computed from Equation (38). The differ- 


2 





F 
| 
D 
-¥, 
Figure 6.14- Aplotof y, for F and D light Figure 6.15 - A plot of Ve for F and D light versus 
versus the height y, of the axial paraxial the height 7, of the oblique paraxial rays. 


rays on the entrance pupil plane. 
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ence in slope between the F and D lines is ; ihe same as for the axial rays shown in Figure 6.14, because 
the proportionality constant between TAch and y, is identical to that between Tch and Y, - Figure 
6.15 (and also Figure 6.13) shows that there is a value of ¥y ** such that Tch LED = 0. This means 


that if the oblique paraxial ray had been taken through the lens at a value of y. y, **, instead of 
¥y = 0, then Tch F-D would come out to be zero. In fact, in general, “ht ca can be said that 
= i 1 : | 
h *. = Tch af TAch 
Teh*, 5 = Tehypy + 7, ch . 


‘| I: j ' 
6.10.5.3 This equation states that Tch pp can be calculated for lee oblique ray striking the entrance 
pupil plane at y,* with the above equation. The (* ) is used to indicate the Tch for some oblique ray 
displaced from the ray passing through ¥y = 0. Defining yy" i]: ¥y = Q, the above equation may 
be written \ 


Tch sare 5 = Te chy, at Q TAch ‘ (39) 
Again it can be seen that it is necessary to trace only two anata rays through a lens: syetalte It is possi- * 
ble tocompute TAch, and Tech for any other rays from the data on these two. 


. Io | k 
6.10.6 Basic concepts in correcting systems for chromatic aberrations. 


i: 10. a 1 at wavelengths, F and D for example, come to fees in the same image plane, then 
= )p = 0. This equation gives the condition for correction of the axial color. However, 
(a, ae: aie that ( Uy dp will necessarily be equalto (u ) If these a angles are not 
al then the magnifications between the object and image will not be “Squad a, and (YJ, uv (¥, \p 
Therefore, the system will have residual lateral color. Hence if both axial and lateral’ om are to Be ? 
corrected, the rays in F and D light should emerge from the system at the same value of Vya and 


Vad . 


6.10.6.2 The usual achromatic doublet lens is corrected for axial and lateral color because the axial rays 
inthe F and D light never become significantly separated. See Figure 6.16 (a). In the case of two 
separated lenses, Figure 6.16 (b) , it is clear that both elements must be color corrected, to keep the rays 
together all the way to the final image. If any axial color is allowed in the front element the rear element. . 
would have to be thick enough and designed properly to get the two rays together again before emerging from 
the rear surface. It is possible, by using the proper lens power and glass dispersion, to correct for axial 
and lateral color in widely spaced lenses as shown in Figure 6. 16 (c)'. This is the principle used in the 
design of the famous Taylor triplet photographic lens. As a general principle, however, it is always advis- 
able to keep the color rays as close together as possible at all times.. This means, if the system is to be 
made up of several components, each component should be made achromatic. 

| t 
6.10.7 Chromatic aberration in a thin lens. 


6.10.7.1 It is possible to apply Equations (37) and (38) to a ae lens l eroeabd in a non- nispexaive medium 
and simplify the equations because the values of y andof Y are the same on both surfaces. Suppose there 
is a thin lens in a system of thin lenses in air with values of y and Y for heights of the axial and oblique 
paraxial rays. (See Figure 6.17). This lens will contribute the following amounts of axial and lateral color 
to the final image. 








1 ( 2 2? i 
TAchye = { Mid Vier ) VO Per od 
| | 
and : ; 
ae 
Toh. = (mea up ) yy | Yyar : é 
| 
where ¢ is the power of the lens, and vy. = -1)/ ( ny rn, ). These equations follow from 


Equations (37) and (38), with the use of Equations (4), xe » (33a) and r ~(1) for small eles 


x 
6.10.7.2 Each of the thin lengey adds a contribution, so the final axial and lateral color roi a system of 7 
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Negligible difference in y for F and D 


Gi p= Tp 





FandD Vie = Wp 





(b) 





Figure 6.16 - Illustration of axial and lateral color correction for paraxial rays. 
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‘Figure 6.17-A system of thin jen 
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Thin lens computation of axial and lateral color for a triplet, ( f =10) 
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thin lenses is given by, 


1 j 
(ny Up ) 





n 6 -Za 
TAchy_, (v2 ) = WoO) 
i 


(my Ua) 


and 





BG? at), ° meer 
Tch ——————— yy = - (41) 
ne (Mey Ye) 5 x 1 Yer |; Bin Yea 


The use of these equations is illustrated in Table 6.13. The system used in the table is very close to the thin 
Jens equivalent of the system shown in Table 6.7. Note how the angle u_ of the axial ray as it. passes through 
the system is the same,to four decimal places, for both examples. The TAch for the equvalent lens is not 
exactly the same as for the thick lens due to the’ thicknesses of the elements, 


6.10.8 Thin lens achromatic system. 


6.10.8.1 If Equation (40) is written for two closely spaced lenses (a) and (b), and combined, there results 


Ge ee ee) oh 
TAch yy ~ (ny Up ) y2(5* a ae je ), . a 


This is an expression for the axial chromatic aberration of the doublet lens. In order to make 
TAch,.. = 0, it is necessary that, . 


el = 6H): : 


In Table 6.9 it was shown that for two thin lenses in contact, 


6 = o + bm + 








Combining this equation with Equation (43) yields the relations, 
Vy : 
yk oS y (44) 


and 


ia 
1% o> * oe (45) 
6.10.8.2 Equations (44) and (45) enable one to pick two glasses with different v - values and calculate the 
powers of the two lenses to make an achromatic lens. It is important to realize that these equations reduce 
the transverse axial chromatic aberration to zero only for the two wavelengths A and A, . These are 
the two wavelengths used to compute the value of v for the glasses, where the v - number of a glass is 
defined as, 


-1 
ny 
Yvry 7 ay - ay (46), 


On the other hand, other wavelengths do not come to the same focusas A, and A, . The chromatic 
aberration TAchy., . between an intermediate wavelength re and A, may be calculated by substi- 








tuting Mug = Pet tor each element and inasilier them in Equation (42). Then 
ny- Ng 
Me Gel 
TAch S ee co . 47 
Oo vg (nyt U2) [ : Vy-g fa - Yy-g Ib ey 
Since the lens was adjusted to be an achromat for A, and A, then Equation (43) must also be satis- 
fied . This equation can be readily inserted in Equation (47) by: an obvious redefining of Yyg 9 AS 
follows, 
n,-1 ny, -n ni - n 
i =. {Beh (Bre ce (222) 5 
vs hy - Ng Ny - By v-r ny ~ ag 
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Figure 6.19 - Transverse axial chromatic aberration 
for an achromatic objective corrected 
for F and C light. 
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Figure 6, 20 - Plot of y,, versus A for an achromatic doublet. 
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| 
Defining the partial dispersion ratio ( see Paragraph 2.7.3), 
= (ny - ng ) 





oO ee 
we have 
ie * Begs! « (48) 
i ‘ | ' 
Equation (47) then becomes, with the help of Equations (44) and (45), 
| . | i 
ed B, ie By 
TAchy¢ = Toa E =a, | : . (49) 


6.10.8,3 Equation (49) gives the value of the transverse aberration between Ay and A, , when A, 


and A, wavelengths are united. The equation indicates that if AY, Ag, and Ar are to be brought 
to focus simultaneously, then P, = Pp - Most glass catalogs give values of P | for many combina- 


tions of wavelength for each glass. In Figure 6.18 the value of B for x = is plotted against vp_¢ 


for several types of glass. As will be pointed out in later sections, a doublet should be designed with low 
powers of the individual elements. Equations (44) and (45) show that the powers of the (a) and (b) elements 
of a doublet may be kept small by selecting optical glasses with large differences in vy. Usually doublets 
should have v differences larger than 20. As can be seen from the slope of Figure 6.18, for almost any 
combination of glasses one can select, the ratioof (Pg - Ph )/(va - vy ) is a constant equal to 
1/2200. When this number is substituted into Equation (49), TAch y-g_ is positive for positive y. 
Reference to Figure 6.13 indicates that for positive TAch i the axial ray in D light crosses the axis 
closer to the lens than the axial ray in F light. Using Equation (13) and noting that ( Upper p = (Uy )y 
to this approximation, we see that if F and C wavelengths are united, then D light focuses closer to the 
lens by the amount f'/ 2200, if the lens is in air. In Figure 6.19 ‘a plot similar to that of Figure 6.14 is 
shown for a typical achromatic doublet, corrected to unite F and C light. It is instructive to plot the 
transverse axial aberration as a function of wavelength. This has been done in Figure 6.20 for an achro- 





matic lens. Note how the’curve has a minimum near A = §500A, This is the wavelength at the peak of 
sensitivity for the eye, which is the reason F - C achromatism ig considered to be proper fcr visual sys- 
tems. i * , 


| i | 
6.10.8.4 TAchyp is called the secondary spectrum or the secondary color. It is a very difficult aberra- 
tion to eliminate with ordinary glass types, and often sets the limiting aperture for a lens. The following - 
methods may be used to reduce the secondary Spectrum in a lens system. 


1 | 1 
(1) Use special materials with equal partial dispersions. 
| ! 
(2) Use more than two types of glass. 
I 
(3) Use proper combinations of lenses. 
Jos i : 
More information on the correction of the secondary spectrum will be given in Section 11 under the design 
of telescope objectives. One can use Equation (40) to compute the secondary color for: more complex opti- 
cal systems, such as air spaced doublets, triplets, or combinations of doublets: however, the algebra be- 
comes so complicated that it is difficult to obtain useful equations like (49) for anything more complicated 
than a closely packed doublet. It can be shown however, that for a given pair of glasses, the secondary color 
increases as the air space increases. The relation between secondary spectrum and separation of the two 
elements is derived by a method similar to that used for Equation (49). First an equation analogous to Equa- 
tion (42) is derived; this will involve the separation of the elements as well as the powers and v - numbers. 
The condition for C - F achromatism, analogous to Equation (43):is then found. The ‘total power for a 
dialyte from Table 6.9 is used with the achromatic condition to find the analogs of Equations (44) and (44). 
By the method given in 6. 10.8.1, the equations analogous to ” a (49) are then derived. 
eae 1 
‘ post ! 
6.10.8.5 Although Section 6 deals with first order optics, and hence with the chromatic aberrations, we 
will mention here one of the third order aberrations, Petzval curvature, because of its, close connection 
with the secondary spectrum. Petzval curvature, known also as curvature of field, has the following physi- 
cal meaning. For monochromatic light, if spherical aberration, coma, and astigmatism are absent, the 
point images of point objects lie on a surface, generally curved. Near the optical axis this surface can be 
considered spherical with a curvature called the Petzval curvature., Flat-field systems have zero or very 


small Petzval curvature. ' 
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Figure 6,21 - Plot shows qualitative connection between Petzval curveature and secondary-color. 
(Image is assumed in air). 


6,10.8.6 Section 8 will discuss how the Petzval contribution for each surface is calculated. - When the two 
surface contributions for a simple lens are added, as was done for the chromatic contributions in Paragraph 


6.10.7.1, the Petzval contribution of a simple lens is P =-¢/n. For a system of thin lenses in air,-P 
is the sum of the power, $, divided by the index for each lens. p= _j30 ( i) . Ifthe 
: : a n : 


TAchy.y is plotted versus P for lens types, the points lie along an approximate straizht line. This is 
shown in Figure 6.21. To obtain the data for this curve, a zero spaced doublet, an air spaced doublet, a 
positive-negative-positive-triplet, and two widely spaced achromatic doublets { a Petzval lens ) were set up 
for computation. Each system has an exact focal length of 10 and is corrected for zero. TAch F-c -°_ The 
axial paraxial ray was traced through at y = 1.0. All the positive lenses were of 511635 glass and all 
the negative lenses were of 649338 glass. This approximately linear relationship causes real difficulty in 
the design of flat-field lenses, since reduced Petzval curvature tends to accompany an increase in the a-. 
mount of secondary color. This is a particularly serious problem in the design of periscope systems. 


6.11 ENTRANCE AND EXIT PUPILS, THE CHIEF RAY AND VIGNETTING 


6.11.1 General. As shown in Section 6.4, the complete analysis of the first order properties’ of an optical 
system can be found by tracing two rays through the optical system. Any two rays may be used, but it is 
convenient to pick the two rays with some care. In order to specify quantitatively which two rays are usually 
used, we must discuss the meanings of the pupils of an optical system, 


6.11.2 The aperture stop. The bundle of rays, which proceed from an object point to the image point 
through an optical system, is limited in the sense that all the rays in the entire solid angle of 47 sterra- 
dians do not get through the system. The aperture stop is the physical stop or diaphragm, as distinguished 
from an image of a stop, which limits the rays passing through the system. The aperture stop may be a 
lens or it may be an opening in an otherwise opaque surface. It is almost always circular; we will consider 
it as such since we are concerned with systems having rotational symmetry. 


6.11.3 Entrance and exit pupils. 


6.11.3.1 The pupils are images of the aperture stop.’ The entrance pupil is the image of the aperture stop 
in the part of the system preceding the aperture stop. Hence to locate the entrance pupil, given the position 
of the aperture stop, an axial paraxial ray is traced backwards through the system from the center of the 
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aperture stop. The point where it last crosses the axis is the entrance pupil point. The entrance pupil plane 
is a plane perpendicular to the axis at the entrance pupil point. If the diameter of the aperture stop is known, 
an oblique paraxial ray is traced backwards from the rim or margin of the aperture stop. The intersection 
of this ray with the entrance pupil plane gives the radius of the entrance pupil. 

| ' 
6.11.3.2 Similarly, the exit pupil is the image of the aperture stop in that part of the system following the 
aperture stop. By tracing an axial and oblique ray from the aperture stop, the exit pupil plane can be located, 
and the diameter of the exit pupil can be determined. It sometimes happens that the aperture stop precedes 
(or follows) the rest of the system. In this case the aperture stop coincides with the entrance pupil (or exit 


pupil). 





6.11.4 The chief ray. The chief ray is an oblique ray from an off-axis object point, which intersects the 
axis at the entrance pupil point, the center of the aperture stop, and the exit pupil point. Because it passes 
through the centers of the pupils and the aperture stop, it is approximately the central ray of the conical 


bundle from the object point to the image point. Hence it is representative of the entire bundle. 
| 


6.11.5 Two convenient paraxial ray! . The usual procedure is to teas one ray from the point on the aoe 
plane intersected by the optical axis (y, = 0 ). The angle with the optical axis, u o? should be chosen 
to equal one half the actual cone angle to be passed by the optical system. Hence this ray passes through the 
margin of the pupils and the aperture stop. u o is the radius of the entrance pupil divided by the distance 
between object surface and entrance pupil plane. The second ray should be traced from a point Vo in the . 
object plane corresponding to an object near the maximum size to be accommodated by the lens system. 

This second ray is a chief ray from the object point chosen. ‘Hence Uy, is ¥y divided by the distance 
between object surface and entrance pupil plane. ( Bee nee 6. 22 ). 









| Entrance pupil 
plane 


Surface number 0 a | 1 





Figure 6. 22 -Location of entrance pupil and pumbering of surfaces, 


6.11.6 Pupils as surfaces in the optical system. Many designers. include the enbianes =_— plane as a 
plane surface in the system. It is labelled number one. The actual first surface of the lens may be en- 
countered before the chief ray reaches the entrance pupil. In this pase the thickness ‘ty is made negative, 
indicating the entrance pupil plane is actually virtual.’ As the chief Tay passes through the lens it may cross 
the axis at several positions. Each position is called an aperture plane. After it finally emerges. in the 
image space it can be extended until it crosses the axis. This position is the exit pupil plane of the system 
and is numbered the (k - 1) surface. Although it is not necessary to include the entrance and exit pupil 
planes in the calculations of a lens, their inclusion is helpful because they are excellent planes of reference. 
It ig convenient to describe aberration data by using the image coordinates plotted against their conjugate 


coordinates in the entrance pupil. (See Section 8 . : 
6.11.7 Numerical example. As an example of the —— ‘material, Figure 6, 23 shows the : pupils for a 
two-lens system. Table 6. 14 shows the calculations for this system. In the example, the entrance pupil ~ 
plane ig found in the following way. As the chief ray is drawn, the lens (a) bends it up and the lens (b) 
bends it back down. It is nearly always true that (Au, + Aup ) should be close to zero, This tends to 
keep the distortion corrected. (Distortion is a monochromatic aberration, which will be discussed in Sec- 
tion 8). Since Au = u - u 3» Equation (24) shows that to meet this condition, ¥, fa + Yp by =O- 


| 1 
| i | 
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The chief ray, therefore, must cross the axis between the two lenses and divide the space in the ratio of 
o,/%, - Avalueof -1 for Yy, and +1 for Fy may be selected for convenience in this problem, 


because ~, and $, areequal. Since tg = 5.0, W, = 0.4, and the chief ray can then be traced 
backwards to the object plane as shown in the example. The entrance and exit pupil planes are located by 
solving for t, and t3 tomake y, = y4 = 0. Since y, = -1 was used for convenience, the 


object height may come out to be far different from the value to be used for the true object. If the designer 
wishes to have a ray traced from the true object height, it may be done by simply scaling all the ray data for 
the chief ray. Inthe sample y, came out ~- 4. Asecond ray wastracedat yo = - 2. “ 


Exit pupil plane 





Entrance pupil plane 


Object Lens a Lens b 


Figure 6.23 - Illustration of entrance and exit pupils. 








Table 6. 14 - Calculations showing location of entrance and exit pupil planes. 


6.11.8 Vignetting. 


6.11.8.1 In the above discussion on the aperture stop and pupils it was assumed that the aperture stop was 
circular. Hence the pupils are circular and a circular cone of rays passes through the system from an axial 
object point. For an off-axis object point, the cone of rays limited by the aperture stop will not be circular; 
and the entrance pupil will generally subtend at the object point a smaller solid angle than for an axial object 
point, This phenomenon is called vignetting; the oblique bundle of rays is said to be vignetted. 
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6.11.8.2 In the example shown in Table 6.14 the Suite of the chief ray has been calculated through a simple 
two-element lens. The next question is, what is the shape of the beam of light that passes through the optical 
system from the oblique object point ? To answer this, it is necessary to project all the lens apertures in the 
system onto the entrance pupil plane. Since the path of any ray can ‘be readily computed as a linear combina- 
tion of two rays ( see Section 6.4), it is possible to compute the coordinates in the entrance pupil plane for 
any ray from the object point of interest which passes through any part of any aperture of the system. For 
example, suppose we wish to find the coordinate on the entrance pupil plane of a ray from the object 

Yo = ~- 2, which passes through the center of the (a) lens. Since two Fays have been traced through the 
Jens, a_y yalue of y and y is known on each surface. Any other ray y may be traced from the object 
point y, with the use of Equation (10a) 


- = : i 
Ay, + By = y - ' 
ies = | | 
On the object plane y, = 90, Y, = Vo - Therefore ! 
| 
Az y/y, = 1, 


fo! Mo 
and for the ith surface, | 
= I 

| 


fee _ 4 
= : = os Ji. 
[%,-% ]- [a -% ] vy; 


Finally then, 
(50) 


i 
' 
| 
| a 
To calculate the coordinate of any ray on the entrance pupil plane, which has the coordinate Yi on the 
ith surface, Equation (50) becomes 
| 
\ 


= = - y 
Mi SU eR ew 
* 
es \ | 
since y, = 0. 
| 
6.11.8.3 In the example shown in Figure 6.23 and Table 6.14, a ray from the object point = -2 
passing through the center of the (a) lens ty ¥2q = 0) will project onto the entrance pupil Haute at the 
value Yi = (0 + 0.5)(1.33)/1_= 0.666. The top edge of the (a) lens ( assumed Ve = 1) will 
appear in the entrance pupil plane at y, = (1 + 0.5)(1.33) = 2. The center of the (b) lens will 
project in the entrance pupil plane at Ya = (0 - 0.5)(1.33) '=_ - 0.666. The top edge of the (b) 
lens ( assume ¥5 = 1) will appear in the oor pupil plene at ¥, = (1-0. 5) (1.33) = 0.666. 


6.11.8.4 Since the center and top edge of each igae,| (a) and (), are now projected on the entrance pupil 
plane, it is possible to construct circles indicating the complete aperture of the lenses as they appear in the 
entrance pupil plane. These apertures are shown in Figure 6. 24. Only those rays passing through the area 
common to both circles will pass through the two lenses. In order to have the same aperture for the oblique 
beam as for the central beam, an aperture would have to be placed to appear as the inner circle shown in 
Figure 6.24. A circular aperture in the entrance pupil plane of radius 0.666 just fits in the common area of 
the two circles. Now in this case, the entrance pupil plane is virtual, so no physical stop can be placed in it. 
Since the chief ray does actually cross the axis at a point midway between the lenses, the physical aperture 
stop may be placed in this position and it will appear as a central stop in the entrance pupil plane. Using 
Equation (50) , the size of the aperture stop can be calculated using the following data. 

l ' 





¥, = 0.666 = height of edge of entrance pupil aperture. 
Yi = height of edge of aperture stop in the dats pane. 
i = 0 = height of chief ray in the aperture stag plane. 
y, = 1.0 ‘= height of axial ray in the aperhire stop plane. 
YyoOF 1.33 = height of axial ray in the entrance pupil plane. 
Therefore / , 
7. Oe 5 oe, | 
| 
| 
i 
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6.11.8.5 Usually some vignetting for the oblique beams is allowed, so the aperture stop is made larger than 
the largest circle included in the common area. Figure 6.25 shows the appearance of the aperture stop when 
it is made 0.75 in radius. The clear area is the common area for all the apertures, and its area is a measure 
of the total light passing through the system from the oblique object point. The common area is 67% of the 
area of the image of the ( 0.75 ) aperture stop in the entrance pupil plane. Therefore, the oblique beam is 
vignetted by 33%. All other factors remaining constant, the illumination at the image point, Yr = 2, is 
67 % of the illumination at the point y, = 0. In Figure 6.25, the aperture stop of radius 0.75 located 


midway between the (a) and (b) lens, is imaged in the entrance pupil plane with a radius of 1.0. The exit 
pupil also has a radius of 1.0. 


Lens (a) projected on entrance. 
pupil plane, 

Diameter of lens assumed to 
be 2.0. 










Image of aperture stop 


Lens (b) projected on entrance 
pupil plane. Diameter of lens 
assumed to be 2,0. 


Figure 6.24 ~ Apertures of the (a) and (b) lenses and of the aperture stop projected onto the entrance - 
pupil. The oblique beam is not vignetted. 


Image of aperture stop 


Figure 6.25 - Illustrating vignetting for the same system shown in Figure 6, 24 but with a larger 
aperture stop. 
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7 SIMPLE THIN LENS OPTICAL SYSTEMS 
7.1 INTRODUCTION 


7.1.1 Thin lens solution. The first two steps in designing optical systems, which will be discussed further 

in Section 9, are (1) selecting lens types for the various elements, and (2) finding a first order solution 
assuming thin lenses. The methods and procedures used in step (2) were developed in Section 6. In Section . | 
7 the optics of several thin lens optical systems will be described to illustrate the usefulness of the paraxial 
equations and to indicate the reasoning a designer uses in following step (1). With information obtainable 

from only paraxial ray data, a designer can conclude many of the important features needed for a final de- 
sign. There are numerous discussions in text books of simple optical systems such as the microscope and 

the telescope. The following discussion, assuming that the reader has read some explanation of these: sys- 
tems, will concentrate on the numerical analysis. . 


7.1.2 Optical systems used with the eye. The optical systems considered in this section are all used with - 
the human eye. Because of this the eye is an integral part of the system and must be considered in the de- 
sign. There are four basic types of lenses: (1) microscope objectives, (2) telescope objectives, (3) eyepieces . 
and (4) photographic objectives. The first three are used with the human eye and systems employing these 
types are discussed in Section 7. 


7.2 THE SIMPLE MAGNIFIER 


7.2.1 A single lens. One of the simplest of optical devices is the simple magnifier. A single positive lens 
works as a magnifier because it makes an object appear to subtend a larger angle at an observer's eye than 
is possible with the unaided eye. Without a magnifier, an observer can make an object appear- larger only by 
bringing it close to his eye. As an object is moved closer and closer to an observer's eye it is necessary 
for the eye to increase its refractive power in order to continue to focus the image on the retina. There is 

a minimum distance V at which the eye has increased its refractive power to its maximum capability. For 
object to eye distances less than V the image will no longer be sharply focussed on the retina. For the 
standard observer this distance V is approximately 10 inches or 250 mm (V is always considered positive). 
Therefore, in order to make the object appear still larger, it is necessary to add refractive power to'the 


eye, so that the object may in effect be brought closer. The magnifier provides the extra refractive-power 
required. : 


7.2.2 Magnifying power. The magnifying power of a visual instrument may be defined as 


mp . Size of retinal image obtained with instrument 
“ size of retinal image obtained with the unaided eye 


In the region of the paraxial approximation this is equivalent to the definition, MP = §/a where B equals 
one half the angle subtended by the object as seen through the instrument, and a equals one half the angle 
subtended by the object as seen by the naked eye. (These particular definitions of @ and 8 assume that 

the object and image are centered with respect to the optical axis. This is usually the case with visual instru- 
ments. According to this assumption, when reference is made to "an object Yo," the object height is rigor- 


ously 2y,.) ® is called the half image field angle, and @ is called the half object field angle. Magnifying 
power, then, is the ratio of the field angles. 


7.2.3 Diagram of a single lens magnifier. In Figure 7.1 (a) an object y, is shown viewed with the unaided 
eye. Figure 7.1 (b) shows the same object viewed by a single lens magnifier. The eye is placed at a dis- 
tance d from the lens. The object is placed in relation to the lens so that.the visual image Yy ‘lies to the 
left. of the eye at a distance, A. (Ais negative). For the eye to focus onthe image, A must be numeri- 
cally equal to or larger than V. The numerical formulation of this problem may be handled with simplicity 
by the usual methods adequately covered in most text books. In the following analysis, it will be handled 
formally using the ray trace format in order to illustrate a method of analysis which can be used for any 
system, regardless of its complication. 


7.2.4 Ray trace format. 


“1.2.4.1 The system consists of an object plane, an entrance pupil plane, a thin lens, an aperture stop and 


exit pupil, anda final image plane. Table 7.1 contains a layout of a computation sheet for this simple magni- 
fier system. The data may be filled in as follows. First, all the $ values are zero except that of the lens. 
We also know that yy = 0 and we may choose to trace a paraxial ray at any angle from the point y, = 0. 
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Figure 7.1 - Diagrammatic illustration of a single lens magnifier. 
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Table 7.1 - Computation sheet for a simple magnifier 
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Therefore, we elect to make yp = 1. (Figure 7,1 (b) shows Yg negative; this has been so done for 
pictorial clarity). The system has only two physical stops, the lens and the eye pupil. One of these is the 
aperture stop. To find which one, we.can image each stop in the system preceding it, and see which image 
subtends the smallest angle at the base of the object, y, = 0, The image of the lens in the lens is of 
magnification unity and is at the lens; hence if the size of the lens and its distance from the object is known, 
the angle subtended can be found. Likewise if the eye pupil size and location is known, its image in the lens 
can be determined, and the angle subtended by this image compared with the previous angle. We see, there- 
fore, that which of the two stops is the aperture stop depends on the size and location of the two elements, 
i.e. on the design of the system. In such systems it is usual to assume that the lens is so much larger than 
the eye pupil that the latter is the aperture stop. Hence it is also the exit pupil. Therefore we can fillin d, 
the distance from the lens tothe aperture stop plane, and A the distance from the aperture stop plane to the 
final virtual image plane. Since = 0 and ug = ug (no refraction occurs at surface 3), it can be 
concluded that ug = ug -1/(d + A). With ya and up ‘known it is possible to calculate uy from 
equation 6-(24). Then uj, § -1/(d + A). Also ug = ui. 


nu 


7.2.4.2 The oblique principal ray may now be traced backward through the system from the center of the. 
exit pupil. Let this go back at the angle 8 with the optical axis. yg is now determinedas -fd..u , and 
ug are also determined. Knowing yo, Y1, Yg, Ug and uy, ty and ty may be computed. Since’ 
all the spaces are now determined y and u are known on every surface for each ray. 


From Equation 6-(7), 





= ae Uo 
Vy Yo UK -a 
Therefore, 
Ye = Yo [1-9@+a ]. 
Since _ 
y, 
Bs a and @ = - 3, 
Pe j 
me - -¥ [i-¢a+a |. (1) 


7.2.5 Analysis of magnifying power equation. There are several cases of special interest which should 
be noted. 


a) If A = -0 
MP = V¢ 

Wi d= Ff =% 
MP = V¢ 

c) Lf A = -V with d = 0 
MP = 1+V¢. 


One can see by inspection of these equations, that MP = v/ # is the minimum magnifying power and 
MP = (V/f') +1 isthe maximum. Hence for maximum magnifying power, the final image is at the 
near point of the eye, a distance V from the eye. Therefore the eye has maximum refractive power. For 
the relaxed eye, the image is at the far point; this is © for the normal eye and results in a. minimum magni- 
fying power. The relative increase in magnifying power, as the eye accommodates for smaller A, is small 
and offset by the greater likelihood of eye strain. (For atypical magnifier of 1 inch focal length, the maxi- 
mum magnifying power is only 10% higher than the minimum). Therefore simple magnifiers should be de- 
signed and.uséd.so that the final image is at infinity, or at the-far point of.the eye, -if.these cases differ. 
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1.3 THE MICROSCOPE 


7.3.1 Limitations of a simple magnifier, It is clear from Section 7, 2.5, that for large magnifying power, 
must be. large, hence the focal length, f', must be small. Because the final image is to be at infinity, 
the object must be at F, . Therefore for large magnifying power, the object must be placed very close to 
the lens. By Equation 6-(22) we see that the lens surfaces must have very short radii, and therefore the di- 
ameter of the lens will be small. Because it was assumed that the eye pupil was the aperture stop, for the 
case of the simple magnifier, the only other stop in the system, namely the lens, is the field stop, Where- 
as the aperture stop limits the bundle of rays traversing the system,, the field stop (a physical stop) limits 
the field of view. Hence a small diameter magnifying lens means a small object field. 
fa Se ee | 


7.3.2 The simple microscope. A practical method of overcoming the limitations of the simple magnifier is 
tousea relay lens a8 shown in Figure 7.2. While the object is being relayed it may also be magnified. The 
magnifying power of the microscope is then the product of the lateral magnification of the objective and the 
magnifying power of the eyepiece. As with the magnifier, it is advisable to adjust the microscope so that the 
final virtual image is at  ; the microscope is then in afocal adjustment. In this case the eyepiece magni- 
fying power is MP, = V/f, , andthe magnifying power of the microscope may be written 


MP = mo 7 (2) 


where m, is the lateral magnification of the objective. The focal length of the objective can, in principle, 
have any value. If the focal length is made long, the overall length of the system will also.be long. 





7.3.3 Paraxial ray trace. Table 7.2 contains microscope with an objective 

focal length of 16mm and an eyepiece focal ; the objective lens symmetri- 
cally, i.e. in order that the chief ray pass through the center of the lens, the entrance pupil is placed in 
contact with the objective. The axial ray is traced from the object at an angle of 0. 25. This corresponds 

to the sine of the angle of the actual ray to be traced through the system. This paraxial ray then passes 
through the optical system at very nearly the same heights as an actual true ray. As discussed in Section 23, 
the resolving power of a microscope depends on the wavelength and a.quantity called the numerical aperture, or 





N.A. The numerical aperture = nog sinU, . Since the object space has an index of ng = 1, the 
System, as laid out, has a numerical aperture of 0.25. The chief ray was traced through the entrance . 
pupil from an object height y, = 1.0. From this trace the exit pupil is found to lie 28.55 to the right 


of the lens (b). : 
| : 

7.3.4 Aperture stop and pupils. It is now possible to gather information about the pupils of this system 

from these paraxial rays. One can read directly from the table that the radius of the exit pupil is 0.625. 

Since the calculations are made in millimeters, the exit pupil is therefore 1.25mm. In order that this 

exit pupil be the true exit pupil of the system, it is necessary to have the pupil of the observer's eye located 

fairly centrally in this exit pupil plane. Since the normal eye pupil is approximately 2mm in diameter, the 

microscope exit pupil will definitely be the exit pupil of the entire microscope - eye system. The objective 

is the aperture stop and the entrance pupil of the system. ‘ : 


7.3.5 The f - number. The f - number of a lens {always considered positive) is defined as f/D where D is 
the diameter of the lens. It is very useful to calculate this quantity because from it one can estimate the diffi- 
culty of optically correcting the lens for image errors, Equation 6-(24) gives a relation between f and y for 
athin lens. From this equation then, assuming y = D/2, ; 


f- number = _ 0.5/jAul . 


In Table 7.3 the f - numbers for the objective and eyelens are listed for both the axial and oblique rays. 


7.3.6 Difficulties in designing the eyepiece. The lenses should have sufficient diameter for the smallest © 
f - number in each case. Therefore the objective should have an f - number of 1.82 and the eyepiece an 

f - number of 1.09. Figure 7.3 (a) shows a picture of an f/1 lens. This is an extremely fat lens and the 
chief ray would strike the curved surfaces at very large angles of incidence. The large angles of incidence 
introduce appreciable aberrations and the paraxial assumptions no longer hold. Hence the image at Vig 
would not be near the position predicted by first order theory. This lens is also uncorrected for color. 
Since correcting for color has the effect of approximately doubling the power of the positive element if the 
total power is to remain constant - because of the necessary addition of a negative element -, one can see 
that it would be out of the question to color correct this lens. Therefore, it is clear that it will not be prac- 
tical to use a single lens eyepiece. Either the size of the object will thave to be reduced considerably, there- 
by reducing u, and hence increasing the f - number, or several lenses will have to be used for the eye- 
piece. : . 
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Aperture Stop and - 
Entrance Pupil Plane Exit Pupil Plane 


, : Eyelens 


Objective 





Figure 7.2 - The simple microscope. Lens (a) is.the relay lens. 





First Imagel Eyelens Exit Pupil 
Plane (b) Piane 
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-0, 04 











28. 55 


-0. 02017 -0. 00026 Za = -0.02043 
0 -0. 00476 = b= -0. 00476 


= 0.0327 
0. 0076 





Table 7.2 - Calculations on a simple afocal microscope. All lengths are in mm. 
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Objective 
Lens 


\ 
Table 7.3 - # - numbers of lenses shown in Table 7, 2, 





7.3.7 Chromatic aberrations of a simple afocal microscope. : 


1.3.7.1 Before deciding which of these alternatives is preferable, consider the calculation for axial and 
Jateral color for the system shown in Table 7.2. Since this is an afocal system, the axial beam emerges 
parallel to the axis, and u,.,; = 0. Under this condition, it is not possible to use Equations 6-(37) and © 
6-(38), for the color surface contributions. When Uz _; = 0 it is necessary to substitute the differential 
du from Paragraph 6. 10. 2. 2 into Equation 6-(33) and obtain the following equations forthe angular chro- 
matic aberrations, . i 2 : . 


1 ae 
du,» = a TAch = >——— JY a (3) 
k Vy By jou 
d i : 
a _ i j= k-l 
duy_) = @ Tech = ¥, Wyo bs b (4) 
jal ; 
| 
R, = 2.0 
t 
Ry =-2,0 t 
n= 25 





(a) a () 


| 


Figure 7.3 - (a) is anf/1 single lens; (b) is anf/1.8 achromatic doublet. 
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Object Lens (a) Lens (ec) Lens (b) Exit Pupil 
Plane Objective Plane 
Surface 0 ; 
0 i 


-0. 0568 -0. 0568 -0, 0568 0. 1716 0. 400 


roo) 0 60 ? 

0 0 -0.02017 -0.00017 -0. 00043 Da= -0. 0208 

0 Oo 0 0. 00238 -0. 00238 Zb=0 
0. 0332 
0 


Table 7.4 - Calculations on an afocal microscope with a double lens eyepiece. All lengths are iri mm. 





These equations are analogous to Equations 6-(37) and 6-(38). The results show that the simple microscope 
is afflicted with 0.0327 radians of axial color and 0.0076 radians of lateral color. Almost all the axial color 


is due to the objective. The lateral color is due entirely to the eyelens. The normal observer can detect as 
little as 0.0003 radians of color fringing assuming that the minimum angle of resolution is about 1" of arc. 
It is then clear that both the axial and lateral color exceed noticeable amounts of chromatic aberration. 


7.3.7.2 The objective lens can be corrected for axial color by making it a doublet. Equations 6-(44) and 
6-(45) are used to compute the powers of the separate components. Figure 7.3 (b) shows an f' = 10 
objective with an f - number of 1.82. It turns out that these curves are again too sharp and the monochro- 
matic aberrations will be difficult to correct. ‘In order to correct the monochromatic aberrations then, it 

is necessary to flatten the surfaces by dividing the lens into two doublets, each working at f/3.64. Todo 
this we divide the entire |Au| = 0.275 into two equal parts, each of 0.1375. Each doublet will now work 
at the same f - number. This value of the f - number (= 0.5/ [Au] ) will not necessarily equal the value 
for an infinite object (= f'/D). 


7.3.7.3 The chromatic aberration in the eyelens can be corrected in the same way by splitting this lehs into 
two lenses each working at f/2.18 and then by achromatizing each part. There is, however, another method 
which is sometimes used in eyepiece design. A single positive lens may be placed in front of the image plane 
3 and adjusted to help refract the chief ray. For suchalens y and y will have opposite signs so accord- 
ing to Equation 6-(41) the lens should give a positive lateral color contribution. A lens such as this has been 
worked out in Table 7.4. The procedure for designing this system was as follows. The extra lens (c) was 
inserted to the left of the image plane at a position where y3~= 0.625, the same value as the final height 
of the axial ray but of opposite sign. The chief ray was then traced to the (c) lens intersecting it at 

y = - 8,580. 


7.3.7.4 Since this extra lens is to be used, it should help bend the chief ray. In Table 7.2 the chief 

ray was bent from -0.0568 to 0. 400 by the (b) lens, a total bending of 0.4568 . With the (c) lens added, the 
(b) and (c) lenses should each bend the chief ray by 0.2284. Therefore u3 between the (c) and (b) 

lenses should be 0.1716. This determines $3 , the power of the (c) lens. With $3 known, ug is 
determined andthen t3 is set sothat yg =_- 0.625. Thus $4 is defined. Now the lateral color 
contribution of a thin lens is proportional to yy¢/v. y is equal to the bending |Au] experienced by 
the chief ray. By making the (b) and (c) lenses refract the chief ray equally and by making yz; = -Y4; 
the lateral color contributions ‘of the {b) and (c) lenses exactly cancel each other since the v-values are the 
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same. The axial color of the system is only slightly more under-corrected than the original system in 
Table 7.2. This chromatic aberration can be eliminated completely by introducing over-correction in the 
objective lens (a). 


7.3.8 Additional effects of adding a field lens. ‘ 


7.3.8.1 Lens (c) is referred to as a field lens of the eyepiece. (The introduction of a lens near the position 
of the image due to the objective increases the field of view.) This extra lens (c) has helped the system 
significantly. The (b) and (c) lenses are f/2.18 now and are far more reasonable lenses. There is at this 
point sufficient reason to expect that this microscope could be corrected to give good imagery. In Section 8 
it will be shown that the monochromatic aberrations at an object height of y. = 1 are rather large, so 
that the final optical design will probably have to have a smaller “— field. 

' ‘ , ¢ 
7.3.8.2 It should also be noted that the introduction of the (c) lens caused a marked reduction (by a factor 
of 3) in the distance between the eyelens and the exit pupil. In Table 7.4 this distance is only 8.57 milli- 
meters. This distance, called the eye relief, is too short for comfortable viewing, so some other arrange- 
ment of lenses should be found. Without introducing a serious amount of lateral color the (c) lens could be 
designed with less power. The chief ray would then strike the (b) lens at a larger aperture resulting in an 
increased distance to the exit pupil. With an eyepiece of this type, the lateral and axial color for the object 
is fully corrected. However the eyepiece is not color corrected for the plane between the two lenses (b) and’ 
(c) where an intermediate image is formed. If cross hairs, or a reticle, is placed in this position it is in 
effect viewed only by the single eyelens. The reticle will be imaged with lateral color since the single lens 
is not achromatized. If a reticle is to be used, it is advisable to use ‘an eyepiece that is also color corrected 
for the intermediate image plane. . i : 

| 
| 


7.4.1 General. A telescope may be considered as a special case of the microscope, with this slight differ- 
ence. Inthe microscope, one compares the visual angle subtended by the image, as viewed through the 
instrument, with the visual angle subtended by the object at the unaided eye. It is assumed that the observer 
can place the object at the distance V from the eye. In the telescope it is assumed that the object is in- 
accessible to the observer. Therefore, in a telescope one compares the visual angles, assuming the ob- 
server is always at a fixed ‘distance with respect to the object. This - illustrated in Figure 7.4. 

7.4.2 Magnifying power. An object of height y, is locateda distance L from an observer. (Lis always 
considered to be positive.) The angle~a subtended by the object is - Vo /L. With the instrument in place,. 
the object is at a distance of 2 from the first focal point of the objective. A ray from the top of the_object, 
Yo, passing through the first focal point of the objective strikes the objective at a height yy; = -Yo fo/z. 
This ray then is parallel to the optical axis until it strikes the eyepiece. It then refracts to the second focal 
point of the eyepiece at an angle with the axis of 8 = (y, /z)(f o/fe) . If the eyepiece is adjusted so that 
A = ©, or if the eye is located at the second focal point of the eyelens, then f is the apparent angle sub- 
tended by the object. Then, : 


7.4 THE TELESCOPE 


fo L L 
P= - > = Mm, 7: ; 5) 
x Fe oP | _ 
This equation actually applies to the microscope by making L = V. If L becomes very large as it does 
for most applications in which telescopes are used, then L/z approaches 1 and, MP = - f,/f', . 
This is the formula usually given for a telescope. Ata value of L where L/z is not unity, the MP is in- 
creased. Thus it is possible to obtain a magnifying power greater than unity evenif f,:= fg - This 


makes an interesting optical device. It has unit MP for objects at infinity but greater than unit MP for 
objects at finite distances. 


i : 
It : 

7.4.3 Objective and eyepiece design. The optics of the objective and eyepiece for the telescope are similar 

to that of the microscope. The entrance pupil is usually placed at the objective. The eyepiece is usually 

split into two or more lenses in order to correct for the lateral color, The extra lenses also allow for a 

wider field of view than one could achieve with a single lens. : 


7.5 OPTICAL RELAY SYSTEMS. PERISCOPES 


7.5.1 Image orientation. : : 


7.5.1.1 In the case of the afocal magnifier, the expression for the MP is V/f'. Since V is always con- 
i é 1 


i 
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Figure 7.4. The optics of a simple telescope 


sidered to be a positive number, the formula indicates that the MP is positive for a positive lens. _Posi- 


tive MP means that the virtual image is in the same orientation as the object. 


7.5.1.2 Negative MP or negative magnification means that the image y, is the negative of the object yy , 
in other words the object is inverted; if the optical system is a centered spherical optical system x, will be 
the negative of xy. This means that the object Yo « appears aS xXx - Oraletter R 
Xo : = 
Vx 
will appear as ¥Y . The image is said to.be inverted but right handed. This means it is upside down but 
readable. It appears as a normal R by turning the paper through 180° in its plane. 





7.5.1.3 Anerect, left-handed image, such as occurs in plane mirrors, would appear as 4. All left- 
handed images, whether erect or inverted, are unreadable by rotation in the plane only. Left-handed images 
are sometimes referred to as perverted images. Also see Section 13. 


7.5.2 Image inversion for microscopes and telescopes. From Equations (2) and (5) it is seen that a simple 
microscope and telescope give 2 negative MP because m, for an objective is negative. Therefore, these 
instruments provide a right-handed inverted image. In the microscope it seldom matters if the object is in- 
verted, but in telescopes it is very disturbing to see turned upside down, objects which we are used to see- 
ing erect. Therefore, for telescopes, some means for erecting the image is usually provided. This can be 
done using prisms or extra lenses. The use of prisms will be described in Section 13. A brief analysis of 
methods of image erection by lenses will be discussed in the next paragraph . 





7.5.3 Image erection by lenses. It is possible to use a second objective in a microscope or telescope to 
re-image the first image before it is viewed by the eyepiece. This is illustrated in Figure 7.5. The magni- 
fying power for such a system is given by the expression, MP = m, Mg L/ Te . This procedure 
can, of course, be carried on with several re-imaging stages if it is desirable to have a long system as in 
periscopic designs. Since L/fe is positive, and each m due to the relaying objectives is negative, it, 
is clear then that if there are an odd number of real images, the MP is negative, while for an even number 
of real images the MP is positive. A positive overall MP means the image is erect and right-handed. 


7.5.4 Field lenses for periscopes. Inspection of Figure 7.5 shows that the size of the object which may 
be seen through the instrument is definitely limited by the size and permissible f - number of the second 


1-9 





pec.com 
j | 
i j 


4 i 


lownloaded trom (p://WWW.everys| 


MiL-HDBK-141 
| 
| 
| 


Aperture Stop and 
Entrance Pupil Plane 





i Eyelens 
Objective Objective 
(Relay Lens) 
i 
Figure 7,5 - An optical relay system or periscope. 
| 
i 
Aperture Stop and Exit Pupil Plane 
Entrance Pupil Plane 


Objective 


Field lens Objective : Field lens 
(Relay Lens) 


i 
1 
1 
| 


Figure 7.6 - A periscope with field lenses, 


SIMPLE THIN LENS OPTICAL SYSTEMS 


| : Exit Pupil Plane 








Downloaded from http:/Avww.everyspec.com 


SIMPLE THIN LENS OPTICAL SYSTEMS MIL-HBBK-{4t 


objective. The field of view can be increased significantly by introducing extra lenses to help refract the 
chief ray. This is the same situation described with the eyepiece in Table 7.4. Extra lenses can be intro- 
duced at the position of the objective or, if it is desirable to keep the diameter of the system small, the 
extra lenses can be added near the intermediate images. If the lenses are added near the intermediate 
images, and therefore referred to as field lenses, they act principally on the chief rays and their primary 
purpose is to help increase the field of view. Figure 7. 6 shows an erecting telescope using field lenses to 
help increase the field of view. 


7.5.5 Position of the aperture stop. The drawing (Figure 7.6) indicates that the first objective is the aper- 
ture stop. As drawn, the second-objective (relay lens) is larger in diameter than necessary. It could be re- 
duced until the axial ray passed through the margin of the lens, as it does at the first objective. If the di- 
ameter of the relay lens were further reduced, this lens would become the aperture stop and the first objec- 
tive would be too large. In practice the diameters are adjusted so that both objectives are aperture stops. 


7.6 THE GALILEAN TELESCOPE 


7.6.1 Use of negative eyepiece. In the telescope with fp 2 \fe | it is possible to have a positive or 
negative focal length eyepiece. If the eyepiece focal length is negative, Equation (5) shows that the MP is. 
positive. The image would therefore be erect. Such a system has very interesting possibilities. A sketch 
of a telescope of this type is shown in Figure 7.7. 


7.6.2 Analysis of the simple Galilean telescope. _ 


7.6.2.1 The exit pupil and aperture stop of this system is usually the pupil of the eye. The entrance pupil 
is actually located behind the observer's eye, and the size of the objective determines the size of the field 
of view. The objective is therefore the field stop. A system of this type is worked out in Table 7.5. The 
table shows the sizes and positions of the entrance and exit pupils. The object field of view (sometimes 
called the real field) - 6 /%e depends on 8. In order to obtain an image field of view (sometimes 
called the apparent field) of 8, the yg on the objective lens must be, 


Yo - p [mea-t2 |. 


Therefore, for a given diameter of objective lens, the field of view is determined. 


1.6.2.2 For the case of d = 0, wehave yp = - Bt, . Since fy /2y2 = (f - number), at 
which the objective is working for the chief ray, 
foe fo 
7 2t, (f - number), 
and 
ae fo 
a = "WP ~ ~ 2Mpt, (¥- number), - 
For MP large compared to unity, the focal length of the objective is large compared to the focal length of 
the eyepiece. Assuming that f, + fe = tg canbereplacedby f, , we have 
1 


B = 3(¥- number), 


and 
1 Ps 
ao = MP 2 (F - number), i. : = 


These equations show that for a large MP the field of view can be made oo only by decreasing (f - number),. 


For example, if MP = 10, then a@ = 0.05 radian ifthe objective is #/1. An f/1 lens is very diffi- 
cult to make. The usual doublet achromat would have only an f/3 aperture. For such a doublet objective 
a = 0.017 radian or 0.95°. Then 8 = 9.5°, which is a very small apparent field of view. 
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8 ABERRATION ANALYSIS AND THIRD ORDER THEORY 
8.1 SIGNIFICANCE OF RAY TRACE DATA 
8.1.1 First order system. 


8.1.1.1 In Sections 5, 6, and 7, formulae and techniques were presented to enable the designer to set up a 
first order optical system. As an aid in arriving at a final first order solution, it is customary to trace two 
paraxial rays. One of these starts from an object point on the optical axis and heads toward the tentative 
edge of the entrance pupil. The other ray starts from an object point at the tentative edge of the field and 
heads toward the tentative center of the entrance pupil. 


8.1.1.2 The data from these two rays may be used to determine the trace of any other paraxial ray through 
the system. The magnification, focal length, and chromatic aberration may be calculated. The planes of the _ 
paraxial image, entrance pupil, aperture stop, exit pupil, and field stop may be finally located, and the sizes 
of the pupils and stops can be finally determined. The f- number and fields of view can be calculated.’ ~ . 


8.1.1.3 The calculation of the above characteristics of a first order solution has already been discussed. 
Additional calculations using paraxial ray trace data will be given later in this section where the aberrations 
of a system will be analyzed, and a third order theory will be developed which will provide understanding of 
the sources of image errors and suggest methods for correcting these errors. 


8.1.2 Skew ray trace. After a first order system has been set up, skew and meridional rays are traced by 
the methods discussed in Section 5. This tracing of skew rays provides the basic method of investigating lens 
performance. The paraxial image and the entrance pupil furnish excellent reference planes which are used 
in the interpretation of non-paraxial ray trace data. z 


8.2 THE SPOT DIAGRAM 


8.2.1 Representation,of ray trace data. One way to make a graphical summation of ray trace data is by 
means of a spot diagram. Such a diagram is a plot of the intersection coordinates in the reference planes 
of rays traced through the lens or system from a single object point. The two reference planes usually 
chosen are the entrance pupil plane and the paraxial image plane. The rays traced from the object point 
are usually chosen so as to form a uniform pattern of intersection with the entrance pupil plane while the 
resulting image is represented by the ray intersections in the paraxial image plane. Figures 8. 1(a) and 
8.1(b) show typical spot diagrams of this type for rays traced from an object point (object distance not 


specified) which lies inthe YZ (meridional) plane at coordinates K, = 0 and Y, = anarbitrary 
value. Thus, the twelve spots at X, = 0 in Figure 8.1 (a) represent meridional rays; all others are 
skew rays. In Figure 8.1(b), the meridional rays are at XK, = 0. There is a one to one correspon- 


dence between the spots in the two diagrams. In general, the spots at large values of % , correspond to 
the spots at large X, . The Y, axis is an axis of symmetry because the Y, axis is an axis of 
symmetry. 


8.2.4 Ray distribution in the entrance pupil. The shape of the entrance pupil may be found with sufficient 
accuracy for most applications from paraxial ray tracing by the method described in Section 6. With auto- 
matic high speed computers it is possible to trace a regular grid of rays through the system. If any ray 
does not pass through every clear aperture the ray is rejected. With a computer program of this type, the 
shape of the vignetted aperture is automatically found as the boundary of the non-rejected rays. 


8.2.3 Ray distribution in the image plane. 


8.2.3.1 The spot diagram shown in Figure 8.1 (b) is extremely useful to a designer in evaluating a system.- 
The diagram indicates how well the lens concentrates the energy from the object point into an image point. 
One can count the number of points in concentric circles in the image plane and obtain what is called an 
energy distribution curve. In Figure 8.1 (a) there are 192 points in the entrance pupil. If it is assumed 
that each point represents an equal amount of energy, a given point is equivalent to 1/ 192 of the total energy 
from the object point passing through the aperture. Now by drawing concentric circles around what appears 
to be the center of concentration of spots, and counting the number of spots within each circle one obtains the 
total energy as a function of (circular) image size. Figure 8,2 is a plot of percent energy versus image size 
for the spot diagram shown in Figure 8.1(b). Ina theoretically perfect geometrical image all the spots 
would be concentrated at a point. However, in the case of the image due to a perfect optical system, the 
geometrical image is only an approximation; the actual image formed would be larger than a point due to 
diffraction effects. 
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8.2.3.2 The spot diagram is useful in evaluating the image performance of a lens but it gives little insight to 
a designer as to why an image is spread out. In making a spot diagram, no attempt is usually made to identify 
each ray; therefore the designer usually has no means of visualizing what happens to the ray as it passes 
through the lens. Of course, it is perfectly possible to program the computer so that each ray in Figure 8.1 
(b) is identified with a ray in Figure 8.1 (a), but with the large number of rays usually chosen for energy 
distribution representation, this would be unnecessarily complex. Instead, in order to understand the reason 
for image deformation, it is common practice to trace only a few selected rays through the aperture and plot 
the data in a different manner. : 


8.3 MERIDIONAL AND SKEW FANS 
8.3.1 General method. 


8.3.1.1 Instead of using spot diagrams and energy distribution functions, the ray trace data usually may ‘be 
more conveniently analyzed by the method of meridional and skew ray fans. In using this method a common 
practice is to trace from a selected object point inthe YZ plane, five to seven meridional rays (rays ly- 
ing inthe YZ plane) through the system. These rays, called the meridional ray fan, are chosen to inter- 
sect the vignetted entrance pupil in a nearly uniform spread, with upper and lower extremes (the rim rays) 
as close as possible to the respective vignetted pupil limits. See Figure 8.3. One of these rays is chosen 
to intersect the entrance pupilat X, = 0, Y, = O and thus, by definition, is the chief ray. The 
angle between the chief ray from the given object point and the optical axis is used to identify the meridional 
ray fan and its associated skew ray fan. The latter is constructed by tracing three to five rays from the 
same object point, which enter the vignetted entrance pupil at the intersection of the pupil andthe XZ 
plane, i.e., at YY, = 0. Rays having positive X values only are needed since the object point lies in 
the meridional plane and the system is therefore symmetrical about the YZ plane. On the, other hand, 
since the object point is not necessarily on the optical axis, rays above and below the Z axis are not sym- 
metrical, so that rays must be traced having both positive and negative Y values at the entrance pupil plane. 


8.3.1.2 Since they lie in a plane throughout their passage through the system, the behavior of the meridi- 
onal rays can be well understood by making a plot of the coordinates of each ray intercept in the image plane 
(¥, ) versus the corresponding ray intercept in the entrance pupil plane (¥, ). This, in effect, isa 
similar but much more accurate presentation of the ray height data which could be obtained through graphi- 
cal ray tracing. : 


8.3.1.3 Skew rays, on the other hand, do not usually remain in a single plane during their passage through 
the system. Thus, even though we have simplified the problem by choosing only those that intersect the 
entrance pupil plane onthe X, axis (yy = 0), they will normally have both X and Y coordinates 
in the image plane. Thus, for skew rays, it is necessary to make two types of plots: X, versus Xi, 
and ¥, versus X 1 For perfect geometrical imagery, these plots would be straight lines of zero slope. 


8.3.2 Illustrative example. In the following paragraphs, the arrangement and interpretation of these three 
curves will be discussed in detail. The example to be used will employ the same lens as shown in Table 6.7, 
except that in the table, the entrance pupil plane was not included, therefore surface 1 is the first lens sur- 
face. However, in the following discussions, surface 1 will be the entrance pupil plane, surface 2 the 
first lens surface, and so on. This is illustrated in Figure 8.4, which is drawn to scale from Table 6.7. 
The lens is a typical photographic Taylor triplet. The object surface for the lens is at infinity; the entrance 
pupil plane is located 2. 2 cms to the right of the first surface of the lens. Rays representing fans of obliqui- 
ties of 0°, 10°, 15°, and 20° have been traced into the system. (Note: with the object at infinity, the term 
"fan" is somewhat of a misnomer since all rays from a given object point are parallel, a situation which 
would not exist if the object were at a finite distance). The diagram shows the path of the extreme upper and 
lower rays for field angles of 10° and 20°. The upper rim ray at 0° is also shown; the lower is similar by 
symmetry. Notice how the upper and lower rays at 10° and 20° do not pass through the edge of the aperture 
stop. This is because the designer decided to vignette the oblique rays in order to eliminate some badly 
aberrated rays. The back focal length (BFL) is the distance between the last surface of the last element 
(surface 7) and the second focal point. Table 8.1 gives the numerical values for this lens. 


8.4 USE OF THIRD ORDER THEORY IN ABERRATION ANALYSIS 


8.4.1 Ray trace data. The numerical data used in the following discussions are the results of paraxial, 
meridional and skew ray traces for the lens shown in Table 8.1 and Figure 8. 4. This lens, with very 
slightly different v- number, was given in Tables 6. 6 and 6.7. 


8.4.2 Analysis of data. The curves of ray trace data will be plotted and analyzed in a manner that will be 
helpful to the designer trying to minimize the aberrations. The plots and analyses will make use of the third 
order theory to investigate the third order aberrations which, as explained in Section 5.11.3 are the first 
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Figure 8.3 - Positions in the entrance pupil of 
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rays used to analyze images. 
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Table 8.1 - Numerical values for lens in Figure 6.4. 
All lengths in millimeters, The numerical ! 
values are exact except for the radii. Exact 
curvatures are given in Table 8. 2. 
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approximations to the aberrations. The method of plotting differs from that described in Section 8.3 in that 
only the essential information is shown. That is the difference in the paraxial plane intercepts for the chief 
ray and the other rays of the fans is plotted since it is this difference, or lack of coincidence, which the de- 
signer is trying to overcome. 


8.5 THE 0° IMAGE IN D LIGHT 


8.5.1 The 0° image polynomial. 


8.5.1.1 The image of an axial object point at infinity is studied by tracing three meridional rays with K, = 0, 
Lo = 0, Mo = 1 atvaluesof Y,; = 1.5, 1.0 and 0.5. For meridional rays from an axial object 
point, negative values of Yj are symmetrical with the positive values. The results are plotted and en- 
circled in Figure 8.5. The vertical scale is labelled (Y, - Yy ). Yy is the height of the chief ray 

(¥, = 0) onthe final paraxial (yy, = 0) image plane. For these axialrays Y, = 0. The 
circled points, connected by the full curve, can be fitted fairly accurately to a power series of the form. . 


= 3 . 
Y, - ¥, = by ¥y + bg ¥°+ by ¥,°+ O(7). (1) 


The letters bg , bs , ete. are called the spherical aberration coefficients. The term O('7) stands for 
all the terms of order 7 and above, as explained in Paragraph 5.5. 2.3. A 


8.5.1.2 When ray data are plotted in this manner the slope of a line drawn between any two ray points on the 
curve is proportional to the longitudinal distance from the paraxial image plane to the plane where the two 
rays focus. That this is true, can be seen from Figure 8.6. This diagram shows two actual rays converging 
towards the image surface. The image surface, where the two rays focus, will be calledthe k +.1 sur- 
face. The paraxial image plane is calledthe kth surface. By placing the paraxial image plane to the left 
of the intersections of the optical axis with rays (a) and (b), the two Y, values are positive. Such a dia- 
gram would not represent the physical situation of a single converging lens, because for that case, the par- 
axial image plane is to the right of the intersection points of the optical axis with non-paraxial rays. The 
situation represented in Figure 8.6 could be attained, for example, by the forming of an image by a diverging 
system of an unaberrated, virtual object. 


8.5.1.3 From the diagram we have 


Yin == Yertya - tk tan Vana 
and 

Yio = Yoonb 7 te tan Vay, 
Since Yaya = Yoctayb , subtraction gives 

i 2k Yxa ~ Yup 

k tan Uc-1ya- ~tan U(k-1)b 


This equation and Figure 8.6 apply to two non-paraxial rays. It will be assumed that the following relation 
is a valid approximation for either of these rays; namely 


XY = Ya 


tan Uy Uk-T 





If these rays were paraxial, this relation would be exact; assuming it to hold approximately for non-paraxial 
rays, there results 





oo oe, 
tan Vanna - tan Var-ryb v1 / Uyg-4 yi /U 
and finally, 
y. Y - Y, 
th= - 1 (237 ) : @) 
Uk Ib ~ *ia 
When the object point is at infinity, then - y, /uy_y = f' . Equation (2) is only an approximation 


for non-paraxial rays. But at worst it gives the order of magnitude of t, ; this is all that is needed for 
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third order design procedure. 


8.5.1.4 Since the slope of the line connecting any two points onthe (Y, - Y,) versus Y, curve is 
AY, f AY, , this slope is proportional to the distance from the paraxial image plane to the plane of focus 
for the two rays. As the two rays approach each other, the two points on the curve do likewise, and the slope 
of the chord approaches the slope of the curve. Hence the slope of the curve at any point is proportional to the 
distance from the paraxial image plane to the plane of focus for infinitely close rays. From ray_trace data. 
resulting in Figure 8.5, and from paraxial ray trace data giving Yy / uy» weare able to determine the shift, 
( ty ) of the image plane from the paraxial image plane. 


8.5.1.5 Now since the ray data shown in Figure 8.5 was obtained in the paraxial image plane the slope of 

the curve must be zeroat Y, = 0. Therefore b, will be zero in Equation (1). The presence of a 
linear term indicated by a slope different from zero at Y,; = 0, means that the paraxial rays are-not 
focused. in the final image plane upon which the ray heights are calculated. This linear term in Equation (1) 
can be eliminated by shifting the plane upon which the ray heights are calculated. When this has been done, 
so that the slope of the curve is zeroat Y, =.0, andthe linear term is absent, any further deviation, 
(Y; - ¥, ) # 0, indicates the presence of spherical aberration. Therefore, the first approximation 
to the spherical aberration, writtenas (Y, - Y,;), varies as the cube of the entrance pupil radius. This © 
part of the spherical aberration, the third order spherical aberration, would vary with Y, as shown by the 
dashed line in Figure 8.5. . 


8.5.1.6 Because the slope of the line between any two points on the curve is proportional tothe t, for the 
two rays considered, Figure 8.5 shows that the rays tracedat Y, = 0.5 and 1.0 are focused closer 
to the lens than the paraxial image plane; while the ray at Y, = 1.5 is focused almost exactly on the 
paraxial image plane. In this system, the third order coefficient, bg , is negative and the lens is said 

to be undercorrected for the third order spherical aberration. It is called undercorrected spherical aberra- 
tion because a single positive lens has spherical aberration of this sign. (See Paragraph 6.10.5.1). The 
coefficient, bs , is called the fifth order coefficient. In this case it is positive because the full curve 
(Figure 8.5) is between the third order curve and Y, - Y, = 0; hence the fifth order term [Equa- 
tion(1)}}has a sign opposite to that of the third order term. The fifth order coefficient is said to be over~ 
corrected. 


8.5.2 The third order aberration coefficient. 


8.5.2.1 Now atruly remarkable feature of optical systems is that the coefficient, bg, , may be computed 
from axial paraxial ray data. This is done by calculating -B; , the third order spherical aberration sur- 
face contribution, at each surface in the optical system. Then, . 


jek 


1 

by = - [ re | B, ,* 

3 2(ngy Yan) H? ee a 
where y, is the height of the axial paraxial ray in the entrance pupil plane and Up y is the final 
angle with the optical axis for this ray. Therefore, since Y, = 0 for 0° obliquity, the third order 
approximation for Y, is, 

3 
: =B My 
ae —_-_— = . 
3% 2( ny Up ) Ge ; 


8.5.2.2 Bj is calculated from the axial paraxial ray data for each surface with the following formulae 
B= si’, (4) 
and 


ne1 


§ = yny (4 ~1) (u+i). (5) 





In Table 8.2, B is calculated for each surface of the sample lens being studied. This is the same lens 





* Up to this point in the text an attempt has been made to derive the equations, or to indicate specifically how they may 
be derived. This practice will no longer be followed; thus, equations may be presented without proof. To do otherwise 
y would necessitate lengthy and complex departures from the main train of thought. 
43 


In latér sections the symbol © will be used to indicate the summation of all surface contributions. The proper 
summation limits will be eliminated. 
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illustrated in Table 6.7. The dotted curve in Figure 8.5 shows the third order curve as predicted by Equa- 
tion (3). One notes that at Y, = 1.5, the dotted curve passes through the point ¥, = - 0.0214. 
Notice also how the third order curve follows the true aberration curve very closely outto Y, = 0.75. 


8.5.2.3 Returning to Equation (1) it follows that b3 = - 0.0214/ ye = - 0.006341. Since the actual 
ray traced at Y, = 1.5 strikes the final image plane at Y, = 0  it-is possible to compute that 

bs = 0.002818 if it is assumedthat O(7) = 0. By using Equation (1) thenat Y,; = 1.0, Yy 
should equal - 0.00352. The actual ray traced point comes out at Y, = - 0.0041. This difference, 
0.0006, is small compared to the total spherical aberration - 0.0041. This means that the spherical aber- 
ration curve shown in Figure 8.5 may be approximately obtained by calculating the third order coefficient 

bg from axial paraxial ray data, and tracing one non-paraxial ray. On the other hand, the curve can also 
be obtained by tracing two non-paraxial rays, and calculating b, and bs - Since the third order co- 
efficient calculation depends on the individual surface contributions, it helps the designer see the source of 
the aberrations. For the example shown in Table 8.2, we see that the first two, and the last two surfaces |. 
of the lens give negative spherical aberration. The two surfaces of the central negative element provide all. 
the positive or over-correction. The contribution on surface number four of the lens has the largest positive 
value. This coupled with the large angle of incidence on this surface is the main reason that the fifth order. 
coefficient is positive. If one wanted to reduce the fifth order coefficient, it would be necessary to find a 
solution with a smaller angle of incidence on this surface or a smaller spherical aberration coefficient. If 
the fifth order coefficient were reduced, the total aberration (full curve) will be closer to the third order. . 
The maximum under-correction, which now occurs at about Y,; = 1.1, would increase and would occur 
atalarger Y , . Sucha lens would exhibit an increased zonal spherical aberration. The point of zero 
aberration, now at Y,; = 1.5, would increase towards larger values of Y, , so that the lens could be 
used at a larger aperture. 


8.5.2.4 The Y, versus Y, curves shown in Figure 8.5 were obtained in D light. Similar calcula- 
tions could be made in F and C light. The value of bg can vary with wavelength, and since the plot is 
made for the paraxial focal plane in D light, the F and C paraxial rays will focus farther from the lens 

by approximately f'/2200. Therefore b, for F and C light, if we have atrue (F - C) achromat, will 
be positive and equal to 1/2200. On this scale this is a negligible amount of aberration amounting to one-tenth 
of the zonal aberration, 0.0041. The F and C curves, corresponding to Figure 8.5, would have a positive 
slopeat Y, = 0. B 


8.5.3 The Seidel spherical aberration. 


8.5.3.1 Equations (3), (4) and (5) give the calculation of 3%, _» the third order approximationto Y¥, . 
Because Y, = 0, and hence for an unaberrated image point Y, = 0, 3% is the third order approxi- 
mation to the spherical aberration, measured in a plane perpendicular to the optical axis. Hence, it is some- 
times referred to as the transverse spherical aberration. In the following section the aberrations of an off-axis 
image point will also be expressed as transverse aberrations. 


8.5.3.2 Another measure of spherical aberration, called the longitudinal spherical aberration, is the distance 
along the optical axis between the paraxial image plane and the non-paraxial ray. The third order approxima- 
tion to the longitudinal spherical aberration, referred to as the Seidel longitudinal spherical aberration, is 
numerically equalto 3Y¥;, /uy_, - Hence, from an expression for the Seidel aberration, Equations (3), 

(4) and (5) readily follow. 


8.6 IMAGERY FOR AN OFF-AXIS OBJECT POINT 


8.6.1 The oblique image polynomial. 


8.6.1.1 The solid curve in Figure 8.7 (a) is a plot of meridional rays traced through the sample lens at 10° 
(K, = 0, Ly = 0.1736). The coordinates for the entering rays on the entrance pupil extend from 

Y, = 1.35 to ¥; = - 1.35. The vertical scale is again (Y, - Y,). The curve represents the 
displacement between the ray heights and the chief ray height in the paraxial image plane. This curve may 
also be represented by a power series. The power series can be expressed in different ways, but the follow- 
ing uses the well known Seidel third order coefficients. The polynomial can be expressed for any ray co- 
ordinate (Y; , Xz ) inthe entrance pupil for any object height Y, (X . = 0). Hence the series _ 
are sufficiently general so that they can be used with skew rays. There are two equations, one for (Y, - YX, ye 
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andthe other for XK, . X, is always zero. These equations are 


| 





vy -¥% = 4 epli24 3%) ok 
wo Ye = > 2a Ug) a oa ye * 
1 
2 2,5 i = 42 
zy 22a (=) + B(30 + pe?) 2b (= ) jroo, 3) 
¥y Yo 1 Yo 
and 
1 2 2, Xy 
Xe = - BU ae) [zB yo + % 3 7 
k Iya Uy (Yo + Xi") yi 
(2¥, Xi) / ¥, Yay" « 
zp (2%1 X1) (=2) + z(e + pet) (Te *)(Z =) ]+o@- (7) 
y,” Vo I 


8.6.1.2 The expressions 2B, 2F, 2%C and 2ZP are the sums of the third order surface contributions 

for spherical aberration, coma, astigmatism and Petzval curvature. (C must not be confused with c, the | 

curvature of a surface.) Theterms, y, , Yo, amd ny.y Ux., , are the data from the two paraxial 

rays traced through the system. Y, is the object point height. a and X, are coordinates for a gener~- 

al ray in the entrance pupil. If the object point is at infinity, as it is in the example being described, then 
Yo /¥o shouldbe replaced by (tanU, )/Ug or Lo/ Moy Yo 


8.6.1.3 If 2B, ZF, ZC and ZP are known, Equations (6) and (7) can be used to predict the position 
coordinates of any ray in the image surface corresponding to a given point in the object surface. The accu- 
racy of the prediction depends on the magnitude of aberrations higher than third order. According to the 
first order theory, the chief ray should strike the image plane at Yc = Yo m if Ne is finite, or at 
Yq = f tanU, , ifthe object is at infinity. However, the actual chief ray is displaced from the ideal 
image point due to a fifth aberration, distortion. There is also a polynomial to express this displacement. 


_ ZE %\3 : 
(XY, = Y, m) = ia 2 (yy U_-4 ) (32) +96), ‘i e 


where 2E is the third order contribution for distortion. Equation (8) can be included in Equation (6) but it 

was not because it is somewhat easier to plot (Y,; - Y,; ) as has been done in Figure 8.7. The frac- 

tional distortion which is defined by the ratio ( ¥, ~ ¥, mm  ¥, Yo m may be written to read as follows, 
r 





Y, - Ym SE /¥, \2 
fractional distortion = —~k——2——_-_ = - —— (=) : 
Xo m 26 Yo 


| 
Note that the fractional distortion varies with the square of the object height ratio (¥, Y, of To 3 'y « In Sec- 
tion 8.7 the method for calculating B, F, C, E and P willbe described. The actual calculations for 
the sample problem are shown in Table 8.2. i i 


8.6.2 Examples of third order aberrations. 


8.6.2.1 The third order ray predictions for (¥; - Y_ ) and X, are shown by:the dotted curves in 
Figures 8.5 , 87 and 8.8 . The solid curves show the actual coordinates for rays traced through the 
same entrance pupil points. Figures 8.7 (a), (b) and(c ) are plots for fans of meridional rays at 10°, 
15° and 20° respectively. Figures 8.8 (a) and 8.8 (b) show plots for skew fans with Y, = 0. Figure 
8.9 is a plot of the fractional distortion of the lens as a function of the object field angle. The results show 
that the actual distortion is slightly more positive than predicted from the third order theory. 


8.6.2.2 Finally in Figure 8.10 the slopes of all the curves at the chief Tay are indicated. (Slopes are pro- 
portional to t, ). Curves of this type are called field curves. The points on the curves show the longi- 
tudinal distances from the paraxial image plane to the focus of rays close to the chief ray. The three third 
order field curves were found from surface contributions. The remaining two, the tangential, field curve and 
the sagittal field curve, were obtained by graphically determining the slope of the meridional and skew ray 
plots respectively. These are shown in Figure 8.7, and in Figure 8. 8. The third order tangential and 
sagittal field curves may be calculated by differentiating Equations (6) and (7) with = to Y, and xy 
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Figure 8.7 - Meridional ray plots. 
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Figure 8.9 - Fractional distortion as a function of field angle. 
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respectively and evaluating at Y, = X, = O. The B and F: ‘terms drop out, leaving only the third 


terms. The final equation for the tangential fan is 


t 


1 


ter = eas [z(se + Pe?) — |. (9) 


(nya Up-1 °. 


For the sagittal fan, the equation is 


. : 
1 [ ° 
et ee ee 00) 
ks 2 (Oy Wy") poe y My Us . 
The Petzval surface curve is determined by the equation 
! {; Bas 
ipa te: eet tar) = soo [epee ) | 
w= 2 ks KT) = 2 (nya Ua?) M, Uo 
Comparing this with Equation (9) and (10), itis clear thatfor C = 0, typ = typ = tyg 
8.7 CALCULATION OF THE THIRD ORDER CONTRIBUTIONS B, F, C, E AND P 


8.7.1 Basic formulae. The method for calculating B, surface by'surface, was explained in Paragraph 
8.5.2.2, and a sample calculation was given in Table 8.2. The coefficients F, C and E are calculated, 


surface by surface, by using the data of both the axial and chief a rays. The formulae are: 


B = si? 
F = Sii 
c = si? 
E = Bii+ @(u,2-0?)*. 


P is calculated for each surface from the equation 
e(n4 - n) 


ny n 


(4) 
(43) 
(12) 
(13) 


(14) 


As in the case of Equations (3), (4) and (5), Equations (6), (7), (8), (11), (12), (13) and (14) are derived 
from the Seidel expressions for coma, astigmatism, distortion and Petzval curvature. 


8.7.2 Calculation of aberrations. These surface contributions have been worked out, surface by surface, 
in the sample problem shown in Table 8.2. The individual surface contributions, when summed up for all 
the surfaces, may be inserted in Equations (6) and (7) to evaluate thé third order payee: 





8.7.3 Fourth order aspheric effects. A fourth order aspheric deformation term ona surface introduces 


the following amounts of third order aberrations, i 
. | 


B 


8(n_. - 0) ey# 
F = By/y 

c = Bly/y)? 

E = B(y/y)® . 


(4a) 
(11a) 
(12a) 


(13a) 


Note that the aspheric deformation term introduces aberrations independent of the curvature of the surface. 


It introduces no first order chromatic effects or Petzval contribution. 








* $ is calculated from Equation (5) using data from the chief ray. 
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8.7.4 The value of using third order aberration coefficients. 


8.7.4.1 Inspection of the ray tracing data in Figures 8.5, 8.7 and 8.8 shows that the third order aberration 
poly nomial does not predict the true aberration accurately for large apertures or field angles. However, 
third order aberration theory is extremely valuable. Even with present day computers, it is almost essential 
for a designer to calculate the third order aberrations of a system under consideration. Third order aberra- 
tion theory provides target values for the designer; the third order aberrations must be within fairly narrow 
regions in order to obtain a satisfactory design. It is then up to the designer to find a layout which will lie 
within this third order region, but which will either balance or reduce the higher order aberrations. 


8.7.4.2 Third order surface contributions provide the designer with a means for understanding a lens. He 
knows that the aberrations should be corrected with evenly balanced third order contributions. In other words, 
the third order contributions of a single aberration should be approximately equal numerically, but have alter- 
nating signs so that the sum is small. A large third order aberration on a surface will introduce a large -.. © 
higher order aberration of the same sign. Hence, the third order aberrations should be kept small. It is 
surprising how well one can control higher order aberrations through the use of third order calculations ‘by. re- 
membering the following recommendations, 


(1) Try to find the required third order solution with small, evenly distributed aberration 
contributions. It is seldom advisable to introduce a large contribution on one surface to - 
cancel out several small ones due to other surfaces. ; 


(2) Try to avoid large angles of incidence. The angle of incidence strongly affects the 
magnitude of higher order aberration contributions. 


(3) If a given surface introduces a large amount of any third order aberration, try to correct 
this by another surface as nearby as possible. The reason for this is that a surface intro- 
ducing large amounts of third order aberrations also introduces a series of higher order 
aberrations. If the third order aberrations are corrected by a neighboring surface, the 
higher order aberrations tend to cancel one another, but if correction is done at some 
other part of the optical system, the higher order. aberrations will not necessarily cancel. 
For example, if.a large amount of spherical aberration is introduced at a position in the - 
system where y y/ y = k, then this aberration should be corrected at a surface as. 
close as possible to the position where y/y = k. It may often be impossible, in a 
given design, to make the ideal correction, but it is an important step in design procedure 
to make the attempt. One of the main reasons that aspheric surfaces are so valuable, is 
that they do allow the introduction of aberration at nearly any place in the optical system, ° 
without upsetting the distribution of focal lengths of the different elements needed to cor+ 
rect for color and Petzval field curvature. 


8.8 AFOCAL OPTICAL SYSTEMS 


8.8.1 Third order polynomial. In telescopic systems, where both the object and image are at infinity, it is 
convenient to plot the tangents of the angles which the emerging rays make with the optical axis, versus the 








coordinates (X,Y, ) of the entering rays. The meridional ray. ( X y = O and YY, arbitrary } 
L L gene 
data are plottedas eo Reh ete versus Y, . The skew ray (¥, = 0 and X, arbitrary ) data 
Mya Mya 1 1 : 
are plotted as two curves: 
K 
k-1 
My versus X, , 


and 


(2 — et 


= ) versus X, - 
My-1 My 


The third order polynomial may then be written as in Equations (6) and (7) by making the following substitutions: 


¥, = - Tet tnd, -. fea Be 
Uq-y x, M, 
and . "ke1 K-1 
¥, = - ‘er tnt, - 
Ug-y 
8-15 
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Equations (6) and (7) then become 


Ly. D, (3¥,2+ X,2) /¥ 
(eee ] a) Sy eee [>ncy,? + x,”) poo (5) 
Myr Mur 2(nya Yer ) : V1 y 
Y. Y, 
2 B(30 4 pe?) 2h ee (15) 
: ¥3 Yo 
and 
Ky 1 [ x ' (2¥, &) XY, 
=e aooOoOssCSdSCE&wB UL G2 + XY? (= ee (5° 
My-1 2(ne1 Yer) | ear) Vy i yi? ° 
x Y, 
z 2 (> 7) (32 16 
+ 2(C +P ) vy Fo (16) 





8.8.2 Spot diagram. 


8.8.2.1 In an ideal, aberration-free afocal system, the emergent rays from the k - 1 surface are parallel. 
In a real afocal system these rays are almost parallel. The intersection of these rays with a plane would give 
a series of points more or less evenly spaced; the points would not, be concentrated, as in a spot diagram (see 
Figure 8.1 (b) ), and it would be difficult to interpret the diagram in the same way as in the case at the sect 
diagram. ; 


8.8.2.2 It is possible to concentrate these almost parallel emergent. rays and make a spot diagram for an 

afocal system by adding a hypothetical aberration-free thin lens at ‘the rear of the system with any desired 
focal length. This is effectively done simply by changing the coordinates for, each ray on the last surface of 
the system to zero. The rays then proceed to the final focal plane’ ‘of the aberration-free Jens from this point’ 
at the same. angles because they pass through the center ( coinciding nodal points ) of the thin.lens. The dis- 
tance to the image plane is the arbitrary focal length of this lens. ‘The spread of the points from a single, con- 
centrated spot, is an indication of the non-parallelism of the emergent rays. This in turn is an indication of 
the aberrations of the afocal system. | P 


8.9 SLOP SHIFT EQUATIONS — 


8.9.1 General. The aim of a lens designer is to minimize the aberrations of the optical system within the 
specifications of f - number and field of view. It is clear by Equations (4), (5), (11), (12), (13) and (14) 
that the third order coefficients depend on index, curvature, and thickness. By Equations 6-(34) and 6-(35), 
the first order chromatic. coefficients also depend on these parameters. But the occurrence of i, S, and 
wy. in Equations (11), (12), (13) and 6-(35), show that the oblique aberrations (coma, astigmatism, dis- 
tor’ tion, and lateral color ) depend on the position of the aperture stop as well, Hence iti is necessary. for the 
designer to know the effect of the stop position on these a 


8.9.2 Aberration polynomial for a shifted chief ray- 
| 


8.9.2.1 The aberration polynomials shown in Equations (6) and (7} are calculated from the coefficients B, 
F , C and E which are determined by tracing an axial and an oblique chief paraxial ray. It is possible to 
compute the aberration polynomial for any other paraxial chief ray. The term other paraxial chief ray, or 
shifted chief ray, refers to another ray which crosses the optical axis at the new pupil points. Hence shifting 
the aperture stop results in a new ray becoming the ( shifted ) chief ray. Suppose we wish to write down the 
aberration polynomial for a paraxial chief ray which passes through the original entrance pupil at a height of 
y *. Axray from object point Y, passing through the original entrance pupil at a height of Y, will be at 
a height of Yj _ in the original entrance pupil above the new chief: ray. Figure 8.11 shows that 
¥, = Yt Yi. 


8.9.2.2 Equation (6) ‘may be written now interms of Yj . The distortion term in Equation (8) is added to 
Equation (6) to give the aberration Y, - ¥, m. For! an object: of height XY, » it can be seen by simi- 
lar triangles that Y,* is given by : 


- -, /¥ 
vs = J, (22) . 
Yo 
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Figure 8.11 - Application of stop shift equations. 


Then the height Yj of the ray above the new chief ray is 


2. = V* Tv «* Yo 
Y= ¥Y - Y= Y,-- yy oe ea 


By substituting this expression into the sum of Equations (6) and (8), and by. using the relation, 
Q = y*/y 


it is possible to arrive at the equation 


_ 1 yy ) 3yj?+ x, (2 ) 
e ———+____ 12 zy (be ofr * 41) [ 20 
(Y, - Yom) = Hm Ua) [ ecw, + x9 (FS + (QZB+ zr)(= eR ) %, ¥ 
2 2 (#) Z (yy 
[3Q?2=B.+ 6Q ZF + (3c + PS?)] Vy v7) 3% 
3; 2 2 ¥o \ 3° 
[e®=B + 3Q7ZF + Q2(3C + PB?) + ze] (=). : (17) 
4 “Ny, 7° 


8.9.3° Third order aberration coefficients. Equation (17) is the aberration polynomial with a shifted chief 
ray and therefore a shifted entrance pupil. If this equation is compared with the sum. of Equations (6) and 
(8) ithas a similar form. In Equation (17) the original aberration coefficients =B, 2F, ZC, ZE 
and 2P have been replaced by linear combinations of these coefficients. Since the aberration polynomial 
has the same form it can be said that the third order coefficients have changed to new values. The new 
third order coefficients will be indicated with a superscript *. By comparing Equation (17) with Equations. - 
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(6) and (8) it follows that 


ZB = ZB, (18) 

ZF* = QEB+ =F, : ; (19) 

EC* = Q22B + 2QEF + ZC, : (20) 

SE* = Q2 2B + 3Q22F + Qz(3C + P&2) + UE, (21) 
and | 

ZPpe = EP. : (ata) 


8.9.4 First order aberration coefficients. Using Equation 6-(39), to complete the list of changes of the . 


aberration coefficients as one chief ray is changed, the chromatic coefficients then become 


a* = a, (22) 


and 


b* (23) 


8.9.5 Use of the stop shift equations. 


8.9.5.1 These equations, (18-23), are often called the stop shift equations. They are espe useful 

and will be referred to many times in later sections. They enable the designer to predict how the third 
order coefficients change with the choice of the chief ray. Again we see that any two paraxial rays traced 
through the lens are sufficient for all third order calculations on the system. If the oblique chief ray traced 
through the system turns out not to pass through the center of the new aperture stop, it is possible to use 
the stop shift formulae to compute the third order coefficients for the chief ray that 08 pass through. 


Qa+t+b. 


| 
| 
| 


8.9.5.2 The designer should note that Equation an uses the aperture variable Yj : As shown in Fig- 
ure 8.11, Yj is the height of a general ray above the new chief ray in the original entrance pupil. Tlie 
height of ‘this general ray above the chief ray in the new entrance pupil will not be Yj if the object is at 

a finite distance. In order to write the polynomial in terms of Y, one must accouit for the magnification 
between the original and the new entrance pupil. Now it should be noted that the polynomial involves the - 
ratio of Yj / yz, + It turns out that the corresponding ratio for the new entrance pupil has the same value. 
Therefore the aberration polynomial, Equation (17),can be used with Yj and y, as coordinates in the 
new entrance pupil. ' 


| 
8,10 THIN LENS ABERRATION THEORY 


8,10.1 Third order coefficients. It is possible to combine the two surface contributions of a thin lens in 
air and obtain simple expressions for the third order aberrations.: By assuming that the lens is thin, the 
values of y for the axial paraxial ray are the same on the two surfaces. If it is further assumed that the 
lens is the aperture stop ( and hence the entrance and exit pupils ); the oblique paraxial chief ray passes 
through the center of the thin lens at y = 0. The third order aberration coefficients of the thin lens 
are then : 





B = @ + ¢, + @ c,2 , : (24) 
F = By + By cy , | ‘ * (25) 
Cs eget, ae (26) 
E = 0, | (27) 
and 
P= - £. (28) 
; 
| 
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y = 0 atthe lens. If the value of 


B* 


Fe 


c* 


E* 


" 


| ay = ay 3 ay* = 
BF = Qa + & 
BE = Qa + 
Be = Qa, , 
ye Q? a, + 2Q 
ve = Q? GQ + 2Q 


rs = Q2 ag 


» 


and . 
at = Q% ag . 


5* = Q3 a, + 3Q2 


it = Q3 ay + 3Q? 


The constants of the new equations are: 


¥ 


ey 


By 
Bo, 


By 
By 
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is the index of the lens,and cz, 


8.10.2 Limitations; comparison with thick lens results. 
8.10.2.1 Equations (24) through (28) are valid for any thin lens in air at any position in a system provided 


is not zero it is necessary to calculate B*, F *, 


a,* + ak cy + a# cy? , 
Be + BF cy + BE cy? , 
Vf + Wy ey + Tye Cy? , 


2 
oe + Of cy + OF cy? . 


a5* 


> 


- 662 


The coefficients of these quadratic equations are as follows: 


= a 


> 


ge? 


- Q(3n + 1) a 


x 
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(30) 


(31) 


(32) 


(33) 


(34) 


by* u_yz\2 gn \2 son Ua 
ay =~ $2 [con .ay (St)? + (£2)? 0 - $8) Gey 22 J, coy 
4 
re = ME [anon (3) (88) woe J. 
a = - fy (n +2), 
_ $ey2 u-y  _ f $n 
By = = [ (an +1) yO (#5) n qe 
Bo = foe {n +1), 
@ = (tg) $ (from Equation 6-(24) ) , 
and 
@ = yuy -yuy = yu-yu, 


(35) 


Cc, 


(36) 
(37) 
(38) 
(39) 


(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 


(48) 


(49) 


DBK-!4] 


where u-., is the angle of the axial paraxial ray in air on the left hand side of the thinlens and u is 


the angle of this ray in air on the right hand side, n is the curvature of 


E *, ‘and 


P* from the stop shift equations (18) through(21a). With the proper substitution it can be shown that, 


MIL-HDBK-14] 


8.10.2.2 To illustrate the use of these equations a sample calculation for all the thin lens coefficients is pre- 
sented in Table 8.4. In this example, the calculations were made on the thin lens illustrated in Table 6.13. 
Table 8.2 shows the same lens system with thickness added. The thin lens equations were used with ; 

; r 


and 


8.10,2.3 Table 8.3 lists a comparison between the third order aberration coefficients calculated from the - 
thin lens equations and those calculated from the surface contributions of the thick lens. The differences 
‘between the coefficients is due to the thicknesses introduced in the sample shown in Table 8.2. Slight 


C1 


C1 


Cy 
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| 
0.253 for lens (a), 


al 


-0.200 for lens {b), 


= 0.050. for lens (c). 


differences are also due to the differences in cy. 


: | ae: : 
8.10.2. 4 In the following sections it will be demonstrated how the thin lens equations are used in the pre-' 


liminary design of a lens system. 


| 

| . 

| 

| 
| ‘ 
| 


Lens and Coefficient Thin Lens Formula | Thick Lens Formula 


-0, 0365 
0.0241 
-0.0647 
0. 1046 
0.1021 


















~0. 1124 


B 

Lens (b) F 

C, =-0.200 C 
E 
P 
B -0.0443 
‘FP 0.0136 
c -0.0290 
E ~0.0776 
P 






Table 8.3 - Comparison between third order aberrations calculated from 
thin lens equations and from individual surface contributions 
of a thick lens. : : 


i 
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Quantity 


Lens (a) 


‘2. 25000 
5. 06250 
~0. 51678 
~0. 09029 
-0. 12541 


0.04930 


1, 28989 
1. 66380 
0. 29456 
0. 15669 
0. 12468 


0.08555 


1. 56630 
2.45329 
-0. 27574 
~0.09942 
0.09612 


0.05428 





(4n44) 2-3 


gn 
= = (2n+1) 


ered 1.87075 1. [1.08650 | <0. 99817 | aceO- Beek? 


(2n+1)u_3/y 


0. 30246 


0 
0.15631 


~1. 83209 
0.94679 


-0..70000 


0.08778 
-0.32856 
~0. 53333 

0.17115 


-0, 83352 
0.98773 


-0. 18740 
0.61978 
~0,53212 
0. 19373 
0.42400 
0. 28380 


0, 21841 


0, 74911 
0.32739 


0.90964 


-0. 95926 


0.08182 


-2, 28981 


3.17771 
0, 26153 


-0. 92650 
1. 21430 
0. 03588 


0.32680 


-0. 06268 


0.03076 
0.31040 
0. 06686 


0, 08138 
0.03994 


0,00419 


-0.01899 
0.00379 


-0, 00026 


2.6200 
3.6200 


4. 2400 
5. 8600 
6. 8600 
10. 4800" 
0. 06223 
0,47576 


0, 02656 


0.36668 


+0. 17348 


0. 06060 


0.65213 


2.01721 
0.37641 


0. 26384 
0.77073 


0. 04872 
-0, 25183 


0. 50844 


0.01791 


-0.06045— 


0.50752 


-0.02040 
~0, 15878 
0, 25804 
0. 07001 
~0.14584 
~0. 13120 





Table 8,4 - Calculation of the thin lens coefficients 
for the thin lens shown in Table 6.13. 
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9 METHOD OF LENS DESIGN 
9,1 - THE PROCESS OF DESIGNING A LENS SYSTEM 
9.1.1 Introduction, The formulae used to design a lens system have now been presented. Ray trace 


equations were derived in Section 5. Their use in first order design and in aberration analysis were dis- 
cussed in Sections 6 and 8. In the present section a systematic method for the design of lens systems will 
be described, and this method will be illustrated with the design of a triplet flat field lens in Section 10. 


9.1.2 Approach. The design of a lens system at the present state of the art is an iterative procedure. 
Certain steps in the procedure are repeated until a satisfactory design is attained. In this sense, lens. 
design involves a trial and error procedure. At present (1962), direct methods of design, proceeding from 
the desired specifications to the specific lens, do not exist. The following steps are the basic elements. of 
the iterative procedure. a 


(1) Select a lens type. 
(2) Find a first order thin lens solution. 
(3) Find a third order thin lens solution. 


(4) Find a thick lens solution, and calculate first order and third 
order aberrations. 


(5) Trace a few selected meridional and skew fans. 


(6) Adjust third order coefficients to balance higher order. aberrations, 
and repeat steps 5 and 6 until the balance between third and higher 
order aberrations agrees with desired specifications, or at least 
is reasonable. 


(7) Trace additional fans of skew rays; make spot diagrams and 
calculate the energy distribution. : 


(8) Evaluate the image. 


(9) Return to a previous step and repeat the process until evaluation 
indicates desired performance. Which step to return to depends 
on the problem. The most usual procedure is to return to step 
(4), but often the designer must return to step (1). 


9.2 DESCRIPTION AND ANALYSIS OF THE BASIC PROCEDURE 


9.2.1 Step 1 - Selection of a lens type. ne 


9.2.1.1 In order to select the type of lens to be designed, the designer must first survey the complete 
lens problem. He attempts to equate it to one of the simple basic optical systems. He asks if this is a 
magnifier problem, a microscope, a telescope or a camera lens. After deciding upon the basic system, he 
then proceeds to make a layout using simple theory as illustrated in Section 7. This analysis thus gene- 
rates a possible arrangement picture of how the axial and oblique rays will pass through the system. ~ 


9.2.1.2 Suppose, for example, that the system to be designed is a telescope. Given the magnifying 
power, field of view and over-all instrument length, a designer may conclude that the telescope should 
consist of an objective, a prism erecting system and an eyepiece. From the preliminary analysis he con- 
cludes that the objective must work at f/ 3.5 and the eyepiece must cover a half field of 30° . Looking: 
over objective designs (for example, seé Section 11} he may then compute the field curvature for the system 
and conclude that he will use an objective like the one illustrated in Figure 11.7, and, since the eyepiece 
must cover a half field of 30° , an Erfle type appears to be a logical choice. Inspection of the eyepieces 
shown in Section 14 discloses that the Erfle is the simplest design. It represents a good starting point. 


9.2.1.3 Other factors may influence the designer's choice. Compatability with other systems, existing 
hardware, economics or delivery schedule are all valid considerations. Thus, unfortunately for the - 
beginner, this step in the procedure is difficult and requires the most experience. As the process pro- 
ceeds, the steps become more automatic and less dependent on experience. This means that the beginner 
finds it difficult to get started and it means that the designer instructing must say in effect at the beginning, 
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"Let us start with a lens of such and sucha type. Later I may be able to show you why I picked this parti- 
cular type of solution."" This approach to a problem does not appeal ‘to the analytic mind but at present there 
is no other way to approach the problem. It would be nice if one could work from the specifications of the 
image, back to the design required, but there are only very limited procedures which will enable one to esta- 
blish what lens type is needed for a particular problem. In Sections 10, 11, 12, 13, and 14 the perform- 
ance and limitations of several types of lenses will be described which it is hoped will hélp a beginner select 
the type of lens. 

9.2.1.4 The prime accomplishment of this step is the designer's decision to choose a Certain lens type to 
perform a specified function in the system. Thus a starting point is established from which computation and 
evaluation can proceed. This step, baffling as it is to the beginner, is really the most creative part of the 
design, and, as experience is gained, this is the part of the design that intrigues the designer and gives him 
a chance to exercise judgement, which is what humans usually enjoy. 

9.2.2 Step 2 - The first order thin lens solution. Once the lens type has been decided on, the next step 
is to solve the algebraic equations to determine the individual focal lengths and spacings of the elements. It. 
greatly simplifies the procedure to assume that the lenses are thin. At this stage of the problem, there are. 
usually conditions that must be satisfied in the passage of the axial paraxial ray, and the. oblique paraxial 
ray. The entrance and exit pupils may have to be located at special positions, and their sizes may be given, 
The focal length and back focal length may be specified. It is also necessary to adjust the axial and lateral 
color, and Petzval sum to appropriate values. The passage of the oblique chief ray has an effect on the 
distortion. For simple systems it often is possible to write down algebraic equations relating the parameters 
of the system (@, t, n) and the required conditions to be satisfied, but very often the algebra becomes so 
complex that graphical or linear approximations are required to find the solutions, The problem basically 
amounts to trying to solve a set of non-linear equations. Sometimes there are more equations than variables, 
in other instances the reverse may be true. One can spend a great deal of time on the algebra at this stage | 
of the design. Often, the most sensible procedure is to resort to a systematic trial and ‘ error solution. This 
method will be illustrated in Section 10.2 


9.2.3 Step 3 - The third order thin lens solution. By making the thin lens aberration coefficient calcu- 
lations illustrated in Table 8.4, it is possible to obtain sets of second degree algebraic equations relating 
the first curvatures of the lenses and the aberrations. Again, in simple systems these can sometimes be 
solved algebraically or graphically. As a matter of fact, if these equations cannot be solved algebraically . 
there is little justification for using the thin lens approximations, for one can as readily apply the trial and - 
error methods to thick lenses using the surface contribution calculations shown in Table 8.2. By properly 
choosing the position of the aperture stop it is possible to greatly simplify the equations. The following 
reasoning is used in the preliminary design. In the preliminary third order design the aberrations are 
usually all made equal to zero. Equations 8-(18) through 8-(21) show us, that if B, F, C, E and Pare 
all set to zero, then B*, F*, C*, and E* will all be zero. This tells us that the ‘ocation of the stop 
position has no effect on the aberrations. Then it is advisable to choose the chief ray to pass through the 
center of one of the lenses. By so doing, the aberrations:for this lens are given by Equations 8-(24) 
through 8-(28). This eliminates the calculation of E, the C is constant, and F varies linearly with 
c,- In practice, it helps to use this procedure even if small residual aberrations are to be left in the sys- 
tem, f 





' \ i 
9.2.4.1 During this step in the design,’ calculations of the type shown in Table 8.2 are ‘made to determine 
the first and third order aberrations of the lens with actual thicknesses. If the thin lens theory has been 
worked out completely, then values for the curvatures and the desired angles of the axial and oblique rays 

are known. Now, the procedure of introducing thicknesses changes all the first order and third order aberra- 
tions. The next problem is to modify the thick lens solution to carats the desired aberrations, 


9.2.4 Step4 - First and third order aberrations of a thick lens. 





9.2.4.2 Some designers have procedures for computing the positions of the principal planes of each indi--° 
vidual element. Then the thick lens system is set up so that the first curvatures of each of the lenses are 
the same as for each of the thin lenses, and the angles the axial ray makes with the axis is the same as for 
the thin lenses. Finally, the spaces between the lenses are adjusted to make the spacings between the image 
principal plane (Poa } and the next object principal plane (Pip ) of the thick lenses equal to the spacing 
between the thin lenses. 


9.2.4.3 The designer should not spend too much time trying to adjust the spacings in this way since there 
is no direct and easy way to set up a thick lens equivalent of the thin lens. The procedure just, described 
always fails to keep all the aberrations the same as for the thin lens; some changes in the power distribution 
are necessary. 
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9.2.4.4 If the designer is setting up for the first time a thick lens from thin lens data, there is really very 
little point in trying to make the thick lens aberrations exactly equal to the thin lens aberrations. The.reason 
for this is that until one has ray traced a design, and determined the magnitude of the higher order aberrations, 
it is not possible to tell just what third order aberrations are needed to balance out those of a higher order. 
Usually, a perfectly satisfactory way to set up a thick lens from thin lens data is to assume the positions of 

the principal planes, from a simple sketch of the lens, using curvatures from the thin lens solution and thick- 
nesses from 10. 4. 


9.2.4.5 A major problem in lens design is the problem of adjusting a thick lens to arrive at some definite 
third order aberrations. This can be done by a trial and error method if some information is known about 
how the aberrations vary with parameter changes. Sometimes the information in the form of curves for the 
thin lenses provides indications to the designer which help him decide how to adjust the thick lens to find.a = 
solution. ina 


9.2.4.6 The problem of adjusting a thick lens system resolves itself into the problem of solving.a set of « 
simultaneous equations. One can systematically change one parameter at a time and recalculate all the. ~ 
total aberrations of the new system. By finding the differences in the total aberrations due to the parameter, 
change, it is possible to compute the parameter differential for all the third and first order aberrations. 
This method will now be discussed in detail. : 


9.2.4.7 Since B, F, C, E, P, a, and b are functions of all the system parameters, it is possible to 


write 
i? Dorp aZBi aZB 











jek-1 

ar ="F 2), 201 + ae Aty + (=) any] , (2) 
ek-1 “ 

C= aC) acy BzC) at, azC\ An, 3) 

ee ds (al, “i * (5 ; 8 * Vand, OM] ) 
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2 ; axa ‘ Oza) » 4 | 228) 
Aza 24 era Acy. + az) At; + (2 ) An; +( rh, Av;| > (6) 


jek 
- azb _ azb _ , fazp azb : 
AZb Qa ie | aes + | z |, Aty + es An, ae |, ays] - 











9.2.4.8 In order to correct a finite thickness lens system to any desired third and first order aberra- 
tions, a designer must, in effect, solve this set of simultaneous equations. Now since B, F, C, E, P, 
a, and b donot change linearly with parameter changes, these equations will not, in general, pro- 
vide the correct changes, so the process must be repeated for a series of iterations. Without a large 
computer it was a hopelessly long procedure to systematically correct a system toa given set of third 
order values. Therefore, designers had to resort to other techniques: They did this by separating the 
problem into two parts. First, a solution was found which corrected a, b, and P, with some consid- 
eration given to E. Second, this solution was corrected for B, F, and C. : 


9.2.4.9 ‘The first step, correction of a, b, P, and E, was done by adjusting the focal lengths of 
the lenses and the spacings between the lenses. Sometimes different coefficients were found for the 
changes of a, b, and P, and simultaneous equations solved, but the index and dispersion of glass 
were usually not included because glasses are manufactured in finite steps. Usually designers resorted 
to a simple trial and error method of adjusting focal lengths, spaces, and glasses. It is surprising how 
rapidly an experienced designer can adjust variables and arrive at a solution without actually solving 
the above equations. : . 


9,2.4.10 The second step, correction of B, F, and C, was done by the technique called bending. 
Lens bending means changing the shape of a lens without affecting its focal length. Equation 6-(22) 
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gives the expreren for the power ¢ ofalens as (ci - Gg) (n-1). As longas c, - Cy remains 
constant, may take on any value without affecting ¢. If the lens is thin, then beiding does not change 
the angles of the axial and oblique paraxial rays after passage through the lens. If the lens is thick, keeping 
(c, - c,) constant is not quite the same thing as keeping the focal length fixed because ft depends on t 
as well as (c, - Cy ). Usually in bending thick lenses, it is advisable to solve for the second curvature so 
that the axial ray remains at a constant angle with the optical axis. Bending of a lens has no effect on a, 

b and P fora thin lens and a very small effect ina thick lens. The behding affects erinerly B, F, and 
c. i i 


9.2.4.11 Therefore, before the widespread use of computers, designers found gelatiens for given values of B, 
F, and C by setting up three simultaneous equations. Usually many of the possible degrees of freedom were 
not used, Experienced lens designers seldom actually solved the equations, but they would keep adjusting the 
lens by a trial and error method, In the lens designers' slang, the method for finding a solution is jiggle in 

or poke at it. It is amazing how successfully an experienced designer could jiggle in a design. This method 
appears to be anart. With experience a designer apparently develops a procedure analogous to solving these 
equations in his head, by developing a feel for the system. ‘ 


9.2,4,12 With the modern computer it is now feasible to find automatically a solution of Equations (1) 
through (7). In Section 10 several examples will be shown illustrating how this is done. Up to the present, 
the equations solved automatically by the computer have not included the terms with the glass type as a 
variable. Many problems have been solved using curvatures and thicknesses as variables, The automatic 
program does essentially the following: : 


(1) ~All the first and third order calculations are computed for an initial 
system. Call this system No. 1. 


(2) Each system parameter (c or t) is varied one at a time, and all 
the first and third order aberrations are calculated for each altered 
system, The designer may specify which curvatures and thicknesses 
to change. Each parameter is changed by 0. 01% of its initial value. 

| t 

(3) Differential coefficients are then computed for each variable and 

aberration. For example, 


(ew ~ Sola )j * Ac; 2 
and : 
(2B ew - 2B aaj a AZB,- 
Then : 
t 
‘es ts SUB 
. Ac; 
| 


| 
(4) When all the differential coefficients are’ known, the data for the 
seven equations (1) through (7) are known. The numbers on the 
left hand side of the equation are found by taking the difference 
between the aberrations in system No. 1 and the final target 
(desired) values for the aberrations. For example, 
ADB = (5B target ~ Z=B,) ete. 
i i i 
(5) ‘If there are seven variables in the optical system then there will be 
seven equations with seven unknowns. If there are more variables 
than equations then the set of equations cannot be uniquely solved. 
One technique is to impose the condition, that the sum of the squares 
of the changes in the parameters shall be a minimum. ' If there are 
fewer variables than equations then it is not possible to obtain an 
exact solution. In this case it is customary to solve for a least 
squares solution. This means a solution is found when the sum of 
the squares of the differences between the final aberrations and 
their target values is a minimum. 
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(6) If the aberrations changed linearly with parameter changes, the 
target values for the aberrations would be found in one step. How- 
ever the changes are not usually linear, so the process has to be 
repeated several times. If the target values for the aberrations 
are far removed from the initial values, there is the real possi- 
bility that this inherently simple procedure will not converge toa 
solution. Knowledge of the regions of solution is an invaluable 
aid in helping to select the initial values for system No. 1. 


9.2.5 Step 5 - Tracing a few selected meridional and skew fans. 





9.2.5.1 After the third order solution is found, the next step is to trace a few selected rays to evaluate the 
effects of higher order aberrations, The number of rays to trace depends on tne stage of the design. : nthe © 
first ray trace of a new system, only a small number of rays need be traced, but as the design procee ds; 
additional rays may be necessary for added refinement. goes 


9.2.5.2 One suggested plan for the ray tracing of a design is as follows: 
(1) The 0° image. In D light trace three rays at Y,= (Yy)iax. * 
Ep ST) ie, oe YE Se Dae. 


where (Y,) jay, is the radius of the entrance pupil. Trace the 
same rays in f and C light. 


(2) ‘If the object is at infinity, trace three meridional fans of rays at 
angles corresponding to L, = (L. » Lo = 0.7 (L,) 
and Lo = 0.5 (Lo) max. + If the object is at a finite distance, 
trace the rays from three object points Yo_=(Yo nay, 2 - 
Yo = 0.7 (Yo) max. and Yo = 0.5 (Yo)may + For each 
obliquity, trace at least five meridional rays to enter the entrance 
pupil at uniform intervals ranging from Y, = (y, Vesa to , 
Y= -(Y, brass: . 


(3) For each obliquity, “trace three skew rays with coordinates in the 
entrance pupil as follows: 


(%1) max. , Y= 0 (X1) max. = (1) max. 
0.7 (X_) yy, =0 since the entrance 
Ame 1 pupil is assumed 
0.5 (X1) max., Y, = 0 to be a circle. 
(4) Repeat steps 2and 3 for F and C light. 


9.2.5.3 The data from the ray tracing may be plotted as illustrated in Figure 8.5, and Figures 8.7 
through 8.10. In practice, this data is plotted on a single diagram usually leaving out the plots shown in 
Figures 8, 8b and 8.9. A plot of this type is shown in Figure 9.1. In making these plots, it is advisable 
to use the same scale for all the plots of Y, and X,. At first it might appear that lenses of different 
focal lengths should be plotted using different scales. Actually, for most applications, the scale shown in 
Figure 9. 1 represents the size of images used most frequently. Therefore, it simplifies plotting and helps 
one to assess rapidly a lens if these plots are made on this standard scale. Notice that 0.01 division on 
the vertical scale corresponds to 1 cm. (But this has been reduced to 0,86 cm in reproduction.) If the 
lens is calculated in centimeters, then 1 cm on the vertical scale of the graph corresponds to 100 microns. 
If the lens is calculated in inches, the 0.01 division should be replaced by 0.004, so that again 1 cm indi- . 
cates a 100 micron image. If it turns out that the aberrations are so large they cannot be plotted on this 
scale, they are so large that they probably are not worth plotting. 


9.2.6 Step 6 - Adjusting third order aberrations, Usually one attempts to make the curves in Figure 9.1 as 
flat as possible. In a perfect lens the curves would be horizontal straight lines. In most cases this can 

not be achieved, even to practical limits. The usual curves look more like the ones shown in Figure 9-1. 
Take for example the curves shown for the image point at 1.76. The meridional rays are focused with- 

ina strip 0,012 wide. The skew rays are confined within a strip 0.016 wide. One can say with fair © 
assurance that the complete image is confined to an area 0.012 by 0.016. Since the meridional ray plot 
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Figure 9.1- Sample plot of selected ray trace data. 
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shows a region where the curve is flat and horizontal, one would expect to get some concentration of energy 
towards the center of the spot. When one begins adjusting a design it is usually possible to tell from these 
curves what is needed to improve the energy concentration. For example, the basic difficulty with the 
design represented by Figure 9.1 is that the Petzval sum is too negative. This is the reason the skew curves 
are go far from the horizontal. “One can ‘also see that the image af a height of 3. 64 will be poor because of 
the over-corrected spherical aberration in the upper meridional rays. These defects might suggest to the 
designer that he should try to find a solution with less negative Petzval curvature and introduce more nega- 
tive third order spherical aberration. If so he would then return to Step 4 in paragraph 9. 2.4 and solve for 
new third order aberrations, and repeat Step 5. Several alternate solutions may therefore evolve, but 
eventually it will be necessary to evaluate the energy concentration by proceeding to Step 7. ° oy 


9.2.7 Step 7 - Calculation of spot diagrams and energy distributions, The energy distribution curves 
should be computed as described on page 8,1. Usually it is advisable to compute the energy distribution 
curves for a field point on the axis, for one half-way out in the field and for one at the edge of the field. 


Strictly speaking, one should also compute curves for two or three wavelengths, but this takes a great. 
deal of computing and usually is not necessary for the average problem, 





9.2.8 Step 8 - Image evaluation. 


9.2.8.1 Once the designer has computed the energy distributions in several images in the field he is able 
to compare these with the design requirements. Seldom can one achieve the required results in the first 
system analyzed. The designer must then decide whether to continue with this design or to shift over to 
another type of lens. If he shifts over to another lens type he may then return to Step 1. If he decides to 
stick with the present lens type, he must decide whether to continue trying to meet the original specifica- 
tions or whether to seek to modify the specifications and provide an alternative compromise solution. Usually 
the modern design problems end up with a give and take solution. The designer must therefore completely 
understand how the lens will perform, and be able to show what can be achieved by making variations in the 
original specifications. This means he may have to carry several designs up to the energy distribution 
curves in Step 7 in order to make a wise decision. It is imperative therefore that he devise ways to quickly 
evaluate the design. 


9.2.8.2 The energy distribution curves of Step 7 may be used to check the image quality. This is a satis- 
factory method for many optical systems, but if the image quality is high one must consider the calculation of 
diffraction effects. As a general rule, one does not need to worry about diffraction effects if the wavefront 
departs from a perfect sphere by more than two to five wavelengths. (A method of computing this departure 
from ray trace data is described by H. H. Hopkins.*) There are several criteria one can apply to gauge_ 

the influence of diffraction, but this is a subject in itself. (See Sections 16, 25, 26.) However, a designer. 
should be familiar with the wavefront tolerances suggested by Conrady. ** 


9.2.8.3 One must remember that it is impossible to concentrate the energy in an image into a smaller 
spot size than predicted by diffraction. In Figure 9.2 a plot of energy distribution is shown for a perfect . 
lens. The abscissa Z is the following: 

n Yea 


hg 
where 


is the radius of the exit pupil 
is the diameter of the image spot 
is the wave length of light 


is the distance from the éxit pupil to the image plane which is located 
at the perfect focus , , . 


~ Oo 


a 


The first dark ring occurs at a value of Z equalto 3.83. This has a spot diameter 


Y Yo 


a = (2:88) (4—) = 122 2 

bi e 

«H. H. Hopkins, Wave Theory of Aberrations (Oxford University Press, 
London, 1950) pp. 21-23. 

**A, EB. Conrady, Applied Optics and Optical Design, Part 1 (Oxford 
University Press, New York, 1943) pp. 126-141. See also Part I, 
2nd ed. (Dover, New York, 1957) pp. 126-141, and Part 1 (Dover, 
1960) pp. 626-639. 
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It is always a good idea to plot this curve on the same graph with the energy distribution curves computed 
for the actual lens. If the geometrical energy distribution curves lie to the left of the diffraction curve one 
knows that the light will not concentrate as well as the geometrical distribution curves indicate. The actual 
distribution curve will be inclined to follow the diffraction curve. Quite often the geometrical energy dis- 
tribution curve will cross the diffraction image curve as shown in Figure 9.3 One can then estimate the 
energy concentration by using the formula i : 

Zea py Yths zp - | 


Where 2” geometrical spot diameter 


i 
Zp” diffraction spot diameter of a perfect aperture 
Il 


Zqup ~ estimated spot diameter. 


100 
i ‘irst dark ri 
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10 





Figure 9,2 - Energy distribution for a perfect lens. 


i 
} 


9.2.8.4 Some designers object to the energy distribution method for image evaluation because it does not 
take into account the orientation of the energy distribution. For example, if there is astigmatism the ener, ey 
will be concentrated ina line image. The fact that the image of a point is a line might actually be favorable 
in some types of optical systems. For example, if the image is scanned by a slit one could certainly use 
this to advantage. For most optical systems however the circular energy distribution curves are adequate. 
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‘Geometrical 


‘Estimated Actual Image: 


Percent Energy. 





Figure 9.3 - Energy distribution curves, 


9,2.8.5 The most modern méthod for evaluating images is to compute the optical transfer function (often , 
called the sine wave frequency response) for the image. This can be done by performing a Fourier 


transform of the energy distribution in the image of a point source or a line source. Figure 9.4 shows a 
series of energy distribution curves. Figure 9.5 shows the corresponding modulation transfer curves, 
The modulation transfer function is the modulus of the complex optical transfer function. In Figure 9.4 
all the curves are normalized to a maximum spot diameter of 10 mm. In Figure 9.5 the frequency is 
given in lines/mm,. These spot diameters may of course be scaled to any other size. For example, 
suppose the maximum spot diameter is 1004. Then the frequency scale should be multiplied by 100. 

One can multiply the modulation transfer function of a lens by the function for a detector to obtain the 
overall function for the entire optical system. Finally one can estimate the cutoff frequency at some 
particular response. A review of this approved image evaluation method may be found in Sections 26. 2, 
26.3 and 26,4, and in the article by Perrin ("Methods of Appraising Photographic ee aeESs "J. Soc. 
Motion Picture and Television Eng., 69, 151-156, 239-249 (3960). 


9.2.8.6 The probtem of image evatuation is so involved that actually a designer is always forced to refer 
to some system which is known. Before attempting to.improve a new system, a designer should try to do 
the following: 


(1) Find out what systems have already been designed for conditions as nearly 
identical as possible with those specifying the new system. 

(2) Evaluate the energy distribution of the nearest equivalent system. 

(3) | Compare the energy distribution in the new design with that of the closest 
equivalent to determine if improvement has been made. 
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Figure 9.4 - A series of energy distribution curves. 
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9.3 SUMMARY OF EQUATIONS USED IN THE CALCULATION OF THIRD ORDER ABERRATIONS 


9.3.1 Paraxial ray trace equations. 
= t n u 
yay + uf ng So) 
nu=n.y uy +y (my -n) c¢ 


Alternate equations, 





yuyy tty uy 
= , (B= 1 
usuy til - 
isye+u, 
=F (wu) -y (oe) = FO, u_,) -y (ny U4) 
9.3.2 Chromatic contribution formulae. 
dn. 
coma (® = BA) 
a dn 
iw eee (= : 2+) 
-1 n ny 
9.3.3 Third order surface contributions. 


S = yn (= -1) (u +i). 


-1 
= a. ) z40 
yay ( at (a +i 
.2 





BS = 

B= Si 

F=Sii 

c = si? 

E=Bii+6 (v2, - U2) 
cf, - n} 

Pe n_. n 

For an aspheric surface with a fourth order coefficient of e, 

B=8 @_, -a) ey* 

F = By/y 

c =B (3/yP 
= 3 

E = B (y/y) 

9.3.4 Stop shift equations. 
SBF = 2B 


EF* = QUB + =F 
Ct = @ 5B + 2QDF + ZC 


TEX = Q? 5B + 30Q7Z=F + QEU(3C + PS”) + ZE 


ZPpr= ZP 
at =a 
be = Qa +b 
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5-(56) 


5-57) 


5-(56) 
6-3) 
8(4) + 

7 -6-(6) 


"-6-(34) 


6-(35) 


8-(5) 


8-(13) 
_ footnote 


 8-(4) 
", B-(11) 
8-(12). 
“8-(13) 


8-(14) 


8-(4a) 

- 8-(L1a) 
8-(12a) 
8-(13a) - 


8-(18) 
8-(19) 
_ 8-(20) 


8-(21) 
8-(21a) 
8-(22) 
8-(23) 
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10 AN APPLICATION OF THE METHOD OF LENS DESIGN 
10.1 STEP ONE - SELECTING THE LENS TYPE 


10.1.1 The Taylor triplet. In order to illustrate the procedure described in Section 9, we shall now work 
through the design of a particular type of lens. The lens selected for illustration is the famous triplet, often 
referred to as the Taylor triplet. It is named after H. Dennis Taylor who first described how he was able to- 
correct astigmatism and field curvature by using three air spaced lenses. His system consisted of-a negative 
lens between two positive lenses. 


10.1.2 Reasons for selection. The triplet lens system is a fundamental type, for there are enough degrees 
of freedom to specify the first order properties and to control all the first and third order aberrations. First 
order properties includes the focal length and the optical invariant. First order aberrations are axial and 
lateral color, and Petzval curvature. Third order aberrations are spherical aberration, coma, astigmatism, 
and distortion. This lens illustrates most of the problems encountered in the design of any optical system}. 
many of the other types of lenses are merely derivatives of the basic triplet. .The triplet has been.uged ex- 
tensively ‘in optics; there are probably more such objectives used in photographic instruments than any other 
type of lens. In describing this design procedure it is hoped that the logical design of an objective can be 
illustrated; at the same time it will be shown how exceedingly involved the design of a lens can become if it 
is necessary to arrive at an optimum solution. . 


10.1.3 Arrangement and notation, The lens arrangement for the trinlet objective is shown in Figure 10.1. 
with the notation to be used in the following discussion. The lens is to work with an object at infinity and have 
a focal length of 10. It will be color corrected for F and C light. The individual lenses are shown as thick 
Jenses but in the first stages of the design these lenses are assumed to be thin. By selecting this type of lens 
(the Taylor triplet), step 1 in the design procedure has been completed. The application of the method of de- 
sign will therefore continue with step 2. : 


LENS (a) (b) (c) 

TOTAL “ 2 <3 
CURVATURE “2 b fo ‘, =0 
" CURVATURE 









THICKNESS 


ENTRANCE 


NUMBER Ya ¥b Ye EXIT PUPIL 


PUPIL 


Figure 20.1- A triplet objective used to illustrate design procedure. 
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10.2 STEP TWO - THE FIRST ORDER THIN LENS SOLUTION 


10.2.1 Power and spacing. 


i ! : 
10,2.1.1 The first problem is to decide on the power and Spacing of the elements. This, is a lens system 
composed of three thin elements; therefore we immediately set up a thin lens table of the type shown in Table 
6.14, and start to fill in the known quantities as shown in Table 10.1. At this stage nothing is known about 
the design, except that the object is to be at infinity (ug = 0) and the focal length should be 10. Since 


Yi may have any value, we choose 1 for convenience. From Equation 6-(13) if f’ = 10 and y, = 1 


then Uy.y = 0. 1. The computing table appears now as shown in Table 10. 2. 


Entrance | Lens (a) Lens (b) ] | Lens (c) Focal + 
SURFACE Pupil Plane 
1 2,3 4,5 : 6,7 k 





bet. 
10.2,.1.2 In order to specify the lateral color for F and C light, the conditions given in Equation 6- (41) 
must be fulfilled. Thus, : 


i i 


1 = Le = 
Tchp_c Sa [ Ze Ya LA a %p Yb $y 4 Ye Ye Pe ] 
k-1 Uk-2 Va p VE 
If Tchy_¢ is to be zero, then 
Yo Ya fo , Jp Yn % , Ya Ye Me = og, 
. Va Yb Ve 
10-2 
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If we assume the condition that the chief ray shall pass through the center of lens (b) (not as shown in 
Figure 10.1), then y, = 0, and 


Be 2 ie Sey 3 
Va Ve 
Equation 6-(24) shows that ina thin lens y @ = (u., - u), which is the angular deviation that the axial 
ray experiences as it passes through the lens. If R is defined as 
p= Jato | 
Ve %, 


the condition for zero lateral color is then. 


Ja Bo ee Bae 
Ve R ve 
Since the chief ray passes through the center of the thin negative (b) lens, it is undeviated. Therefore 
Vp by = 0, and (a, - a), = Wy ~ us = 0. Then 2 ‘ 
Ags 3S Mw. Live 
ts Ve R %, 


10.2.1.3 Upto this point, no decision has had to be made with respect to the type of glass. At this point it 
is necessary to decide on v / vos Any ratio may be used, but up until the present no one has been able . 
to prove any advantage to a ratio other than 1. If the same glass is used for both lens (a) and lens (c), then 
Va /ve = 1. This choice has the practical advantage that the lens maker does not have to worry about two 
different glasses for the positive lenses. (Any designer who uses two elements that look alike but are of 
slightly different index and/or dispersion can fully expect to find the elements switched in the prototype’ ) 
With no positive evidence indicating that vg / Ye needs to be other than 1, the design will proceed with 
glass (a) and glass (c) the same. Then it follows that : a 


1 
ts = R ts - 


10.2.1.4 Next, it is necessary to choose a value of R. Sucha value may be selected for any number of 
reasons. For each value of R there are many solutions (designs). In the following study an aitempt will 
be made to show how the choice of R affects the design, but in order to proceed with the numerical example 
it is necessary to assume a value of R. Later (Paragraph 10. 3.2.3) it will be shown that R should be 
near 1. This means that the (a) lens will bend the axial ray through the same angle as does the (c) lens. It 
follows then, that if a value can be assignedto ug , the angle the axial ray makes with the axis after 
emerging from the (a) lens, then the angle .u; is determined. (This means if Us is assigned, then all 
the angles the axial ray makes with the axis are known). For example, if ug is made -0.20, then it 
follows immediately that u, = 0.10 because u,, = Uy = -0. 1. 


10.2.1.5 The computing table may now be filled out as shown in Table 10.3. It is still not possible to com- 
pute ¢,, %p, %¢, and complete the table. At this point it is necessary to make another guess. Let the 
guess be that the space tg willbe 1; then ts must also be 1. Now the system is completed and a, 3 
%p, and %_ are determined using Equations 6-(23) and 6-(24). The values are shown in Table 10.4, 
which is filled out completely. To trace the chief ray any angle may be assumed for it while it passes through 
the (b) lens. Inthe example, up, = 0.5 was used. 


10.2.2 Glass types. 


10.2.2.1 So far the only decision on glass is that (a) = (b). Now we must specify the type of glass to use 
for (a) and (c), and for (b). The glass types are chosen now in order to specify both axial color and Petzval 
curvature. When the glasses are chosen, TAch_ is calculated by Equation 6-(40). This calculation is 
illustrated in Table 6.13. The Petzvalsum, 2P, may be calculated for each lens from Equation 8~(28) 
and summed for the (a), (b), and (c) lenses. 


.10.2.2.2 The choice of glass is a critical part of the design of atriplet. It is hoped that this will be demon- 


strated in the following study, but in order to show this, the glasses will be picked from experience. The 
following glasses will be used: : 


10-3 





rom Pp: a a 





MIL-HDBK-I41 AN APPLICATION OF THE METHOD OF LENS DESIGN 
t 
np v 
Lens (a) 1.620 60.3 
Lens (b) 1.617 36.6 
Lens (c) 1,620 60.3 





Table 10. 3- Computing table 3-quantities for zero lateral color, y, /y,=1, and R=1, added, 





Ff = 10 


Table 10.4- Computing table 4 - - assignment of quantities completed. 


I 


I 
10.2.2.3 With this glass type data it is now possible to compute TiAch and 2P. The calculations for 
the sample are included in Table 10.5. 


10.2,2.4 The values of TAch and =P are plotted in Figure 10.2. The dot with a surrounding square, 

© , indicates where the solution shouldbe for TAch = 0 and ZP = -0.03. At this point it will 
be necessary to merely accept the fact that ZP is set at -0.03. (A negative value of =P indicates a 
negative value for the Petzval curvature. In the case of the triplet example here considered, the field is 
concave toward the lens and is referred to as an inward curving field.) The next step is to assume a new 
value of tg . For example, suppose we pick a value of 1,25, and repeat the process to arrive at a new 
value for TAch and %P. This point is also plotted in Figure 10.2. Next, set ug = 0.18 and re- 
peat the process with tg = 1.0 and 1.25. The procedure for finding the values of u, and. t 
which will provide a solution follows obviously. With a small amount of practice one can box in.a design in 
this manner in very short order. This is an iterative procedure which can also be programmed for auto- 
matic correction on a computer. The graphs obtained in this manner are extremely useful for visualizing 
how to readjust the angles in the lens after the thickness has been added (step 4). 
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~0 00332 0. 00656: Da= 0.00026 


0, 12346- 0. 23191 0.13717 | DP= -0, 02872 





TAch = 0.0026 


Table 10.5 -Computing table 5 - calculation of TAch and ZP . 


10.2.2.5 This boxing in procedure is recommended for the preliminary set-up using thin lenses in design- 
ing a triplet. The procedure works equally well for more complicated lenses, and it provides the designer’ 
a graphical picture of how the variables affect the system. For those who prefer to manipulate algebraic 
equations a procedure similar to the above can be worked out to provide equations to be solved.. Existing 
literature is adequately filled with methods of this type. A few of the well known papers are: : 

(1) Berek, M., Grundlagen der Praktischen Optik, Berlin, 123-130, (1930). 

(2) Stephens, R. E. J. Opt. Soc. Am. 38, 1032 — 1039, (1948). 

(3) Lessing, N., J. Opt. Soc. Am. 48, 558-562 (1958). 

(4) Cruikshank, F. D. Rev. D' Optik 35, 292-299 , (1956). 

(5) Cruikshank, F. D. Australian J. Physics 11, 41-54, (1958). 
A series of solutions for triplets with different types of glass has been worked out. The significant data 
for these systems are included in Table 10.6, sheets 1, Zand 3. The glasses used in this study are shown 
plotted in Figure 10.3 on an np versus v plot, which is used extensively by lens designers. The num- 
bers alongside each point indicate the system number. The table includes caleulationsfor R = 1, 0.5 
and 2. One solution was calculated, for each set of glasses, using a target value of 2P = -0.03. Notice 
that there are examples where (vg - p ) is constant but (n, - mp ) changes. 
10.2.3 Summary of thin lens first order study contained in Table 10.6. 

() As vy - ¥p, is increased, the system length, T, always increases. 

(2) R = 1 systems are always shorter than systems with R = 2.0 or R = 0.5. 

(3) Changing 2P from -0.03 to -0.02 shortens the system. 


(4) Changing the index of the crown and flint elements, while maintaining the vy 
difference, has little effect on the overall length T. 


(5) As one would expect, the higher the index of the positive elements, the lower the 
power of all the elements. 


(6) Solutionsfor R = 2 and R = 0.5 are essentially inverted solutions. 


ts and ts are almost exactly interchanged. Also, %, is changed by 
the ratio of 1/R. 
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| 
| 
| 
| 
| 


aandc lenses 620603 
blens 617366 
R= 1,0 








TAch 


Solution 


Solutio: 


Ug = -0. 185 
tg = 1.173 


' i 
Figure 10. 2- Diagram used to find a thin lens first order solution, : 
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10.3 STEP THREE - THE THIRD ORDER THIN LENS SOLUTION 
10.3.1 Evaluation of third order coefficients. 


10,3.1,1 With the thin lens first order equations worked out sothat ¢, , 9p, %¢ , tg and ts, are 
known, it is now possible to evaluate the coefficients in Equations 8-(36) through 8-(39) for each lens. In 
order to simplify the equations, the chief ray is again chosen to pass through the center of the (b) lens. 
Then the problem is to solve the following equations: 


BY + B, + Bt = ZB = 0 “@) 
FA + Fi, + FA = EF = 0 (2) 
ce + C, + CH = Be = - t ape (3) 
Ef + 0 + BK = SE = 0 @ 


10.3.1.2 The value of ZC was not set equaltozero because 2P is not zero. Instead the value - 
ZC is chosento make t,,7 = 0, as it is defined in Equation 8-(9). For these equations, 


BE = af + a§ cy + af c,? ” 
B, = @ + G C4 + @ €,2 Note: The @'s are : (6) 
BE = @§ + @% cg + at c,2 different for each lens. (7). 
FE = BE + BE Cy + BE cy? (8) 
Fp = By + Bo cg The §'s are different (9) 
FR = BE + BE cg + BE C62 for each lens. (10) 
CE = vE + y& cg + ¥§ c4? 7 ay 
Ch = - o 2 The y's are different (12) 
CE = yE + ve cg + v¥ cg? - for each lens. (13) 
Ef = 5% + 55 co + 8% cy? (14) 
E, = 0 ; The 5's are different (15) 
* = OF O* 6* 2 
Ee i + SF ce, + OF oc, for each lens. (16) 


This appears like a rather formidable array of equations to solve. But the problem can be tackled by a com- 
bination of algebraic and graphical solutions, and enough common sense to realize that there really is little 
point in trying to find an exact solution for thin lenses anyway. Any solution for thin lenses will be changéd 
as soon as thicknesses are added. 


10.3.1.3 The problem is approached by noting that the astigmatism of the (b) lens, C, , is constant and 
does not depend on the bending of the lens. This means that Equation (3) in this section can be written in two + 
variables, Cy and cg - By using ce, asa free variable, and choosing a numerical value of 6 » Cg 
may be found by solving a quadratic equation. If there are two real solutions one must choose between the 
positive or negative sign before the square root. In all the work to follow, the positive sign has beentaken _ 
for the solution. The solutions provided by the negative root are not promising optical systems, because the 
lens surfaces have too high a curvature. 


10.3.1.4 With ec, and ec, determined, Equation (2) becomes a linear equation which can be solved for 
a single value of c, . Now Cy , C, , Cg are determined, so Equations (1) and (4) determine 2B 
and 2ZE. This procedure may then be repeated for several values of fo - The values of 2B and ZE 
should then be plotted on a graph with Cc») as the abscissa. A plot of this type is illustrated in Figure 10.4. 


The ordinates of this graph are 2B/2 ( Dyy Uys ) = 3¥, and ZE/2% = -F.D., which are the 
actual transverse third order spherical aberration and the fractional distortion. The thin lens coefficients 
were compitedusing y, = 1 and u, = 0,3. Therefore, the graph in Figure 10.4 shows the spheri- 


cal aberration and fractional distortion for an f/5 system with an image height of 3.0. The graphs in 
Figure 10.4 show that there are two solutions where the spherical aberration is zero, while the fractional 
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distortion is positive for one and negative at the other. The solution with the smaller value of cg has the 


. least amount of distortion. 


10.3.1.5 Curves of the type shown in Figure 10.4 have been worked out for all the systems included in sheets 
1, 2, and 3 of Table 10.6. An attempt to summarize the data is included in Table 10.6, sheets 4and 5. In 
nearly every case, the curve for spherical aberration can be represented by a parabola, while the distortion 
curve can be approximated by a straight line. The data in Table 10.6, sheets 4 and 5, give the information 
defining the constants of'the parabola and the slope of the straight line. For practical purposes, all the para- 
bolas and straight lines can be fitted to the same constants. Therefore, 


2 


Me = 72-0 (e, + 


“4 vertex ) 3° k vertex * 


In the tables, Co» Cy, and cg are given for the vertex of the ‘parabola. Therefore one can calculate ° 
Cog , C4 , and cg for any desired 3¥, from the above equation. Using example 16A in Table 10. 6, 


sheet 5, the values for Cos C4; and Cg for ok = 0 are given by 
0 = -2.0 (ce, -0.3380)” + 0.016, ec, = 0.249 
and .427 
0 = -2.0 (ec, +0.2057)" + 0.016, c, = ~-0.295 
and ~.116 
0 = -2.0 (eg -0.0780)” + 0.016, ¢, = -0.011 
Sand =. 167 
10.3.2 Analysis of the data. 
10.3.2.1 Notice that the £3 values for = 0, calculated above, do not agree with the data in 
Figure 10.4, where cop 0. 262 and 0. ai This is because the equation of the parabola has been 


simplified to meet all the cases. The slight discrepancy is of little concern at this step of the design, for 
introducing the thicknesses will change conditions anyway. These figures, therefore, give adequate starting - 
data for the next step of the design. However, before proceeding, the following features of the data in Table 
10.6, sheets 4 and 5, should be observed. 


(1) Changing the value of R_ from 1 to 2.0, or from 1 to 0.5, has the effect 
of moving the parabola downward, with a horizontal vertex shift towards 
increased cg valuesfor R = 2.0, and toward decreased fy values 
for R = 0.5. 


(2) Changing R from 1.0 to 2.0, or from 1 to 0.5, has the effect of moving 
the F.D. versus cg curves upwardfor R = 2.0, and downward for 
R = 0.5 with no appreciable change in slope. 


(3) Decreasing =P from -0.03 to -0.02 has the effect of moving the parabolas 
upward, with little effect on the F.D. curves. 


10.3.2.2 The 3Y,; and F.D. curves for the same solution for values of R = 2 and0.5, are shown 
in Figure 10.5, At some value of R (about R = 0.80), the distortion curve and the spherical aberra- 
tion parabola will intersect each.other at 0.0 fora cy, value around 0.27. Foran R about 1.5, the curves 
cross again at 0.0 fora value of cy = 0.35. This means that if R is variable, there are two solutions 
corrected for both spherical aberration and distortion. Since 2P, ZC, and ZF are specified for all the 
curves, these two solutions are then completely corrected to the desired third order aberrations. The solu- 
tion with the smaller value of c, will be referred to as the left hand triplet solution, while the other solu- 
tion will be called the right hand solution. 


10.3.2.3 If glasses with larger Av are used, the parabolas are lowered and the two solutions approach 
each other on the cz _ plot, the final single solutions tend towards a value of R slightly greater than 1.0. 
The indices of the elements seem to have only a secondary effect on the design while the Av difference 
has a very significant effect. 


10.3.3 Ray trace analysis. The designer cannot be sure from the thin lens data how to choose from all the 
possible choices of glass. There are a very large number of triplets for which the third order distortion 
and spherical aberration are zero; and the number, of course, is unlimited if distortion residuals are 
allowed. The only way to really check on the advantage of one design over another is to ray trace the vari- 
ous possibilities. One instinctively feels, however, that if the left hand and right hand solutions can be made 
to come together that this design will be a good solution. Under this condition the spherical aberration para- 
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bola and the distortion curve intersect at the maximum of the parabola. Therefore the solution will be some- 
what insensitive to changes in curvature, and consequently should be less sensitive to errors in manufacture. 
Later work on ray trace results will also substantiate that these solutions are preferred to others. 


10.3.4 Summary of thin lens design for a triplet objective. 


(1). There are two main solutions for B = F = E = 0 and C= - ; Pé?, 
One solution is called the left hand solution, (R < 1). The 
other is the right hand solution, (R > 1). 


(2) These solutions are brought together to form a single solution, by increasing 
the Av between the positive elements and the negative element. The R 
values also converge to a value slightly greater than 1. It is believed that 
this provides a near optimum solution. 


(3) Ifthe Av is made too large, there is no solution. 


(4) Ifthe value of 2P is made more positive, the two solutions (if they exist) 
separate, and in order to bring them together again, the Ay must be made 
greater. 


10.4 STEP FOUR - THE THICK LENS FIRST ORDER AND THIRD ORDER ABERRATIONS 
10.4.1 Lens thickness. 


10.4.1.1 Introducing the proper thicknesses in a lens system is also a problem. One has to be sure the 
positive lenses are of large enough aperture to pass the necessary rays, and the negative lenses have to be 
made thick enough to resist warping during manufacture. The thickness of the negative lenses can be usu- 
ally assigned quite easily by adopting the rule that a negative lens should not be thinner than 1/10 its di- 
ameter. This usually provides a lens with sufficient strength. In special cases thinner lenses can be made 
if there is a real need for it; hence this rule is merely a guide. . : 


10.4.1.2 The positive lens thickness is more difficult to ascertain because it depends on the system. . It is 
necessary that the system be almost completely designed before deciding on the diameters of the positive 
lenses. The designer usually vignettes the oblique beams by cutting the clear aperture of some of the posi- 
tive lenses. He seldom makes the positive elements with clear apertures large enough to pass the complete 
oblique beams. Drawings of the lens with pictures of the rays passing through it are very useful in visu- 
alizing the thickness required. After the clear apertures of a lens are determined it is still necessary for 
the diameter to be somewhat larger in order to take care of the edge thickness and mounting rims. When 
the maximum diameter is known, the thickness is calculated using the thin lens curvatures. 


10.4.1.3 Rules for the increased diameter needed to mount the lens vary from shop to shop; thus the prob- 
lem of lens mounting is a subject in itself and will not be treated here.’ A designer will have to learn these 
things through experience, although a shop practice manual may help. The designer must remember, how- 
ever, that shop people have a natural tendency to resist doing things differently. A designer can miss some 
good designs if he lets shop people talk him out of a very thin lens, or a glass that is difficult to handle. - 
Formerly designers also had a tendency to resist chatige, insisting on sticking with their design simply be- 
cause it was so difficult to recalculate. Today, with modern computing machines, there is no excuse for 
this. It is now very inexpensive to redesign a system completely just to provide a bit more thickness if it 
is required by the shop people. There are, however, times when the designer needs a thin element for the 
reduction of weight or to fit into a tight spot, or an expensive hard-to-handle glass may be required to opti~ 
mize the design. The designer today can back up his design with proof, so he should be able to violate some 
shop rules. : 


10,4.1.4 In order to proceed with the thick lens system, the problem of assignment of thickness will not be 
discussed further. For the present example thicknesses will be inserted without further explanation. 


10.4.1.5 The thin lens first order study of the triplet was started using the glasses 620603 for the crowns, 
and 617366 for the flint, System No. 16. The thin lens third order study shows that the spherical aberration 
parabola for these glasses extends far above the zero axis. The two solutions are therefore widely separa- 
ted. For this reason, it appears that the parabola should probably be lowered. This can be done by choosing 
a flint with a lower v value. The thick lens set-up is, therefore, System No. 17 in Table 10.6, sheet 2, 
with 621362 glass for the negative lens. Using the data froni Table 10.6, sheet 5, and the parabolic equation, 
it is possible to compute the first curvatures for the two solutions with R = 1 for zero spherical aberra- 
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tion. These thin lens solutions are as follows: 





Left Hand Solution Right Hand Solution 
Co = 0.26 le = 0.41 
ce, = -0.28 bs = -0.13 
ce, = 0.016 ‘eg = 0.22 
tz = 1.28 = 1,28 
t, = 1.28 it, = 1.28 


10.4.1.6 The angle the axial ray makes with the optical axis may, be computed from the data in Table 10. 6; “8 
sheet 2, by setting up a table as in Table 10.4. The values of 9, and tg are known; therefore the table 


is completely determined. 
10,4.1.7 As soon as it is necessary to assign thicknesses, the designer has to decide on the f-number and 
the focal length of the lens. For the following study, it will therefore be assumed that the diameter of the 
entrance pupil will be 3 and the focal length 10. It is also important to assign a maximum field of obliquity 
for the lens. Let this (object field) be 20° half angle. . : 


10,4.1.8 The axial paraxial ray should therefore be traced through the system as follows: 


yO 1.5 


The thin lens axial ray trace for this example then appears as in Table 10. 7. 





SURFACE 


-¢ -~ 0.184 — 0,210 
t 1,24 : 






Table 10.7 - Thin lens solution for example 17A in Table 10.6. 
. t t 


it 
| 
| 
, 


10.4.2 Computing the thick lens solution. 


10.4.2.1 The thick lens is then set up using the values c 2° © Hl sf G'S t, and te for either the right 
hand or the left hand solution with the thicknesses of the lenses inserted. For this example the positive 
lenses are assigned thicknesses of 0.6 and the negative lens a thickness of 0.25. 


| ee 
10.4.2.2 The second curvatures of the lenses are then computed to maintain the paraxial angles, shown in 
Table 10.7, between the lenses. The spaces between the lenses may at this time be set at about 1.0. 


10.4.2.3 With this initial system, the first order and third order contributions are calculated as shown in 
Table 8. 2. ; 


10.4.3 Iterative analysis and adjustment. 


| | 
10.4.3.1 As the formalized step-by-step procedure of Section 9 is followed through the remaining steps, it 
is necessary to examine results and repeat, with changes, earlier steps in order to balance the higher order 


i 
| 
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aberrations. This iterative appraisal and recomputation is the means by which the design can be refined and 
developed to the desired degree. The mechanics of computation are well described in the foregoing sections 
and will not be repeated in detail. 


10.4.3.2 This discussion, then, will be devoted only to the examination and interpretation of results and to 
the analytical processes which dictate the iterative changes as design refinement proceeds. With this orienta- 
tion in mind, and also remembering that by properly programming an automatic computer, the results of one 
run will produce much of the data necessary for analysis, the discussion will proceed. 


10,4.3.3 Next comes the problem of ray tracing, analyzing, and readjusting the lens to the desired third 
order aberrations. The recommended procedure for doing this is to make small changes in the system and 
solve Equations 9-(1) through 9-(7). A procedure of this type has been programmed for the I. B.M. 650 
computer, and with this program the foregoing triplet system has been studied extensively. A brief account 
of this study is presented below. , : 





10.4.3.4 First it was decided that the quantities cy, tz, C4, th» Cg would be used as variable: 
This provided only five variables so it was necessary to provide another variable in order to correct thé six 
quantities B, F, C, P, a, and b. cs was used as the extra variable, meaning that the solution de-. 
partedfrom R = 1. It was possible with three iterations to find the left and right hand solutions, but 
neither of these solutions were ray traced because it was not possible to tell what value of R_ the final solu- 
tion would have. Therefore, it was decided to let c also vary. This provided an extra degree of freedom 
so the distortion was corrected. In other words, R ‘was allowed to be a variable for the purposes of correct~ 
ing distortion. In other words, with the seven variables cy , cg, tg, Cg, tg, Cg, and R, the seven 
aberration coefficients, B, F, C, P, E, a, and b could be specified. As one would predict from the 
graphs in Figure 10.5, two solutions were found. This same technique was used in the further study of this 
lens; hence all the solutions are corrected to exactly zero third order distortion. It was thus possible to com- 
pare several designs by varying single parameters, and the third order aberrations could be brought to pre- 
cisely the required values. 





10.5 STEP FIVE - TRACING A FEW SELECTED RAYS 


10.5.1 Analysis of the ray tracing results. One finds immediately upon ray tracing that the first and third 
order aberrations should not be set to zero. The reason for this is that high order aberrations are always 
present and the third order aberrations have to be set to compensate for them. For example, if the triplet 
is corrected with ZB = 0, the raystracedat Y = 1.5 will strike the paraxial image plane at large 
positive values indicating that the high order aberrations have over-corrected the lens. This is also the 
reason why 2ZP was made equal to -0.03 instead of zero. The same is true with respect to color aberra- 
tions. In the triplet it turns out that ZF, DE, and 2b can be set at zero, but the remaining ones, 2B, 
ZC, ZP, and a_ have to be set at negative values. 


10.5.2 Target values and solutions. 


10.5.2.1 Early in the study of this system it was found that the value for 2P had to be changed from -0.03 - 
to = -0.035 andthe spherical aberration had to be under-corrected to 2B = -0.006. The first solutions 
showing interest were computed with the following target values for the third order coefficients: 


ZB = -0.006 

ZF = 0 

sc = - Li pez 

3 

ZE = 0 

ZP = -0.035 

Za = -0,0004 
Zb = O 


The chromatic aberrations were left small and unchanged throughout, since the study was done primarily to 
show how the monochromatic aberrations are corrected. 


10.5.2.2 With these target values, two solutions were found. The lens data are included in Table 10.8. 
The data include the overall thickness T of the lens. Aberration plots similar to Figure 9.1 are shown 
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in Figures 10.6 and 10.17 for the two solutions. 





Left Hand Solution Right Hand Solution 
7 ; 
t 


0. 2209 0. 3116 
0. 600 ! 

-0. 0124 -0.0282 
1.3949 i 

-0. 2407 -0. 19734 


0.2500 ' 
0. 2606 0, 3319 

0. 9631 : 
0.0777 0. 0683 

0. 600 i 
-0, 2822 

8.453 





. foci | | 
Table 10.8- Left and right hand solutions for a triplet with 2P = -0. 035, 


10.6 STEP SIX - READJUSTING THE THIRD ORDER eee 


' 
10.6.1 Analysis of the aberration curves. 


10.6.1.1 The aberration curves show that the meridional rays dapdet from third order: drastically at 20°. 

In the lens designer's language, the tangential field has pulled in rapidly. On the other hand, the sagittal — 
field has moved back relative to the third order field by a much smaller amount. These lenses cannot per'= 
form well beyond a 15° half angle. The sagittal rays tend to follow the third order curve much more closely 
than the meridional rays. Notice also how the skew fan appears similar to the axial fan, but over-corrects 
in spherical aberration as the field angle increases. The left hand solution appears to be somewhat better . 
than the right hand solution at 20°, but there is little to choose between them at the aa id field angles. 


10.6.1.2 It can be seen from Table 10.8 that the left and right heal solutions are widely separated on the 

c scale. This means the spherical aberration parabola should be lowered. Now this can be done by many 
methods. One way is toincrease Av by changing the glass in the flint element. The 649338 glass could 

be used. However, as the thin lens data indicate (System No. 18), this would lengthen the system and the 
result would be that the tangential field pulls in even faster. An additional disadvantage is that the 649338 
glass lowers the parabola so far that there is no solution with the present glass thicknesses. A second method 
of lowering the parabola is to make the Petzval sum more negative. One might think at first that this would 
make the system longer, which is likely to make the tangential field pull in even more, but if the parabola is 
lowered, the R values will be closer to 1, and the thin lens study showed that for this value of R, the sys- 
tems are the shortest. Therefore, making Zp = -0.040 Probably will not make the syetem much longer. 


10.6.2 Readjustment procedure. 


| 
10.6.2.1 The value of =P was therefore changed to -0.040,and solutions were found with all the other 
aberrations identically the same. The two solutions and the aberration plots are shown in Table 10.9, and 
Figures 10.8 and 10.9. 


' 


10.6.2.2 The aberration curves now show real improvement. The.skew ray fans for the two solutions are 
quite similar. However the left hand solution appears more symmetrical than the right hand solution, and 

at 20° it is definitely superior. The R_ values are now closer together and the barrel length, T, is actu- 
ally shortened. Notice that the left hand solution is shorter than the right. This may be the reason why the 
tangential field pulls in further with the right hand solution. Notice‘also that the left hand solution has a value 
of R closer to 1.0 than the right. If the parabola were lowered still further, the two solutions would con- 
verge to a single solution with R > 1 as predicted from the thin lens system. 
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| Figure 10.6- Aberration plots for left hand solution of lenses in Table 10.8. 
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Figure 10.7- Aberration plots for right hand solution of lenses.in Table 10. 8. 
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Figure 10.8- Aberration plots for left hand solution of lenses in Table 10, 9. 
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Figure 10, 9- Aberration plots for right hand “Solution of lenses in Table 10. 9 
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Left Hand Solution 
c t 


0. 2339 
0.60 
-0. 0098 
4.211 
-0. 2107 


0. 25 


0, 2516 
1.016 

0.06799 
0.60 

-0, 2556 
8. 363 


MIL-HDBK~14] 


Right Hand Solution 
c t 


0. 2882 
0.60 
-0. 0193 
0. 8900 
-0. 1641 
0. 25 
0. 2998 
1. 426 
0. 0650 
0.60 
-0. 1963 
1.847 


R = 0.9003 R = 1,493 
T = 3,677 T = 3.766 





Table 10.9- Left and right hand solutions for =P = -0.040, 


10.6.2.3 At this point, it was noticed that the system still was not as good as that described in Table 8.2. 

It was finally apparent that the thickness of the negative lens was 0.15, instead of 0.25. This indicated that 
the aberration parabola was lowered in this solution because of the decreased thickness of the negative liens. 
Then a new solution was found and the only change was to make t = 0.15. The result is that left and 
right hand solutions have R_ values 0.987 and 1.363. They are Brawing closer together and the tangential. 
field does not pull in as rapidly. The surface data for these solutions are included in Table 10.10 (step seven). 
Figures 10.10 and 10.11 show spot diagrams for these two solutions. In these diagrams only half of the sym- 
metrical image is shown. The diagrams include the appearance of the images as the focal plane is: shifted, 
clearly showing how a shift towards the lens provides a better concentration of light than in the paraxial focus. 
These diagrams show that there are only slight differences between the imagery in the left and right solutions, 


out to a half field angle of 15°. However, beyond 15° the left hand solution definitely is superior to that of the 
right hand. Notice how it shows better concentration and is more symmetrical. 


Left Hand Solution 
c t 


0. 2469 
6. 60 
-0.00775 
1.128 
-0. 2024 
0.15 
0, 2568 
1.0738 
0, 0608 





Right Hand Solution 
c t 


0, 283 
0.60 
-0.01227 
0. 9289 
-0. 1692 
0.15 
- 0.2911 
1, 3209 
0.05869 
0.60 


8.033 


"Table 10,10 - Left and right hand solution for 2P = -0. 040. 
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tt 
SCALE 4 100} 


Figure 10, 10- Spot diagrams for left hand solution in Table 10, 10. : 





SCALE 0 100p : 


| ; 
Figure 10.11 - Spot diagrams for right hand solution in Table 10. 10. 
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10.6.3 Analysis of the readjustment procedure. 


10.6.3.1 This study showed that reducing the thickness of the negative lens lowers the spherical aberration 
parabola. This effect then suggested investigating the effect of varying the thicknesses of the positive lenses. 
The effect is the same, namely lowering the parabola, but not as marked as in the case of the negative lens. 
This technique of changing the thicknesses of the lenses can be a useful way to compensate for the fact that 

the parabola is not quite where it should be. The parabola could be lowered still further by reducing the thick- 
nesses, for the case of =P = -0.040, but this is not practical. 2 
10.6.3.2 It is interesting to notice, that in these solutions for the triplet, c is close in valueto c, , 
and cq iscloseto cz - For the left hand solution these four surfaces have approximately equal cufva- 
tures. It would be very interesting if a solution could be found where all these four curves are identical. 


10.7 EVALUATION OF OVER-ALL PERFORMANCE 


The design of the optimum triplet is still far from complete, for one must investigate these imiages- ~ 
carefully by calculating the spot diagrams and energy distributions to be sure the best valuesfor 2P, 2C, 
SF and ZB have been chosen. To do this in detail is an enormous task which realistically can.only be done 
ona very large computer. However with patience and judgment it is possible for designers to arrive at, very 
good solutions. 
10.8 SUMMARY 
10.8.1 Guide lines. This study has indicated a few guide lines to follow in designing a triplet. 

(1) One should always try to design as short a lens as possible to cover a given field. 


(2) The spherical aberration parabola can be raised or lowered by the choice of ZP, 
thicknesses of lenses, or glass. 


(3) It appears that near optimum solutions occur with an R value slightty greater than 1. 


10.8.2 Unsolved problems. The study made on this lens merely initiates the reader to the possibilities 
which need further clarification. A few of the problems are: ; 


(1) What happens as the index of the crown element is increased? 


(2) What kinds of solutions can be obtained by first lowering the parabola by glass choice 
so that there is no solution and then raising the parabola by thickness choice ? 


(3) What effect has raising the index of the negative lens if Av is maintained constant ? 

(4) When the parabola is too high, is it beneficial to lower it by using aspheric surfaces? 

(5) What happens if the number of elements is increased beyond three, and at the same 
time two or more are cemented together? What happens if the negative element is 
cemented to either or both positive elements? 


(6) If the lens is to cover a wider field, how does one choose the glass? 


(7) At finite conjugate will the effect of glass choice and lens thicknesses be the same 
as at infinite conjugate? : 
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11 TELESCOPE OBJECTIVES 
11.1 INTRODUCTION 


11.1.1 Scope. Sections 11 through 15 will be devoted to the demonstration of design principles using the 
simple telescope as a working example. Section 11 will discuss the detailed design of objectives; Section 12, 
lens erecting systems; Section 13, mirror and prism systems; Section 14, eyepieces; Section 15, complete 
telescope. It is assumed at this point that the reader has studied all the foregoing material and now has_. 
considerable knowledge of optical design. The inexperienced reader should not be concerned if he does not 
fully grasp the following material on first reading. As he gains experience it will become more and more 
useful. 


11.1.2 The complete telescope. In describing the telescope, it will be assumed that the object is at infinity 
and thaf the eyepiece will be focused to place the virtual image at infinity. This means that the distant. object 
will be brought to focus or imaged at the second focal point of the objective and that the first focal point of the 
eyepiece will coincide with this image. The telescope is then said to be in afocal adjustment. i a 


11.1.3 The Petzval curvature of the system. 


11.1.3.1 To start the design of an optical system, one of the first calculations to be made is an estimate 
of the amount of field curvature in the system, i.e., anestimate of =P. This is done by calculating ‘ P 
for each surface using Equation 8-(14), and summing. From Equations 8-(15) and 8-(16), if ZB, =F, 
and &C are all zero, then 


* 














T. 2 
‘ - (fe 2 eet pe (| ( Yo yo 
y : My My 204 Ve : Va ¥ 2 
2 = 2 A 
ge wets eee (S*)(s>) | es 
= My-1 2nga Yea V1 Yo ; 


‘These equations show that P introduces angular aberrations, 4@ and a, , which are linearly propor- 
tionalto Y, / y, andto X, / yz + This means that for ‘oblique’ object points the fan of rays entering the 
objective from a distarit object point, do not emerge from the eyepiece as a parallel bundle. Instead the rays 
come to a finite focus. When Y,is zero, Equations 8-(15) and 8-(16) indicate that the rays from the 
object point do emerge parallel to the axis because the telescope is in afocal adjustment and 5B = 0. For. 
the case described by Equations (1) and (2), the amount of the angular aberration varies as the square of 


the object height, Y. - 


41.1.3.2 If the telescope objective is assumed to be thin, then from Equation 8-(28), P = -¢/n, It is 
possible to change the value of P by usinga photographic type of objective, but a simple doublet objective 
is by far the most common type of lens used in telescopes. In order to derive a general formula for the 
aberration, it is possible to write Py = -$9 / Yo, Where y, isa constant ranging in value from 1.5 to 
co. Foradoublet y, is approximately 1. 5. 


41.1.3.3 The value of P for the eyepiece also depends on how it is designed, but here again it is possible 
towrite P, = -$, /y e » Where ¢ ¢ is the power of the eyepiece and y, isa constant depending on 
the type of eyepiece. y, will range in value from 2.6 to 0.7 for most eyepieces. 


11.1.3.4 Using these values of P for the objective and the eyepiece, it is possible to compute, from 
Equation (1), the angular aberration, 











2 2 
No Uo 2 yy $0 #, 
oo pee (GEE +) 
y De Vk-1 Va Yo Ye ; 
Since a telescope is usually tsed In aln, No and nm, are 1. Then, 
¥ y, 
__1f “oe o1 2 a] i 
6 AE) Ewin (Get) 


*For a telescope with an object point at infinity one should strictly speaking use (tan Ug)/ug instead of Yo /Yobut it is: 
satisfactory to use the above equations and assume that the object distance is very large but finite. 
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This equation shows that the angular aberration due to Petzval eee only varies 
| 


(2) approximately as the square of the MP, i 


(1) as the square of the object height, 


i ly wi . 
(8) linearly with Tos 


i 
11.1.3.5 For a given (Yo /t,) MP, the angular aberration in a telescope can be made small by making ¢ 
or Yy. small. It is customary to specify the angular aberration of telescopes in diopters using the defiri< - 
ition 4 = 100a/ Yy-] » Where d_ is in diopters when Vin is! given in centimeters und @ : 
is expressed in radians. ; 
11.1,3.6 Asa numerical example consider Table 11.1 which shows the values of @ in minutes of arc , 


and in diopters for telescopes of three different magnifications. To make these calculations the following 
assumptions were made: | ; 


= -0,35 
Vad 0. 35 cm | 
fo = 2.00cm | 
GY t,)MP = -0.6 
y /y = 1.0 ; 
1 1 | 
%, SY. = 1.5 


| 
The angular aberrations in Table 11.1 are all positive which means that the oblique bundles are focused 
behind the observer's eye making it impossible for him to focus on the image. It also means that the eye- 
piece must be focused towards the objective in order to remove the angular aberration for the off-axis object 
point. If it is moved towards the objective then the telescope will have angular aberration of the opposite sign 
for the central image. This indicates that the observer can accommodate and completely focus-out the angu- 
Jar error. The large angular aberration due to field curvature in telescopes is therefore not as.serious as it 
may appear for it is possible for the eye to change focus as the observer views different parts of the field.’. 





1 | 
Table 11,1- Angular aberration for telescopes 
of three magnifying powers. 


11,1.3.7 In military telescopes it is often necessary to insert a reticle in the focal plane of the objective. 
Since a reticle is used to measure distances in the object space, it is important to design the objective with 
a flat field on the reticle, which usually means that the lens has to be more complex than the usual telescope 
doublet objective. Because the Petzval curvature of the eyepiece cannot be made zern, the eyepiece cannot 
‘focus the entire reticle with a single setting. Hence the reticle may not appear perfectly sharp, but if the 
objective is well corrected there is no parallax between the object and the reticle, ; 

} 


11,1.3,8 Ifa reticle is not needed in the design there is usually very little need to attempt to reduce the 
Petzval curvature of the objective by using a compound photographic'lens type of objective. Equation (3) 
shows that the objective contribution, y, , is multiplied by the magnifying power of the telescope. For 
high power telescopes therefore, the objective adds a negligible amount of field curvature. This is why 
the majority of telescopes use simple doublets for the objective. If the power of the telescope is low then 


one must consider using some type of lens other than a doublet objective. : ! 
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11.2 DESIGN PROCEDURE FOR A THIN LENS TELESCOPE OBJECTIVE 
11.2.1 First order, thin lens. 


11. 2.1.1 Thedoublet, of course, consists of two lenses, and one can immediately start to fill out a table 
as was done with the triplet objective in Section 10.2. This has been done in Table 11. 2. 





1 


1 x 
va 
P/V =. 2-¢ 
0 


Table 11.2 - Computing table for the thin lens 
telescope doublet. 





11.2.1.2 In order to solve for $ and have the axial color zero, assuming the two elements are close 
together, the following two equations must be satisfied: ‘ 
oa “ 
and 
$ 
> - eo = 0. (5) 
a b 3 


The solution of these equations is 





Ls & So: 4 (@) 
and 
v 
(- * Sa a) 
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By using these equations, the value of ZP from Equation 8~-(28) is 


Ya yMa - Ypy My 
aS ae a) - 


11.2.1.3 These equations show that any two glasses with a difference in v may be used to designa 
doublet. As will be seen later however, Av should be large in order to reduce the monochromatic 
aberrations. In principle the YP may be made equal to zero by the proper choice of glass. Actually, 
the ratio ' : 


Yap Ma - sO, 


va re Vy 





is nearly constant for any glasses chosen with a reasonable value of :( ¥y- 4,). It is therefore not 


practical to attempt to reduce P ina doublet by choosing the proper glasses. Once the two glasses for . ae 


the doublet are chosen the following is known about the lens: 
(1) The focal lengths of the (a) and (b) lenses, using Equations (6) and (7). 
(2) The axial color, which was set equal to zero using Equation 6-(42). 


(3) The transverse color, which is zero, using Equation 6-(41), because the 
objective is the entrance pupil. i 


(4) The Petzval curvature, using Equation (8). 


(5) The third order astigmatism, using Equation 8~(26). 





(6) The third order distortion, using 8-(27). 


1 
t 


Only two aberrations of the third order, B and F, remain uncorrected. 

| 

11.2.2.1 As explained in Section 8.10.1, it is possible to compute the coefficients( @ and 8 ) for the 
following thin’ lens equations: | é 


11.2.2 Third order, thin lens. 


= = ret = oa eo - er e? ) 

B= a + 2, &g t Fey ee (10) 

F, > By a ee Boa © 1 (11) 

F, = Fin + Boy % (12) 
11.2,2,2 By setting BL + B, = 0 and F . + Fh = 0, the above equations may be reduced to 


a second degree equation in c,; . There are then two real solutions called the left and right hand solutions. 
Examples of the two solutions are shown in Figure 11.1. The doublet used in the example was computed 
for the following glasses : : 

| 

1 


1.511 vp 


a 


Lens (a) n 63.5 j 

7 \ 

(b) nF 1. 649 vo = 30.6 

11.2.2.3 The doublets shown in Figure 11.1 have the low dispersion glass in the front element facing the 
infinite conjugate side of the lens. Doublet solutions can equally well be found with the high dispersion glass 
in the front. Figure 11.2 shows the left hand solution for the same glasses with the positions reversed. 
The left hand solutions with the positive lens if front have the most fayorable shape for the passage.of the 
axial rays. Therefore most telescope objectives are solutions of this:type, and they are referred to as 
Fraunhofer objectives. : 


! 
\ 
i 
i 
' 
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Left hand solution Right hand solution 


Figure 11,1 - Two types of doublets. For both types, the positive lens is in front and is of.low 
dispersion glass. i 


Figure 11.2 - Doublet with negative lens in front, 
The glasses are the same as the left 
band solution in Figure 11.1 with the 
positions reversed. 
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11.2.3 Thin lens solutions, 


\ 
11.2.3.1 Table t1.3 contains a selection of left hand solutions for 38 thin lens systems of the Fraunhofer 
type. Table 11.4 includes a list of the left hand solution for lenses with the negative lens in front. Systems 
with the negative lens in front appear to offer no advantages over the Fraunhofer type and so will not be 
discussed further. . 

i- 
11. 2.3.2 There are of course numerous other combinations of glasg one can pick, but those shown in 
Table 11.3 provide a sufficient variety of choices to build up an understanding of the:solutions. The 
following points should be noted about the solutions: 


(1) The series of solutions 1 to 8 have the same glass for the positive lens. The 
negative lenses however are all selected from the ordinary glass line shown 
in Figure 6.18. Notice that the first curvature far each solution is approxi- 
mately 0. 165 and the last curvature is about -0.08. The outside appearance 
of these lenses is therefore very similar. The difference between the lenses 
is in the curvatures of the internal surfaces. \ 

I 

(2) When combinations of glasses with small v differences are selected, the 
curvature of the second surface is stronger than that of the third surface. 
This means that the surfaces do not edge contact and a spacer is needed. As 
the v difference is increased, the difference in curvature of these ‘two 
surfaces decreases, andatlarge v differences the third surface becomes 
stronger than the second. The lenses then contact at the edge. 

j 


11.3 DESIGN PROCEDURE FOR A THICK LENS TELESCOPE OBJECTIVE 
11.3.1 The thick lens doublet. 

‘ | 5 
11. 3.1.1 Very little choice can be made, from the thin lens data alone, between the numerous telescope 


objectives. In order to make a selection from the possible glass choices, it is necessary to trace rays 
through the designs. ' 


11.3.1.2 As was pointed out in Section 10. 4.1.7, when a lens is studied by ray tracing it is necessary to ‘ 


decide on a definite f - number. Changing the f - number requirement changes completely the conclusions 
one draws from the ray tracing. In order to illustrate the design procedure, a study will be made for a 
particular lens of f - number 3.57 with a focal length of 10, : a 

1 
11.3.2 Automatic correction of the third order aberrations, , 


| ! + t 
11.3.2,1 After thicknesses are added to the thin lens solutions, it is necessary to readjust the curvatures 
to correct the spherical aberration, coma, and axial color to the required residuals. One cannot set the 
third order aberrations to zero if the total aberrations are to be zero, for the actual ray tracing will reveal 
the presence of higher order aberration. i 
11. 3.2.2 In order to compare various glass choices in doublets it is necessary to hold constant many 
variables. In the study to be described the following parameters = held constant. 


(a) The focal length of each lens was 10.0. | 
(b) The marginal ray entered the lens at y = 1.4. 
| 
(c) The third order spherical aberration was adj usted until the marginal ray at 
x = 1.4 in D light focused at the paraxial D focus. 


(d) The axial first order color was adjusted until the rays traced at a value of 
yy = 1.0 for F and C light united in the paraxial focal plane. 


: ' | : 
(ec) The thickness of the positive and negative element was made 0,5 and 0.3, respectively 


(f) The space between the lenses was maintained automatically. There ‘were 
two alternatives. Where r, >rg , the elements were spaced by .0. 01 
at the aperture height of y 2 1.4; where r, <r, , aspace of 0.01 was 
set at the vertex. | 


{g) The third order coma was corrected to zero in all eases. 
1 
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1 
8.8 
1,611 
58.8 
-61E 


Glass wanes Individual surface 


curvatures 
c 


0.5523 —0.3145 . 0.3871 —0.3802 --0,0658 
0.4552 0.2135 . —0,2893 —0.2848 —0.0713 
0.4184 0.1754 9.2525 — 0.2499 —0.0746 


_ 


0.3812 0.1376 . ~0.2152 0.2163 —0.0787 
0.3634 0.1190 . 0.1975 0.2009 —0,0819 
0.3270 ~0.0833 —0.1614 0.1730 0.0896 
0.8070 0.5476 § 0.6507 —0.6351 ~0,0875 
0.7101 0.4503 0.5506 0.5354 0.0851 
0.6245 —0,3622 : 0.4625 04476 —0,0854 
0.4798 —0,2353 : 0.3141 —0.3077 --0,0723 
0.8123 0.4394 . 0.6711 0.6259 0.1865 
0.9415 —0,5293 F —0,8186 0.7630 ~0.2337 
0.5727 0.2397 . —0,4095 0.3779 —0.1382 
0.3713 0.1335 —0.2065 —0.2091 0.0756 
0.5516 0.4090 . —0,3922 —0,4009 0,0080 . 
0.4397 0.2734 A —0.2859 0.2903 —0,0170 
0.4318 —0,2638 : —0,2782 0.2824 0.0186 
0.3895 0.2126 0.2369 —0.2403 —0,0277 
0.3482 0.1637 0.1519 0.1963 —0.2002 —0,0366 
03200 | —01403 | oasis | —01773 | —o1si9 | —o.0416 
0.3448 —0.1607 0.1519 —0,1930 ~0.1973 —0.0366 
03910 0.2308 0,1521 —0,2389 0.2459 0.0151 
0.3526 —0.1827 0.1510 0.2016 —0.2080 —0.0253 
0.2004 0.1067 0.1500 —0,1404 0.1503 0.0437 
0.2731 —0.0861 . 0.1498 0.1232 0.1362 ~0.0502 
0.4902 0.2537 0.1490 0.3412 —0,3253 0.0716 
0.4603 0.3139 0.1527 0.3075 0.3144 —0.0005 
0.4009 0.2400 0.1503 —0.2506 0.2551 —0.0151 
0.3536 0.1823 0.1493 0.2044 0.2083 —0,0260 
0.3308 0.1542 0.1490 ~0.1818 0.1861 0.0319 
£.6831 1.437 0.1206 1.563 1.548. 0.1113 
0.9209 —0,6675 0.1481 0.7729 —0.7568 ~0,0893 
0.6339 0.3785 0.1534 ~0.4755 . | —0.4604 0.0819, 
0.5484 0.2926 «=| otto" | —0.3874 0.3736 —0,0810 
0.4716 ~0.2167 0.1629 —0,3087 0.2975 —0,0808 
0.4378 —0,1825 0.1635 —0,2742 0.2646 0.0822 
0.4981 —0,2268 0.1623 —0.3357 —0,3193 ~0,0926 
0.4378 0.1729 0.1639 0.2738 ~0.2620 | 0.08913 
‘Table 11.3. - Thin lens aplanatic doublets of focal length 10. 


Cw Maw ew 


B-B-B 
3 


e 
= 
eB 

Naan 
2 
= 


= 
3 


a 

eee 
oy 
° 


QububhnnnunngQunnunan 
= 
we 


S-5.9 


% 
= 
BUS 
8 
S 


= 
= 
3 
w 


& 
a 
> 


rS- 
io 


Gahunueoe 
ie 

3 

3 

a 


ao 


= 
~ 
a 


a 
Be 
2°22 
an S- 
Bree 
8 
3 


2 


h 
58. 


Ze 

2 
8-8 S-B-8-8-8- 

: 


pS Sn 8S 
2 Oo a 
= 
wo dbo 
arenes 
BP 8s 


a 
e 
8 
aro 


ou 
a 
3 
°o 
Bean 
“S 
n 
ow 


8 


Ss 


3 
pBeSwQr 
Bogoges 
ON 
pe ene oe 


Es 


3 
an 
nn 
R 


o 

in 
g 
JB 


om 
> 
Doe 


2 
3 
nN 
gS 


nn 
ege 
8 


Binduge 
oo © 
rset 
88 


wou 
w 
= 


y 
oe 
rae 


Bua 
> 
rss 


8-8-8. 





» 
PO ee 


11-7 





Mit-HDBK-14} 


Glass values 
Element 





lownloader 


Total curvatures 


0.3145 
0.2135 
0.1754 
0.1376 
0.1190 
0.0833 
-0.5476 
-0,4503 
+0.3622 
-0.2353 
0.4394 
0.5293 
0.2397 
0.1335 
0.4090 
0.2734 
-0.2638 
0.2126 
-0.1637 
-0.1403 
-0, 1607 
0.2308 
0.1827 
0.1067 
0.0861 
0.2537 
0.3139 
-0.2400 
0.1823 
+ 90,1542 
+1, 437 
-0.6675 
-0.3785 
0.2926 
-0.2167 
-0, £825 
0.2268 
-0,1729 


0.4184 
0.3812 
0.3634. 
0.3270 
0. 8070 
0.7101 
0.6245 
0.4798 
0. 8123 
0.9415 
0.5727 
0.3713 
0.5516 
0. 4397 
0.4318 
0.3895 
0.3482 
0.3290 
0.3448 
0.3910 
0.3526 
0.2904 
0.2731 
0. 4902 
0, 4603 
0. 4009 
0.3536 
0, 3308 
1.6831 
0.9209 
0.6339 
0.5484 
0.4716 
0.4378 
00,4981 


0.4378 


0.2270 
0.2332 
0.2369 
0.2417 
0.2453 
0.2543 
0.2487 
0.2465 
0.2471 
0.2342 
0.3500 
0.3974 
0.3029 
0.2385 
0.1532 
0.1788 
0.1805 
0.1900 
0.1994 
0.2049 
0.1995 
0.1769 
0.1876 
0.2074 
0.2147 
0, 2361 


0.1623 


_ 0.1774 


0.1889 
0.1951 
9.2721 
0.2505 
0.2438 
0.2433 
0.2438 
0.2456 
0.2660 


0.2531 


Individual surfaces 
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curvatures 


0.5415 
0.4467 
0. 4123 
0.3793 
0.3643 
0.3376 
0.7962 
0. 6968 
0.6092 
0.4695 
0.7895 


0.9267 


0.5426 
0.3718 
0.5622 
0.4621 
0.4443 
0. 4026 
0, 3631 
0.3452 
0. 3602 
0.4077 
0.3703 
0.3141 
0.3007 
0.4898 
0.4762 
0.4174 
0.3712 
0.3404 
1.7087 
0.9180 
0.6223 
0.5359 
0.4604 
0.4281 
0. 4827 
0, 4260 


0.5413 
0.4496 
0.4127 
0.3785 
0.3577 
0.3217 
0, 8109 
0.7108 
0.6227 
0.4744 
0.8815 
0.9791 
0.5699 
0.3666 
0.5540 
0.4476 
0.4399 
0.3986 
0.3580 
0.3390 
0.3548 
0.4007 
0.3634 
0.3023 
0.2851 
0.5081 
0, 4696 
0.4127 
0.3665 
0.3439 
1.7231 
0.9333 
0.6360 
0.54795 
0. 4692 
0.4347 
0.4962 
0.4344 





-0.0056 
' 


-0.0057 
-0,.0057 
-0,0087 
0.0053 
0.0039 
0.0007 
-0.0018 
0.0055 
0,0193 
0.0376 
-0.0027 
0.0045 
0.0023 
0.0079 
0.0082 
0.0092 
0.0098 
0.0100 
0.0098 
0.0097 
0.0108 
0.0118 
0.0121 
0.0130 
0.0094 
0.0128 
0.0128 
0.0131 
0.0399 
0.0124 
0.0022 
0.00047 
-0.0024 
-0.0030 
0.0018 
0.0034 


Table 11.4 - Telescope objectives with flint in front. 
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11.3.2.3 In designing a doublet of a particular glass choice, it is necessary to estimate the values at which 
to set the third order spherical aberration, B, and axial color, a. Then surfaces 1, 2, and 3 are varied 
to provide derivatives for B, F, and a. ‘The following three equations are then solved for the required 
values of B, F, and a. : 


I=B a=B o=B , 

















AZB = 4c, + ACg + Acs , 
acy cy ac, 
bec azF OnE d=B 
ALF = 3c Acy + 3e Ace oo Acs , 
1 2 3 
= ata ota aa 
Ata = “2, Acq + 3G, Acg + ie, Acg 


This is the method described in Section 9.2.4.12. Since the changes are not linear, itis necessary to | 
repeat the procedure for several iterations. When the desired third order values are found, the solution is 
then ray traced in D, F, and C lightat 0° with valuesof Y, = 1.4, 1.2, 1.0, and 0.8. From 
this ray tracing data it is possible to determine if condition ¢ and d are fulfilled. If they are not it is. 
necessary to assign a new valueto B and a and repeat the process. 


11.3.2.4 Tables 11.5, 11.6, and 11.'7 show the data for three doublets designed in this manner, The ~ 
design shown in Table 11.7 illustrates a careful balance of high order aberrations for D light. In order 
to arrive at this design it was necessary to choose just the right v number for the negative lens. Ifa 
flint with a larger » number had been chosen, the rays at an aperture of Y¥, = 1.4 would have crossed 
the paraxial focal plane at a larger negative value and this: would have been impossible to correct without 
introducing a large positive.zonal aberration. Notice how the F light starts out to be under-corrected 
(negative Y,,), butas Y, is increased it becomes over-corrected (positive Y, ). The C light 
starts out positive and then turns toward the negative side. This is evidence of chromatic variation of ~ 
spherical aberration. Note also how the aberration for the lenses in Tables 11.5 and 11.6 are larger than 
in Table 11.7 even though all the curvatures are smaller. If a different f - number is needed one would 
choose a ‘different flint element for optimum correction. 


11.3.2.5 The aberration curves in Figure 11.3 are for the ray data given in Table 11.6. The D “Light 
curve is typical for a telescope objective. The third order spherical aberration is undercorrected, The 
curve, for small values of Y, , starts out below the reference axis following the third order aberra- 
tion, but it then starts to depart and swings towards the positive side. This is due to higher order aberra- 
tions which, in this case, are positive. By evaluating the constants in Equation 8-(1) for this aberration 
curve we find that 


b = Q, b, = -0,0014, and b. = 0.000619 








0.1672 
0.5 1.511 f'=9. 995478 
-0, 1594 


0.0218 | 1.0 , 1*=9, 624807 


-0. 1709 
1. 80488 
-0. 0886 





0.000279 | 0.002047 | 0.000618 | Yis the height 
-0. 000689 | 0.000362 | -0. 000233 | of the ray in 
-0.000777 | -0. 000202 | -0.000291 | the D light 
-0. 000542 | -0, 000267 | -0. 000089 | paraxial focal 








Table 11.5 - Lens specification and ray trace data for an 
achromatic doublet with large vy difference. 
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Lens specifications 





f= 10. 000000 
2'= 9.597161 


y, 


D 
0.000201 | 0.002359 . 
-0.000423 | 0.000786 |-0. 000079 
-0.000526 | 0,000060 |-0.000089 
-0. 000387 |-0.000176 | 0.000055 





Table 11.6 - Lens specification and ray trace data for an 
achromatic doublet with moderate v difference, 
| 


| 


Lens specifications 


f= 10. 0000 


L'= 9.578138 
-0. 289068 


-0. 067287 


0. 000673 
-0.000034 | -0.000064 ; 0.000628 
-0.000092 | -0.000411 | 0.000542 





| 
Table 11.7 - Lens specification and ray ‘trace data for an 
achromatic doublet with small v difference. 
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0.002 


0,001 


HH) 


-0.001 


-0.002 





-1.5° -1.0 -0.5 ¥. 0 0.5 1.0 1.5 
1 


Figure 11.3 - Meridional ray plot at 0° for a doublet lens. 


11.3.2.6 The third order calculations for this lens are included in Table 11.8. Inspection of these data gives 
aclue towhy b, is positive. Surfaces 1, 2 and 4 have negative values of B. The only source of posi- . 
tive B is the 3rd surface. A surface always adds higher order aberration of the.same sign as the third - 
order. Since the 3rd surface introduces such a large positive third order contribution it over-balances the 
negative higher order contributions from the other surfaces. The result is a positive fifth order term. In 
designing the doublet it is considered advisable to adjust the third order aberration so that the higher order 
correction brings the curve back to Y, = 0 for the rays at Y, Y1 max. This leaves a residual 
‘aberration called zonal aberration. In ‘gure 11.3 the zonal aberration for D light amounts to -9. 000526, 


0.16788 | -0.24494 | -0. 24379 | -0.07386 
0.50 0.01 0.30 
1.511 1.0 1, 649 
1 0.97161 | 0.96954 | 0.95972 
0.05677 -0.20739  -0.03274 -0.1 


-0.00106 | -0.03273 | 0.03580. -0.00225 | xB = -0. 00023 
oY, = -0. 00115 








Table 11.8 - Third order spherical contribution on-each 
surface of the doublet shown in Table 11..6 
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11.3.3 Tolerance on zonal aberration. 


11. 3.3.41 The question of the tolerance on the zonal aberration cannot be explained fully here, but a few - 
guide lines can be given. 
I 
(1) ‘If the axial image must be corrected to be physically perfect it is 
necessary to reduce the zonal aberration to the following tolerance. 


i 


- 4.62 Ts Bs aa cixis : 
@, Vong 2S aie optical direction cosine of the 


emerging ray. 


: 
This tolerance assumes that the ray traced at a height of Yy max. is 
adjusted so that Y, = 0. Tolerance is ealeulated a8 a positive number, 


(2) If the objective is used in a telescope, one can uae the angular 
aberration presented to the eye, and set the tolerance by using the principle 
that the angular resolution of the eye is limited to one part in 3000. How- 
ever, there is no need to attempt to reduce the zonal aberration below the 
value given above for the diffraction image case (1). In this region the 
size of the image is actually determined by the’ physical nature of the light 
and not by the geometrical aberrations. i 


11.3.3.2 The Y, for the lens shown in Table 11.6 is 1.4. The focal length is 10. Therefore, 
Ty is approximately -0.14 The zonal tolerance ( XY, ) One: is then calculated as follows. ‘ 
ww, ) 7 4.6 x 0.5893 microns : 
k ‘zone — 0.1 
= 19.4 microns = 0.0194 mm. 


The zonal aberration for the lens in Table 11.6 is -0.000526. This means that the lens could havea 
focal length 10 x  0.0194/0,000526 = 369mm and remain corrected within the tolerance. This 
assumes, of course, that the light is monochromatic. One can see that F and C . light are not . 
corrected as well as this. More will be said about this in a later section (Section 11. 4) on secondary 
spectrum. ; 

11.3.4 Methods for reducing the zonal aberration. 


| : i 
11. 3.4.1 If the zonal aberration is too large in a lens it may be reduced by four meth, ds, These methods 
will now be described for they illustrate a powerful technique of design. The methods'are: =~ 


i 
i 


(t) | Choosing the proper glasses. 
(2) Using an air space, 
(3) Introducing an aspheric surface. 
(4) Adding an extra positive lens, 
11,3,4,2 Tables 11.5, 11.6, and 11.7 illustrate the influence of glass choice. 


11.3,4.3 If the air space is made larger the marginal rays have a chance to atop: more before they atriie 
the negative lens. The higher order negative aberration on the positive lens then causes the rays, to actually 
strike the over-correcting surface at a lower aperture than predicted from first and third order theory. 
This cuts down on the higher order over-correcting tendency of this surface, Therefore as the space is 
increased the positive fifth order term is reduced, The third order value can then be made less negative, 
resulting in a reduced zone. Figures 11.4, 11.5, and 11.6 show some of the aberration curves for doublets 
where the air space has been adjusted to minimize the spherical aberration in D light. These lenses 
were also corrected so that the Y. was 1.4. The zonal aberration has been reduced to a remark- 
able degree. Table 11.9 contains the cul curvatures and thicknesses for many optimum solutions of this type. 
The last two columns are headed OSC' , which stands for offense. e against the sine condition. This quan- 
tity, OSC', is proportional to coma, for a given image height, Y, + These last two columns, there- 
fore, area measure of third order coma, and total coma for the marguial ray, respectively. 
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A) 517645 AV = 36.7 
B) 751273 


A) 517645 Av = 33.6. 
B) 689309 es 


A) 517645 Av = 27.9 
B) 617366 


MIL; HOBK—I4 





A) 517645 Av= 28.30 







B) 720362 


A) 611588 Av = 31. o- 
+0011 py 751278 . 





.04 .08 «=.12 -.16 
Tan U' 





Tan U' 
A) 517645: Ay = ater 


A) 523586 Av = 30,8. 


#. 0014 B) 657366 y 
B) 751278 a 





: ' 
-04 .08 .12 = «.16 TanU'. 
Tan U' 


A) 517645 Ay = 27. 9, 





A) 517645 Av = 30.7 
Fa 
B) 649338 























0 
es0ne Tan U 
D-light D-light 
—-——~ F-light 9 -------- C-light —+—-F-light 9 ----~ —C-light 
Figure 11..4- Effects of v Figure 11, 5- Effects of index Figure 11. 6- Effects of index 
difference on spherochro- of positive (A) lens on sphero- of negative lens (B) on sphero- 


matism (glass A used in 
positive lens, glass B used 
in negative lens). 


Glasses 


+lens | - lens Av 
751 278 


+0.1955 
-+0.1780 


f +0.1634. 
720 362 5. +0.1526 


751 278 . 0.2091 
. +0.1955 


+0.1829 
+0.1611 
+0.1373 


0 | +0149 
720 362 “4 | 40.1009 


751 278 f +0.2149 
720 293 ,. +0.2052 
689 309 7 -+0.2006 
649 338 . +0.1971 
617 366 . +0.2161 


657 366 e 0.1713 
720 362 +0.1439 





chromatism. chromatism. 


+0.3141 
40.1826 
+0.0883 
—0.0014 
—0,0221 


—0.0311 
—0.0444 


+0.4904 
+0.3540 
40.2606 
+0.1481 
+0.1128 


+0.0347 
—0.0128 


‘Table 11. 9-- Final solution lens data resulting from least-squares correction program. For all lenses, 
f= 10.0cem, ty = 0.5 cm, t, = 0.3 cm. 
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11. 3.4.4 Probably the simplest (from a theoretical point of view) method to reduce the zonal aberration 

is to introduce an aspheric surface on the last surface. Thus one can introduce high order terms of deform- 
ation and geometrically correct any amount of zonal aberration in the lens. The method used to compute 

the necessary coefficients is usually quite straight forward; briefly, it is as follows: 


(1) Adda fourth order deformation term to reduce the third order aberration to 


zero. See Equation 8-(4a). 


(2) Make an arbitrary guess at a sixth order coefficient (f). See Section 5.5.2. 


(3) Trace through a ray at a finite aperture and determine how much of a de- 
flection AY, this aspheric term causes. ‘ 


(4) It may then be assumed that this deflection 
| 


ay, = r[om® + 8987 + tn? +... | - 


(5) It is then possible to write a set of equations to bring as many rays to the 
axis as there are aspheric constants. It is possible to write as:many 
equations as rays traced through the system, but if there are more equa- 
tions than terms in the aspheric, one has to resort to a method of least 

’ squares rather than expect an exact solution. | 





(6) Since the equation in step 4 is not exact, it may be necessary to repeat the 
process a few times. 


This method is usually satisfactory, but if either the aperture of the lens or the zonal aberration is large, it 


may not be possible to fit a power series deformation which will reduce the aberration for allrays. Thisis . 


because not enough terms are used in the expansion. In practice if one cannot fit a curve with a 10th degree 
polynomial then it helps very little to add a few more terms in the series; it takes a large number of terms 
to reduce the aberration for many rays. Sometimes it becomes necessary to abandon the use of the poly- 
nomial expression. The aspheric must then be expressed as a series of Y and Z coordinates. This is ~~ 
computed by actually calculating the optical path along the ray, and adding glass thickness to produce a 
spherical wavefront. This procedure is almost never necessary, but if it is, then one seriously questions 
whether it would be possible to make an aspheric of this type. : 


i 





Solution No 1 ‘ : Solution No 2 


Figure 11.7- Two types of triplet solution. 
i 
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11,3.4,5 The zonal spherical aberration can be reduced by splitting off some of the power in the positive 
lens in the doublet. This would make a triplet similar to the types illustrated in Figure 11.7. By so doing, 
two extra degrees of freedom are created, namely the power. §$ of the extra positive lens, and its first 
curvature, c, . One degree of freedom will be eliminated by cementing the last two elements. The 
problem then becomes, whatis $, ? Inother words, how should $, and $p) be distributed? The 
manner one uses to find an answer to this problem is typical of one of the techniques used by a lens designer, 
The reasoning goes as follows: 7 


(1) ‘If the lens is assumed to be thin, the power $, + will equal the 
same power as for the positive lens in a doublet. Therefore one may 
start by using the powers for the lenses as given in Table 11.3, 


(2) By cementing the b and c lenses, there are only two degrees of 
freedom left. The first’curvatures, c¢, and c,; , are the varia- 
bles. If 6 is decided upon, then the thin lens formulae, described 
in Section 8.3, enable one to compute the coefficients of the equations 


B = %, + %a, % + %a ey, 
B = @ +a c +a c2 
bie lbtce) (b+) 3 B(b+e) 3 
FL = Bia + Boa % 2 

F, = Ain + Sop &s + 


In exactly the same way as for the doublet, two types of solutions may be found. They are illustrated in 
Figure 11.7. : \ 


(3) Next plot B, for these two solutions on a plot as shown in Figure 11.8, B, 
is the total spherical aberration due to the negative lens. By finding the two 
solutions for several values of $y it is possible to plot the curves shown in 
Figure 11.8. These curves show that if ¢, = 0 we then have a simple 
doublet and the two solutions require different amounts of positive spherical 
aberration. For the doublet, of course, the (b) and (c) lenses must be 
considered to be separated. As more and more power is put into lens (a), less 
and less positive B is required of lens (c), Now we know that the higher 
order aberrations will be minimized when the lens is corrected with B, having - 
a minimum positive value because the higher order spherical aberration has the 
same sign as the third order. From this reasoning one would predict that the 
type 1 solution with a value of ¢, = 0.066 would provide an optimum solu- 
tion. Solution 1, shown in Figure 11.7, is a lens of this type. The type 2 lens 
was also chosen with a value of $, = 0.066.* Table 11.10 shows the results 
of ray tracing these solutions after adjustments were made to the residual third 
order aberration so that the marginal ray comes to focus at Y, = 0. Tabie 
11.11 contains the data for these two solutions, 





(4) It is interesting to see that the type 1 lens is remarkably well corrected. The 
zonal aberration is 10 times less than the type 2. The type 2 lens may be 
thought of as a derivative of a separated doublet of the left hand branch. With 
the choice of glass used, the doublet would be an air spaced lens. By cementing 
it, it would be under-corrected for spherical aberration. Now by splitting off a 
small part of the positive lens and by bending slightly the lens can be re-cor~ . 
rected for spherical aberration, thus leading to the lens type 2, The type 1 lens 
is actually a derivative from the right hand branch of the doublet. Note that the 
better solution comes from the poorer doublet type. This is mentioned because, 
in designing this type lens, if one started by trying to modify a left hand-doublet 
lens he might easily converge on a type 2 solution and find no advantage in using 
the split positive lens. Notice that the zonal aberration in the type 2 lens is 





“* It is true that the type 2 solution would probably be better at bg = 0.082 or at $, = 0.138, but the value of 
$, = 0,066 was selected to illustrate. that for a given value of ¢, there are two solutions quite close together. 
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Figure 11.8 -A plot of Be the total spherical aberration of the negative lens as a function of ¢, . 


} 


Effect of change. of power of 
first lens of a triplet. 


a) np = 1.511 
b) mp = 1511 


c) np = L712 


.12 14.16 


0.000210 -0. 000104 
0. 000070 -0. 000706 
0.000010 -0. 000696 





-0. 000007 -0. 0004681 
1,10 - Ray trace data in D light showing 





a comparison between type 1 and 
type 2 solutions in triplet telescope 


objectives 


Type 1 


. Type 2 





0.07121 
~0.05525 
0. 20132 


-0.03572 


0, 08337 





Table 11,11 - Lens data on type 1 and type 2 lenses 
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almost identical with the doublets shown in Table 11.6. If we had happened to 
choose a glass combination which would have resulted in a cemented doublet, 
then a type 2 solution would offer no advantage. One would have to go to type 
1. The curves shown in Figure 11.8 change as the glass is varied. In Figure 
11.9 the type 1 branch is shown for another pair of glasses. One can see that 
it is quite different, for most of the positive power should be placed in the (a) 
lens. : 


- 046 
- 044 
- 042 
- 040 
- 038 
- 036 
- 034 
- 032 
- 030 
- 028 
- 026 


a 022 
020 
018 
016 Triplet 


014 
012 a} Mp = L511 
010 n 

“aoe b) Bp = 1.511 
- 006 c) ny = 1.5795 
004 
002 





0 -02 («04 . 06 .08 ==. 10 12 14 -16 0.18 
$a 


Figure 11.9- A plot of B, as afunction of ¢, for 4 triplet. 


11.3.5 Discussion of zonal correction methods. 


11.3.5.1 This study illustrates that there are many possible solutions, and the designer must investigate 
them all in order to be sure he has exhausted the possibilities. This study also illustrates that there are 
regions where no solutions exist even though there appear to be a sufficient number of degrees of freedom. 


11. 3.5.2 If possible, a doublet design should be used. However if the zonal spherical aberration exceeds 
the tolerance, there are the four methods for reducing the zonal aberration described in the above section. 
Of these methods the fourth method of adding the extra element is strongly recommended, for this method 
does not involve the balance of large aberrations. The other three methods depend upon the balancing of 
large aberrations, The extra element method provides a solution with no large surface contributions, One 
will find in practice that it also will provide a lens much easier to manufacture, for it will be much less 
sensitive to decentering or spacing errors. ‘ : 


11.3.6 Coma correction. So far practically nothing has been said about coma correction. All the doublet 
solutions were corrected to have the third order coma exactly zero. This provides optimum correction for 
most of the designs. However, if the zonal spherical aberration is corrected by a large air space, one will 
encounter. high order coma aberration, and it may be necessary to introduce residual coma in the third 
order. This however is very unsatisfactory, so everything possible should be done to finda solution with 
minimized high order coma. For this reason.also, the split doublet lens offers a far better way to reduce 
the zonal aberrations than does the unsplit doublet, as the former has excellent coma correction. 
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11,4 SECONDARY SPECTRUM OF TELESCOPE OBJECTIVES 


11.4.1 The difference in focus for F, C, and D light. 

11,4.1.1 In the preceding paragraphs, it was shown (11, 3.4.3) how the zonal spherical aberration could 

be reduced by a large factor. However, the aberration curves of Figures 11,4 through 11.6 clearly show 
that since the lens must be designed to image F and C light, as:wellas D light, the high degree of zonal 
correction in D light is of small practical significance. The F and C light focus does not coincide with 
the D focus. This defect infocus for F, C, and D lightisa paraxial ray defect and was briefly dis- - 
cussed in Section 6.10.8, where the transverse aberration, TAch,, ep ? was defined as the secondary 


spectrum, 


11.4.1.2 It was also stated (6. 10. 8.4) that the three principal methods for reduction of this aberration. 
are: : 


(1) Use special materials with equal partial dispersions. 


(2) Use more than two types of glass. 
(3) Use proper combination of lenses. 

Paragraphs 11.4.2 and 11.4.3 will describe methods (1) and @) respectively. 

11.4.2 Reduction of secondary spectrum in a doublet. ®, - B, = 0 Method). 


+ i 
11. 4.2.1 Equation 6-(49) tells us that when the partial dispersion ratios of both lenses of a doublet are 
equal for F and D light, then P, - PB, = 0 andthe F, Q, and D light will unite ina common 
focus. Now, depending on the shapes of the dispersion curves of the glasses used i in the doublet, there is 
still the question of where other wavelengths will focus. 


! 


11.4.2.2 Equation 6-(49) can also be used to calculate the T Achy. -p for any other wavelength. If the partial 
dispersion ratios for other wavelengths are not equal, i.e., Pg B, # 0, then there is'still residual 
chromatic aberration. In choosing glass types, then, a designer must consider’ the following compromises: 


(1) Should he settle fora small (¥, - %,) by setting (B, - B, ) exactly 
equal to zero, or should a larger’ ( ¥ > yy) be chosen ‘And some secondary 
color be allowed? The decision, of course, will depend on the focal length and 
the numerical aperture required of the objective. 


(2) Does the need for correction for a large range of wavelengths require that 
(Pa - Pp) be set at a value other than zero? 
1 | i 
11.4,2.3 It is clear that these considerations, combined with the task of correcting the spherical aberra-— 
tion, and the variation of spherical aberration with wavelength, pose a formidable array of problems. 


11.4.2.4 The designer's difficulties are further increased by the nged for extremely accurate measure- 
ments of the index of refraction. One can, by differentiating Equation 6-(49), deterniine that the following 
relation holds for an achromatic doublet. 


d (TAch, ») ap -1 
a = “TAG -p ( 33007 ) (43) 


Therefore, if it is desired that the secondary spectrum of a doublet be held to 1/10 of its normal value, 
then it should be sufficient to know the index of refraction at éach wavelength with an accuracy of 2 in the 
fifth decimal place. With an index error of this magnitude in each of the wavelengths used to calculate Pp, 
and » , itis possible for the errors to combine so as to cause a doubling of the total error. Thus, it is 
necessary that the index be accurate to at least half of this value, or 1.0 in the fifth decimal place. 


11.4. 2.5 It is not only difficult to make measurements of the index of refraction with this accuracy; it is 
even more difficult to manufacture glass to specification with this degree of precision. The reputable opti- 
.cal glass manufacturers claim the required accuracy of their measurements but do-not claim to be able.to 
furnish samples to catalog values with this exactness. If, in the manufacture of precision lenses, it is 
necessary to have glass whose index of refraction is accurate to this degree, then it is necessary to have 
measurements of index made on a sample of the actual glass to be used in the lens. 

{ 

} i 
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11.4.3 Correction of secondary spectrum ina triplet lens, (Multiple glass-type method). 


11.4,.3.1 By using three glass types in the telescope objective it is possible in principle to bring at least 
three wavelengths to a common focus. If it is assumed the lenses are all thin and closely spaced then it is 
possible to write the following equations. 





o% +% +9 = 6 (Focal length) (14) 
ba bp be 
zw toe to = 0 (F and C light brought (15) 
a b e to same axial focus )} 
%, i $ pep $.. et 
7 : es + —p>— = 0 (D light brought to the (16) 
a b c F-C axial focus ) 
. n, - 7 " 
11.4.3,2 By defining P* = aR , the third equation must be fulfilled if D light is to be 


: tp > Be 
focused at the F and C focus, The above equations may be solved to give the following values of o, ; 


ae ee », [% - % J 





$ =¢ x , (17) 
v pe - pe 
oL a 
o =¢ Se ; (18): 
Ye L, 7 Be | 
e = > he 7 : (19) 
_ where 7 
p* v 1 
a a . 
A = | Pe 4, 1 . (20) 
pe pv 1 
e c 


- One can recognize that A isa determinant, the value of which is the area of a triangle connecting points 


plotted with P* asthe ordinateand v as the abscissa. 


11. 4.3.3 Figure 11.10 is such a plot for several glasses. From the above equations one can see that points 
for three glasses must be found so as to form a triangle of finite area on as P* versus v plot. It is 
important to pick glasses that will have the smallest possible values of >» and b. - If three 
glasses are picked, as shown in Figure 11.10 marked as a, b, c, then 2 (b) “lens becomes negative, for 


(Pt - Pe ) is negative and A is positive. In order to minimize $p , the ratioof (Pt - Pe )/A 
must be made aminimum. If one draws a line from a to b it is clear that any glasses located on this line 
will have the same ratio of (Be - Be Ya Tf By - By is made smaller, the area A of the 


triangle is made smaller by the same ratio. This can be seen to be true by remembering that ac is the 
base of the triangle and a perpendicular from b to this base line is the altitude of the triangle. Therefore, 


(Be - Be ) 
a Cc hea 
eos 6 = 


and 


PL Pe _ cos 9 
a —h) 


cos @ is the angle ebween the line connecting a and c and the vertical axis. Aslongas cos @ and h 


remain constant then (Pe - B* )/A is constant. The procedure to pick glasses, then, is to try to find 
a triangle with as large an h as possible. It is also logical to suggest that the two positive lenses [the (a) 
and the (c) lenses _] should have approximately the same power. 
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649338) 
617385 
57541 


¢ 


69154 
526546 
13574 
523586 


517645: 
30: 40; 60 





ve @p) (ay-2,) 
| ' 
Figure 11, 10- A plot of Bt vs v for. different glasses. 


. I 
11.4,3.4 Dividing equation (17) and (19) provides the ratio $, / %e . 





We gs _— 
% ¥o Py 7 Py 
Since 4 / is greater than 1, it then followsthat (Ds _ Ps ) should be less than (Bg - Be ). 


A glass éombination selected with these considerations is shown in Figure 11.10. There are, however, other 
factors one must consider in selecting the glasses for the reduction of secondary color, namely, tertiary celer 
as described below. ; 
11. 4.3.5* By satisfying the conditions in Equations (14), (15) and (18), the three wavelengths F, D, andC 
focus at a common axial point. One may now calculate the residual transverse aberration for any other - 
wavelength ) , from the. equation : : 





By Lp eB, oP yy May Uy 
—,—_} + {——] + (4 —}_ = Tach - ) (21) 
( ¥ y ( B \, ( 7 )., : . Fr-xA ( y2 : ‘ 
I 
Pp, will be hereafter referredtoas $*+. By inserting the expressions for ($/ v ) given in Equa~ 
tions (17), (18), (19), and (20), Equation (21) becomes i ; 
Ber (Be - Be) + Per (Pe - Be ) + Ber (Be - Be ) Me Vid 
- = TAch . 
A F-y yz @ 








* The notation P* and P** and the ideas suggested in this section have been described by Herzberger, 
Optica Acta, 6, 197 (1959). 


| (22) 
| 
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The left hand side of the equations is equal to 





Be Pee 1 

By Bg 1 

Be pee 1 
A 


The value of the determinant in the numerator is again the area of a triangle in a coordinate system with. P¥ 
plotted as abscissa and P** plotted as ordinate. This tells us then, that if we wish to have small residual 
aberration for other wavelengths it is necessary to pick three glasses that lie on a straight line when plotted 
onthe P* versus P** diagram. Plots of this type are shown in Figure 11.11. There are three sets of 
wavelength data plotted on this graph. The values of P** are Par_p» Pe-p» and P, _p. The 
glasses used in a sample calculation are shown connected by dotted lines. These plots show that A', g ; 
and e light will have residual aberration because the three glasses do not lie ona straight line. As the data 
is plotted the triangles show that A' will have a positive TAch. The e light will be slightly negative, and 
g will be slightly positive. An actual curve for these three glasses is shown in Figure 11.12. It is plotted 
on the same coordinates-as the data in Figure 6.20. The corresponding curve for a doublet is shown in the 
same figure. The powers of the lenses in the triplet are shown compared with a doublet in Table 11.12. The 
strong curves in the triplet indicate clearly the reason why lenses corrected for secondary color must 
have small relative apertures. 


0.720: 





49338 
17385: 
720420 
15414 
584460: 
‘pe 
1691548 613442 
171549 
T3574 
52358 
i 517645 
Hee aH. 6108. 6204. 63031; 640 _244np 246i 248 1.2471, 2611.28 
(0. TOO Hee i fe kd 
Pep Pep eed 


Figure 11.11 - A plot showing tertiary spectrum. 
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- 00254 


- 0020 
Glass types used in doublet Glass types in triplet 
E Positive lens 511635 i) B 

0015 Negitive lens 649338" a)1.517 64.5 

. H b) 1.613 44,2 

ce) 1.5838 46.0 
«0010 

Nie ‘Doublet| 

- 0005 
0 
- .0005 





4000 5000 6000 7000 © 7500 


Wavelength -A | 
Figure 11,12 ~ Plot of y, vs for a triplet corrected for secondary color. 


Doublet Triplet 


Ga = 0.21380 0. 2812 
$y =-0. 1138 -0.4747 
oes 0. 2935 





= 0.1 


Table 11. 12- Comparison between powers i ina 
triplet corrected for secondary 
color and an ordinary doublet. 


' 
11.4.4 Additional readings on secondary color. For further ceuae on secondary color, refer to the 
following articles: ! 


(a) Three color achromats, R. E. Stephens, J. Opt. Soc. Am. 49, 398 (1959) 


Four-color achromats and superchromats, R.' E. Stephens, J. Opt. ne Am, 50,-. 
1016 (1960) : : 


11.4.5 Sample design of a triplet corrected for secondary color. | 


11.4.5.1 A sample lens has been fully corrected for secondary color and ed traced. The glasses used in 
the design were all Schott glasses. The thin lens solution was given by R. E. Stephens in the second of the 
above papers. The thin lens glasses and powers were given as follows: , 


Glass Power 
F-1 0. 338 
Kz2Fs-4 -0. 721 

' PKS-1 0. 483 
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These powers add upto 0.1. The focal length is therefore 10. The lens was corrected for an f-number 
of 12. The final lens specifications are shown in Table 11. 13. 


LENS SPECIFICATIONS 












0.1989 
-0. 0791 
-0. 1502 
0. 6180 
0, 6387 


-0, 1272 






0. 00000369 





0.000092 0.000023 








-0, 000155 +0, 000074 ~0, 000164 

















-0. 001056 .-0. 000574 -0. 001137 


Table 11,13 - Three lens system corrected for secondary color, 


0.001 


-0. 001 


0. 001 
C&F for a doublet 


(Y,- y 


~0. 001 


“0.5 0 0.5 
Yl 
Figure 11,13 - Meridional ray plot at 0°, for triplet. 
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The meridional ray plot for this lens is shown in Figure 11.13a. tei is plotted on the same scale as the doublet 
shown in Figure 11.3. These data show that the triplet corrected for secondary color has to be made to a 
much larger ‘f-number than the doublet. One can see that the curves are stronger than the doublet, and 
The straight dashed line in Figure 11. 13a shows the best 
possible aberration curves for F and C light ina simple doublet. The curves for the triplet out to a value 
of Y, = 0. 4 show that some advantage is gained by using the triplet. Beyond Y1 = 0.4 there is no 
gain at all, for the high order spherical aberration is so heavily under-corrected. If the lens had been stopped 
down to a value of Y, = 0.3 it could have been corrected with a smaller residual aberration. The lens 
would then be corrected with approximately one third the aberration in a simple doublet. This would give an 


the higher order spherical aberration is large. 


f -number of 16.7. 


i 


11.4.5.2 Other solutions. The triplet described in Table 11.13 is not a completely optimized solution. The 
higher order aberrations might have been further reduced by adjusting the air spaces. One must also consi- 
der other orientations of the lenses. To illustrate this effect a solution was corrected with the PKS-1 as. 
This solution is shown in Table 11. 14. This shows some. 
improvement over the first solution shown. This lens could probably be used at f/ 11. This lens is better: 


the first element, and F-1 as the final element. 


corrected than the one with F-1 infront. It is not, however, certain that this is a characteristic of the lens. 7 


‘The second system was designed much more carefully than the first one. Many,many solutions were found for 

the second design. The solutions were found automatically for varying amounts of primary and secondary 
color, and finally, the zonal spherical aberration was reduced by adjusting the air space between the second 

and third lens. The second solution is, we believe, nearly as good a solution as it is possible to design with 


this combination of glass; but we are not sure, for there are many things that should be studied. For example, 
the axial color should probably be made slightly more negative, 


This would lower the F light curve slightly 


and raise the C light curve. The two curves would therefore cross further out in the aperture. 


I : 
i ' 


LENS SPECIFICATIONS 


0, 5334 
-0, 3322 
-0. 2792 

0.7079 

0, 5469 
-0, 1723 


RAY TRACE DATA 


0.0000021 


0. 0000028 


-0. 000085 





0.3180 


0.0100 
0. 1400 
0. 1000 
0. 1969 
9.018 





0, 0000127 
0. 0001495 


0. 0003700 


0. 0000517 
0. 0000265 


~0. 0001531 


Table 11.14- Three lens system corrected for secondary color. — 
The meridional ray plot is shown in Figure l,13b, 


11.4.5.3 The amount of computing that went into the above designs is beyond the comprehension of anyone not 
familiar with the problem. We found 16 automatic third order solutions, Usually it took a minimum of four 
iterations. For each solution a fifth order and 9 rays were traced. Only one out of five possible thicknesses 


was used as a variable. Before one could say he really had an optimum solution it would be necessary to check 
the effectiveness of varying the thickness, trying the negative lens out front and use other glasses. Thanks to the 


modern computer it is beginning to become practical to do this at a reasonable cost. When we realize how 
limited our present approaches are to the problem, we can look forward to promising solutions in the future. 
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11.4.6 Evaluation of lens from optical path. The gain in image quality is however, misleading. This is an 
example of why one must always remember to consider the physical optics of the problem. Figure 11.13 shows 
that if the perfect doublet is stopped down to f/16.7 the C and F light would have a transverse aberra- 
tion of 0.00015, with respect to the D light focus. If we assume the focal length is 10 cm then this corres- 
ponds to a transverse aberration of 0. 00015 cm. There is a relation between the transverse aberration and 
optical path difference for shift of focus, The equation is 

Yi 


2f' 


where Y, is the transverse aberration for the ray entering the lens at Y,. Inserting the above aberra- 

tion into this equation shows that the OPD in the simple doublet is 0.038 “wavelengths. Now if the Ray~ 
leigh tolerance of }/4 is assumed, this means an f/16.7 doublet with a focal length of 10 cm has'so little 
secondary spectrum. it will never be noticed. Its focal length could be scaled up 0. 25/0. 038 times the 10 cm 
focal length. This amounts to a focal length of 65.8 cm. Therefore, there is no point whatsoever in design- 
ing a lens to reduce the secondary spectrum, when the focal length is less than 65.8 cm , if it has to be stopped 
down to f/16.7. The above triplet therefore would not show any advantage until scaled to focal ‘lengths. longer 
than 65.8 cm. To realize a two to one gain over a doublet, it will have to be scaled to 131.6 cm “focal 
length. At f/16.7 this would be a lens 7,9 cm in diameter. This is getting to be a fairly expensive size’ 
lens in which to use the unusual glass KzFS-4. : 


OPD = ¥,- 


11.5 SUMMARY 


One can now see the relation between a doublet and a triplet corrected for secondary color. One can design 
a doublet with two types of glasses and split the positive lens into two and make the system a triplet. Then it 
is necessary to find two glasses with the same values of P* and P**, Since there are only very few glasses 
removed from the P versus line this means that relatively few glasses are available for the'positive lens. 
By using a third glass type it is possible to use a much larger selection of glasses. In order to find an , 
optimum solution it is necessary to study many combinations of glass. One must completely correct the lens 
and ray trace the solution before deciding what glass choices are most suitable. There will be variation of 
spherical aberration with wavelength. This aberration may become so large that all the advantage of using 
the special glasses to correct the first order effects may be completely lost. 
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12 LENS RELAY SYSTEMS 


12.1 INTRODUCTION 


12.1.1 Lens relay systems of the type mentioned in Section 7 (Paragraph 7.5 and Figures 7.5 and 7.6) 
are described in more detail here. 


12.1.2 Relay systems are used for two purposes: to provide the proper orientation of the image, and 
to transfer the light from one region to another.. Sometimes the distance between the object and the 
final image may be large and, in addition, the diameter of the lenses must not become excessive, 
These conditions may require a series of relay lenses resulting in a system called a periscope. 


12.2 THE BASIC LENS PROBLEM OF A RELAY SYSTEM 


12.2.1 Suppose a relay system is needed to transfer light from an object plane to an image plane. The 
two planes are separated by the distance D, Figure 12,1, The magnification should be -l. 5 





Figure 12.1- A single-relay-system. 


12.2.2 The diameter of the objective will be determined by the angle uo. The type of lens to use for the 
objective depends upon the image quality required. For the moment, however, assume that the relay lens 
will consist of two telescope objectives of the type described in Section i. The objectives could be 

placed so that the light would be parallel between them. One could start with any of the lensés shown 
in Tables 1.3, 11.5, 11,6 or 1.7. i : 


12.3 A VISUAL SYSTEM, NUMERICAL EXAMPLE 


12.3.1 To evaluate the visual performance with telescope objectives, first suppose that the system is 
a visual system, with a 10X eyepiete (see Section 14) used to view the image. 


12,3.2 In Section 11.1.3 the effect of the Petzval curvature was described, Equation 8-(28) gives the 

value of P for a thin lens as -¢/n. The value of P for the relay lens shown in Figure 12.1 would 

then be - —— ; where ne is the effective index of the doublets used for the relay lens, The 10X 
ne 

eyepiece could be any of those described in Section 14. For this example, the very common Erfle 

eyepiece shown in Figure 14,19 will be used, According to Table.14,7, the lens will have a value of 

P =-0,2125 in reciprocal cm. ; : 


12.3.3 From the data shown in Section ll on doublets, it is evident that the doublets could be used at 
/3.5. If they could be 10 em in diameter, each doublet could have a focal length of 35 cm, and the. 


“distance D would be approximately 70 cm, The value of P for the relay lens would then be -0, 038. 


12.3.4 This is only 18% of the Petzval contribution introduced by the eyepiece. It is, therefore, probably 
negligible as long as the field of view is maintained within the field of the eyepiece. The data in 

Figure 14.21 show that this eyepiece can cover about 28° half field with a negative distortion of approx- 
imately 8%. The maximum image height is therefore 1.32 cm. This means that the maximum object 
height will be 1.32 cm. , 
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12.3.5 The use of other types of lenses for relay objectives is considered here. If two triplet 
objectives of the type designed in Section 10 were used, the value of Ng in the equation P= -$/ne could 
be raised to about 3.0 or 4.0. With a value of ng = 4.0, the P value of the relay lens would be -0. 014. 
This would be completely negligible compared to the value introduced by the eyepiece. On the other 
hand, the triplet would not be as well corrected on the axis as the doublets. It is usually not a good 
idea to attempt to correct the Petzval curvature of the relay lenses until they start to introduce a 
contribution which is one half’, or at most equal to, that of the eyepiece, 


12.4 SECONDARY COLOR IN A RELAY SYSTEM : 
12.4.1 In paragraph 6.10. 8.3 it was indicated that telescope lenses made out of ordinary glass have 
an amount of secondary color given by the expression 


I 


fies wes 
d =— > 
F-D ~~ 2200 ; 
12.4.2 The relay lens in the sample problem in Figure 12.1 would have secondary color given by the " eo 
equation , aa as 
ay 
TAchpn = —~ - 2 , a) 
2200 2200 


12.4.3 Equation (1) shows that the secondary blur at the focal plane of the eyepiece increases as ug" 


or Dis increased. In the sample problem, if u = 0.l4and D =70'cm., the radius of the secondary 
blur TAch, ps 0.005 cm. With the 10X eyepiete, this would subtend an angle of 0.002 radians. 


This is 6. & vies, which is definitely noticeable but usually tolerated. Any more than this is 
objectionable. 


12.4.4 Secondary color is usually a serious problem in relay systems. If the distance D must be 
maintained, then the secondary color can most easily be reduced by making u 9 smaller. A value of 
ug = 0.14 means that the exit pupil diameter will be 7 mm. This is desirable for maximum light 


transmission, but it could be reduced to 2 mm without impairing the observer's resolution, This would: 


then cut down the secondary color to 2.2 minutes. 

12.4.5 The secondary color can be reduced by separating the two doublets. As long as there is 
parallel light between the two lenses, the space between the lenses can be considered free space. If 
this distance is d, the secondary color is given by the equation 


Ug (D-d) 
TAchp-p = Boe . 
. 2206 i @) 
12.4.6 As d.is made larger, the focal lengths of the lenses are reduced. They therefore introduce | 
more field curvature. It is a fairly general rule that any step taken to reduce secondary color without 
sacrificing clear aperture will result in more field curvature. 


18.90 FURTHER DETAILS ON DESIGN OF DOUBLETS AS RELAY LENSES 


For a unit power relay system, there are advantages in using tarp identical doublets with parallel light: 
hetween them. Since the doublets are usually air-spaced, this means there are eight glass air surfaces. 
Th'principle it is | possible to combine the positive elements of the doublets into a single lens 
surrounded by two negative lenses. One could also combine the two negative lenses and surround the - 
combination with two positive elements. One can see what would be involved in doing’ this by considering 
the solutions shown in Table 11.3. In these solutions, the curvature facing the parallel light c is 
about 0.16. In order to make the positive element in the combined doublets a single lens, it’ would be 
necessary to bend these solutions until c) = 6. Take, for example, Case No. 10 in Table ll. 3. If the 
lens should be bent to make c, = 0, the remaining curvatures would be cy = - 0.4798, cg = -0. 4694, and 
= -0.2341.The doublet would no longer be corrected for spherical aberration or coma. The spherical 
thertalion, at least to the third order, could be corrected by adjusting the curvature differences between 
and c,. The coma would, however, be far from corrected. By facing this with an identical doublet, 
tke two Blane surfaces could be contacted. This means the positive lens could be made into a single 
equiconvex lens. The spherical aberration of the doublets would add, but the coma would subtract, to 
zero. This argument shows that a triplet relay lens is possible, but it also shows that it will probably 
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have considerably more higher order spherical aberration than the two doublets. The use of a triplet 
of this type could be recommended only when the zonal spherical aberration is tolerable. 


12.6 DOUBLE-RELAY SYSTEMS 
12.6.1 Often in relay systems one is limited in the diameter of lens which may be used as, for example, 
when the lens must be confined to a given diameter. In the single-relay example described in 12.3.3, 


the relay was allowed to have a diameter of 10 cm. Suppose there was 2 limitation to a 5-cm. diameter 
for all lenses. In order to maintain u, = 0.14, it would be necessary to use a double-lens relay system as 


illustrated in Figure 12. 2. 


PT 
eS 


vo First Field Second B 
relay lens relay 
lens lens 


Figure 12.2 - A double-relay system. 


12.6.2 In the double-relay lens system, the ‘first and second relay lenses must have just one-half 
the focal length of the single-relay lens. They will, therefore, each add twice the Petzval contribution. 


12.6.3 The two.relay lenses will not introduce any more secondary color. Each relay transfers by 
the distance D/2, so that each has half the secondary color; but they add, so the total comes out the 
same. Equation (1) still applies for a double relay system. : 


12.6.4 Note that in Figure 12.2 an extra lens has been added in the intermediate focal plane. This 
ig called a field lens. Its function is to image the chief ray passing through the center of the first relay 
lens at the center of the second relay lens. This field lens has a focal length equal to D/8. It will also 
introduce negative field curvature equal to 8/Dn. 


12.6.5 One can see then that doubling up the relay system in order to reduce the diameter of the. 
lenses has introduced Petzval field curvature. The relay lenses introduce four times as much field 
curvature, and the field lens adds as much as one of the relays. The double-relay lens, therefore, 
introduces six times as much field curvature as the single-relay system of equal length and numerical 
aperture. The secondary color is not changed. 


12.6.6 Reducing the field of view. One can argue that there is little to be gained in rejucing.the field 
of view. The eyepiece is designed for, and capable of, viewing an object height of 1.32 cm. It is true 
that the relay lenses are going to make the image at the end of the field more blurred, but to introduce. 
a stop at the field lens would merely mean a slightly smaller field lens. The savings in cost would be 
_ negligible. If one decides to use doublet relay lenses, nothing is lost in using the full field of the 
eyepiece. It is better to see the wide field, even if it is blurred, than to stop it down, As a rule, 
* the field of a visual instrument should not be reduced if the extra field can be obtained with no increase 
in cost and size of instrument. ~ 


12.6.7 Relay lenses corrected for field curvature. If the problem: demands improved quality at the 
edge of the field, it is necessary to abandon the doublet relay lenses and use a lens with reduced field 
curvature. Triplets as described in Section 10 may be used if one does not try to increase ng beyond 4. 
If this is not enough, a double Gauss lens is recommended. . 
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12.8.8 Field lenses corrected for field curvature. It is possible to introduce compound field lenses, 


such as triplets, to reduce the Petzval curvature of the field lens, If the field lens is located between 


the two unit power relay systems, it must be symmetrical. It will have to perform for a finite con- 
jugate, and the region of solution will be quite different from the lenses described in Section 10, One 


can think of the lens as basically two inverted telephoto objectives with parallel light between them. 
The lens can be roughed out by first designing one side. One should avoid placing a lens surface 
directly in the intermediate focal plane, for it will eventually collect dust. 


12.7 SUMMARY i 
12.7.1 Relay systerns are inherently limited by problems of field'curvature and secondary color. 
One should always try to use as few relays as possible, until glass weight and cost become a problem: 


12.7.2 If it is necessary to use more than one relay, the same rules apply. The relay and field 
lenses should be kept as large as practicable. The size of the relay or field lenses should never be 
reduced needlessly. i 5 
12.7.3 The secondary color depends on the over-all distance of relay and the value of ug. If the 
secondary color becomes serious, it is necessary either to accept it, reduce u o” OF resort to special 
Jens materials. 

12.7.4 Whenever attempts are made to correct the field curvature, more secondary color is 
introduced. See Figure 6.21. i 

12.7.5 Doublet relay lenses are usually prefered to other more complicated typesi They represent 
a good compromise between simplicity, cost, number of surfaces, ‘and reasonable image quality. It is. 
possible rapidly to reach a point of diminishing returns in trying to’ reduce field curvature: the result 
will be a design with increased secondary color and chromatic yariation of aberrations. , 
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13 MIRROR AND PRISM SYSTEMS 


13.1 INTRODUCTION 


13.1.1 Uses of mirrors and prisms. Mirrors and prisms are widely used in optical systems. Among the 
principal uses are the following: 


(1) To bend light around corners. 
(2) To fold an optical system into a smaller space. 
(3) To provide proper image orientation. 


(4) To combine or split optical beams with partial reflecting 
surfaces. , 


(5) To disperse light, as in refractometers and spectrographic 
equipment. 


13.1.2 Design application. The principles discussed in this section are intended to develop an understanding 
of concepts, and to provide computational tools for use in designing optical systems for all the above applica- 
tions with the exception of spectrographic equipment. Thus, since dispersion is not one of our primary aims, 
the problem can best be approached by the study of reflection. 


13.2 REFLECTION 
13.2.1 Reflection from a single surface. 


13.2.1.1 The first problem involved in the study of reflecting surfaces is illustrated in Figure 13,1, An object - 
point P is given.. A mirror reflects the incident rays of light from P ina new direction so that the reflected 
rays appear to emerge from an image P’. The actual reflection problem might involve a number of possibie 
variations from a’ design standpoint. For example, the problem might be to orient the mirror to send the 
reflected light in a given direction. This might then raise the question of image orientation at P'. ~ , 


13.2.1.2 The simpler problems of this nature can be readily solved by elementary concepts known to most tech- 
nical people. The discussion below is designed to provide the tools to handle more complex problems. 
13.2.2 Multiple reflection. 


13.2.2.1 Equations 2-(3) and 2 -(4) provide a vector form for the law of refraction and the law of 
reflection. The same equations can be used to treat reflection problems by assuming that, -n, = ng = 1. 
“From equation 2 - (4), * 


- cosI - V¥cos?I , or 


- 2cosL (Wy) 


T 


Tr 


W 


Cos I is given by the dot product, “8. M; therefore 
r, =--2@,-‘M)--20,. ~_ F @) 


Equation 2 - (3) and Equation (2) above make it possible to handle reflection problems for any number 
of aoe For example, assume a system of-mirrors as in Figure 13.2, with rays reflected as illustrated. 
Tf is a unit vector along any ray, thereby indicating its direction, it is possible to write the following 
equations, 


~ . —_ ws 

&% = 8 +, M,, (3a) 
> — 

Py = SoM,» (3b) 

and 

_> = —_ 

So = 8, + Th M,, : (4a) 
ke —_> =a = —_> — . 

Pa = Sy*My = So*Mz + Ty My'My > (4b) 
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Reflected Ray 


Mirror Normal 








~n 
- 
P 
Incident Ray \ 
P 
t 
Figure 13. 1-Reflection from a single surface Figure 13.2-Reflection from multiple mirrors. 
mirror. . 
and 
Sat oes = 
83 = 52+ I Mg, (5a) 
_-> — _ == é 
Py = S)°Mg = S.-M, + 1, M,M, + 1 Mg°Msg » (5b) 


from which one can readily see the pattern that follows as more surfaces are added. 

13.2.2.2 Let us examine an example of a problem involving a single reflection. Suppose it is desired to have 
aray of light pass along the Z axis and reflect from a mirror in the XY plane at an angle of 45° tothe X 
axis as in Figure 13.3. What are the coordinates of the normal to He: mirror? By writing the incoming and 
outgoing vectors in component form, we have 


So = k, 
and 
Sy = Ee i+ e5 j, where i, j and k are unit vectors along the X, Y and Z 
axes, respectively. The unit vector for the mirror normal may then be writien as 
— = = > 
M = Myi + Myj + MAE. 
Therefore \ 
> —> # 
Py = So*M, = z 
and | 
R= 7-2 -M,. 


Then, from equation (3a), 


— 
=k 





Ll + 


v2, ve 





Se ee 
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Figure 13.3-A single reflection problem. 


It foHiows that 


M = i= a — 1 
e- oO - i - —— jt 
22 Mz 2¥2 Mz 2Mz 


ee ‘ 
Since M isa unit vector, the sum of the squares of its components is equal to one. Therefore, 


(2) Gal Gt 
+ |———] + = 
2V2 M 2v2 M; 2M, 


< —-=> “a - 
since i, -j andk are also unit vectors. 


k. 





Solving for M,, 


Mm? = 144+-4, 
mM, = LL. 
va 
Finally, 
W--1T- 47+ 12 
From this we can see that é 
M,=-—+, My=--— and M,= 


13,2.2.3 Consider the above solution. Mis the vector for the mirror normal, but what is the significance 
of describing it thusly? We will find it very convenient to be able to describe the equations of a plane in 
terms of the components of a unit vector normal to the plane. The equation of a plane may be written as 


Ax + By + C2 +D=0. (6) 
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Taking the numerical value of D as negative, if P is the distance from the origin to the plane 
along the normal, 











Bia Sa DS 3, 
VA2+ B24C2 

where 

F =y"Aay Bas C2 Bs ™ 
The components of P on the X, Y, Z axes are, 

pp... DA ; 

7 F? (8a) 

= . DB 

PB = ae (8b) 
and 

Roe. (8c) 

F 
The coordinates of the unit vector along P are, therefore, 
A 1 

M, = - +- (9a) 

My = z , (9b) ° 
and : 

M,= —¢-. (9¢) 


These equations enable us to visualize the Spatial position of the mirror discussed above. If P = 1, then © 
=-D and the intercepts of the mirror on the X, Y, % axes are equal to ,_1 and 1 _ because, 





M,” M M, 
-B.- 2.) DL tag DL FY . 
A My B My cM, 
In the above example, then, the intercepts of the plane of the mirror are, 
eee 1. co 
We t7) ‘WE, ~~ 2 and mc Y? - 


A plane mirror located with these intercepts will be parallel to the mirror specified in the problem, and at a 
distance P = 1 from it as shown in Figure 13,4, (The intercepts of the desired plane, of course, are 0, 0, 0.) 
The components of the mirror normal vector for the mirror at the origin will be equal to the components of 
mirror normal vector for the mirror at P since the mirrors describe two parallel planes. 


13.3 LOCATION OF THE IMAGE 


13.3.1 The plane of incidence. One of the conditions of the law of reflection is that the incident ray, a normal 
to the surface at the point of incidence, and the reflected ray all lie in a single plane. It is possible therefore 
to draw the plane containing the incident ray, the normal to the surface, and the reflected ray. This is il- 
llustrated in Figure 13,5. The plane containing this ray is called the plane of incidence. - 


13.3.2 Image location. 1 


13.3.2.1 The next problem of interest is the following. If point P represents an object point, where will its 
image be located? In order to locate an image it is necessary to take at least two rays from the object point 
and reflect them from the mirror. These are indicated by R, and Rg in Figure 13.5. One can readily deter- 

' mine that the second ray, when extended back, intersects the first ray at P'. P' is therefore the image of P; 
it is located on the line from P perpendicular to the mirror and lies behind the mirror the same distance 


.that P is in front of the mirror. 
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Reflected Rays 
Incident Rays / 


Figure 13.5-Plane of incidence. 












c 


ition No. 1 


7 Observer in Position 

No, 1 
Observer in Position 
. No. 2 


Figure 13.6-Observer, image, and object 
positions. 
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13.3.2.2 This means that the image of a point P ina mirror may be located immediately by drawing a line 
from P_ perpendicular to the mirror. If the distance along this line from P tothe mirroris d, then the 
image P' will be located on this same line in back of the mirror at a distance d fromthe mirror. Alternately 
the image of a point P in a mirror may be found by rotating the object point around the axis formed by the 
intersection of the plane of the mirror and the plane of incidence. 


13,4 ORIENTATION OF THE IMAGE 


13.4.1 Single mirror imagery. Suppose we look at the image of two points Aand B. See Figure 13,6, The 
images A’ and B’ are located readily by drawing normals through the mirror and laying off equal distances. 
Now suppose that an observer looks at the AB from position 1, shown. To the observer B lies to the right - 
of A. Now if the observer wishes to see the image he must turn around and look into the mirror as in posi- 
tion 2. Then B' appears to lie to the left of A'. This means the mirror image appears to be "left handed". 
An object imaged by a single mirror always appears "left handed".! One source of confusion in this field . 
stems from the fact that one may not always look at the object from the same side. Figure 13.6 shows that 

A‘ and B' are actually in the same spatial orientation as A and B. It is because the observer has to change ae 
his point of view that makes the image appear left handed. 


13.4.2 Mathematical formulae for locating the image of a point P in a mirror.* 





13.4.2.1 It is possible to readily compute the image position of an object point P as reflected in a mirror. 
Referring to Figure 13.5, one may write the expression for a plane parallel to the mirror passing through 
P. The equation is 


A(x,) + Biy,) + Czy +D, =0. (10) 
This represents a plane through P which is located at coordinates x, Yy,» 24. The equation for the mirror is 


A(z) + By) + CQ@)+D=+0 (11) 


The perpendicular distance between the two planes is therefore 


a = opt = Ale) + Bi) + Ol) +P 
7 : (12) 

The image will lie at a distance d on the other side ee the mirror from the point P on the norn.al to the mir- 

ror. Equation (9) gives the components for the unit vector perpendicular to the mirror, so if these are multi- 

plied by. 2d, one obtains the differences in the position coordinates for the object and image. The position 


coordinates of the image P’ (x1, Vr 2] } are then given by 


xi =m - 2d A ; (13) 

Yy =¥,- 2B , (14) 
and i : ‘ 

a =2,- 242. ; (15) 


By inserting the value of d from Equation (12), it is possible to compute X,", yy' and zy" . 


13.4.2.2 It is convenient to use matrix notation for Equations (13), (14), and (15). These equations may be 
written in matrix form as follows, ‘ 


1 1 o 0 0. 1 ‘ 
x | |-2an/r2 1-24%/F2 -2pa/r2 -2Ac/F2 |] x 

y| |-250/F2 -2aB/r? 1-28?/F? -25c/F? |l y “ 

a -2CIVF? -2AC/F2 -2BC/F2 1-2C2/r2H 


+3. 8. Beggs, J. Opt. Soc. Am. 50, 388 (1960), 
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In abbreviated form, then, one can say, 


Gy) - G9 fy, an 


in which P represents the column matrix, 


NS 


and P’. represents the column matrix, 


wd Me 


The M matrix is the large matrix made up of the constants of the mirror. Now if there are several mirrors 
involved, the image P' will be transformed to another image P” and P" to P'™ etc. It follows that 


CPJ - (J Ce) ana Pl - fe] DPdete., 

[Pp] = [Ma] ---- [2] (a) [F] - (18) 
13.4.3 The vector ray tracing equation in matrix form. 
13,.4,3.1 Equations (3a) and 3b) may also be written in matrixform, First combine (8a) and.(3b), 

3-3, -2 Gy TH. 
Jn component form this equatiom may be written 

Six = Sox - 2 Mx (ox My + Soy My'+ Sp, Mz) » 

Siy = Soy ~2 My (So, My + Soy M, + Son M,) 3 

By, = So, - 2 Mz (Soy Mx + Spy My + Sp, Mz) - 


and 


These equations may also be reduced to matrix form, 


Six (1-2M2.) -2M,M,  -2M,M,} | Sq, 
Sty] =| -2M, My (1-2MZ) -2MyM,| | Spl - (19) 
Siz -2M, M, -2MyM, (1-2M2)| | So, : 


By substituting Equations (9a), (9b) and (9c) into Equation (16), we see that this new matrix is a minor of the 
M matrix. Let us call this the R matrix. For several reflections, then, it is possible to write 


(saJ- oJ Roi} ---- [ei] (50- (20) 
13.4.3.2 The matrix notation is conceptionally convenient because the matrix equation (19) represents a rota- 
tion of coordinate axes. To illustrate, consider the rectangular coordinate axes X, Y, Z and their respective 
unit vectors i, j, k and the rotated coordinate axes X', ¥', Z' and their unit vectors i’, j’, k’. The vector 
OP shown in Figure. 13.7 may be written in component form for either system of coordinates as, 
— 
OP = xi + yj + zk = xi + yij' + ak. 
Performing scalar multiplication by i yields’ 
x (isi) +y (ij) + 2G) = xt (i) +y GF) + 2 GR). (at 


If we let 1,, m,, andn,, be the direction cosines for the X' axis inthe XYZ coordinate system, where the 
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£xX'0X 
Lxe0Y 
ZLR'0Z 





| 

Position coordinates of the point P are | 
P (x, y, z) inthe XYZ system, and 
P (x’, y’, 2') inthe X'Y'Z’ system 


Figure 13.7-Rotation of the coordinate axes. 










Sox= Sox Soy = Soy 











= 
8] Sixt = Sox Slt = Soy 

Sg Sogn = Sox — 'Saytt = Soy 
53 Saxitt = Sox Syne = Soy 





Figure 13.8 - Diagram showing how the mirrors cause rotation 
of the coordinate system. ; 
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direction angles are a, , 8, and 7,, respectively, then, the dot product, 
i'.i = (i cosa,) i = cosa, 

since i’ andiare unit vectors, and similarly; 
i'ej = cos B,, 


and 
isk = cos 7z- 


We may then let : 
i'ei = ll, ij = m, and i'-k = ny, 
and, similarly, 
Fei = 1,, jj] = my, i'+k = ng, 
Kei = lg k'ej = mg, k’-k = ng, 


where lp, mg and ng.are direction cosines of the Y'-axis and 13, mg and ng are direction cosine of the Z'- 
axis respectively, inthe XYZ coordinate system. We may now rewrite Equation (21): 


x= x), + ylp + 21g, : (22) 
y=sxim, + ym, + z'm., _ 23) 
and ; 
z= xn, + ying + 2'n,. (24) | 
These three equations may be written in the matrix form, 
x 1, le Ig x 
yt=] ™m, mp meffy' (25) 
Z Ny Rg gif 2 . 
By similar reasoning, it can be shown that 
x! 4,00 my ny PX 
yf=}1l2° mg 22 jIy : (26) 
2" 13 Mg Dg |Z . 


13.4.4 Interpretation of the vector matrix. 


13.4.4.1 Note that the above equations are exactly similar to Equation (19) which, therefore, can be thought of 

in the following way. The object ray has the direction cosines Sy, Sy, , So, with respect to the x1, 24 
coordinate axis. After reflection it has the direction cosines S,, Sj. y Sy, in the same coordinate system. 
See Figure 13.8. Another way to look at it is that reflection has caused’: a rotation of the coordinate system. The 
direction cosines of the new coordinate system with respect to the old are given by the terms in the reflection: 
matrix R. This is a very convenient concept because it gives directly the rotation between the object and its 
image. There is a great deal known about rotation matrices. For example if the determinant of the matrix is -1, 
it means the image coordinate system is left-handed. One can check the determinant in the R matrix in Equa- 
tion (19) and see that it is -1. This follows from the condition that M is a.unit vector, and 


2 2 Zo 
Mx + My + M,Z =1. 


13.4.4.2 By Equation (20) it is evident that if there are an even number of reflections the determinant of the 
total reflection matrix is +1 while if there are an odd number of reflections the determinant of the matrix is -1. 
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This is stated in optics in the following way. 


(1) An image seen by an even number of reflections is right- 
handed. 


(2) An image seen by an odd number of reflections is left-handed. 


A lefi-handed image of a readable page of print is not readable. A right-handed image of a readable page of 

print is readable. It may be turned at an odd angle, even upside down, but the observer can read it by 

Standing on his head. A left-handed image is always backwards regardless of the orientation of the image. 

In Figure 13.9the letter R is shown as left handed and right handed. The right-handed image may be made 

to appear normal by turning the paper around. The paper cannot be rotated into a position which will make 
1 


the left-handed image readable. 


ro 


Right-hand : Left-hand | 





Figure 13.9-The right and eee 


13.5 THE IMAGE SPHERE 
13.5.1 The external observer concept. 


| 


13.5.1.1 Some people find it helpful in understanding the imagery of'a single mirror to make use of the image 
sphere shown in Figure 13.10. : 5 

| 

| 


Direction of mirror 
G > rotation 


Mirror Position #2 Y 





Mirror Position #1 





Figure 13.40-Image position and orientation in the Figure 1'3.11-The Y-plane mirror rotation. 
‘ Y~-plane. } 
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Suppose that an object represented by a small coordinate axis is located at 0° azimuth and 0° elevation as 
shown in Figure 13.10. Now imagine placing a mirror in the center of the sphere. By rotating this mirror 
the vertical images may be made to appear at any position of the surface of the sphere. For example, con- 
sider that we are looking directly down on the XZ plane of the sphere. Figure 13.11 shows this view. A 
plane mirror mounted in the center with its plane vertical, and facing the object as in position M1, will 
produce a virtual image at I, as'sshown. This is very easily demonstrated by placing a small pocket mirror 
in position M, on Figure 13.11. 


13.5.1.2 Now, as the mirror is rotated about the vertical axis (the Y axis) to position M2, the image shifts . 
to I,, and similarly with M, and I, and so on until the image swings completely around in the horizontal 
plane. If you are using a pocket mirror, you will note that the image position and orientation coincides exactly 
with that drawn, regardless of the observer's position. Of course, the observer must place himself so that 

he can see the image to confirm this. . The significance is that the image does have spatial position and orien- 
tation whether observed or not, and that this is related only to the object and mirror relationship. : 


13.5.1.3 Consider now, the image position shift in relation to the mirror. As the plane of the mirror was 
rotated through an angle of 45° from M, to Mg the image position shifted through an angle of 90°. ; 


13.5.1.4 Vertical relations are similar. If the mirror placed initially in the position shown in Figure 13.12,” 
and then rotated about the horizontal axis (Z axis), the image will assume the positions.and orientations shown. 
Figure 13.13 shows a projection of the KY plane. Experiments with a plane mirror will again confirm the . 
accuracy of the illustrations, if the observer remembers that the Z axis is pointing "up" from the paper. 


13.5.1.5 To make full use of this concept, Figure 13.14 illustrates the position and orientation of the image for 
compound angles. In each case, the mirror has been tipped 22 1/2° from vertical and rotated 22 1/2° from the | 
Z axis inthe XZ plane. 





Figure 13.12-Image position and orientation in the Figure 13.13-Projection of the: XY-plane. 
Z-plane. : 
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Figure 13.14-Image position and orientation for compound angles. 
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13.5.2 The internal observer concept. 


13.5.2,1 Jt may be more convenient to visualize this in the following way. Imagine you are in a large sphere 
at the center. Assume that the XK axis is due North and South. The Z axis is the East and West andthe Y 
axis is straight up and down. See Figure 13.15(d). Along side of you is a projector, projecting an image on 
the inside of the sphere due south on the horizon. By placing a mirror in front of the projector the virtual 
images may be projected to any position on the sphere. See Figure 13.15. 


13.5.2.2 First consider the case where the mirror reflects the light just east or west of due south at 0° ele- 
vation. It will not be possible to project it exactly where the original projected image is for then the plane of 
the mirror would be exactly parallel to the mirror, but it would be possible to reflect some light a few degrees 
to the east or west. The projected image would then appear as shown in Figure 13.15. As the mirror is rotated 
and the images are always located at an equal angular position around the object, they appear to be rotated. ° 
When the images are located in the horizontal plane it appears left handed but erect. (The y' axis is in the 
same direction as the y axis). When the image appears in the vertical plane it appears left handed but upside 
down. As the image is rotated through 90° its orientation turns 180°. Intermediate positions are linearly «. 
connected. : ee 


13.5.2.3 This concept enables us to predict the orientation for the position of the image at any position on the 
sphere. To do this one uses the following reasoning. Suppose one wishes to project an image on the inside of 
the sphere at a point with an azimuth angle of 45° and an elevation angle of 30°. If one images a cone with its 
apex at the center and its axis along the X axis, it will pierce the sphere ata circle, This circle is the one 
shown in Figure 13.12.- This circle defines a plane. Images on this circle rotate twice as fast as the angle 9 
between the Y plane and a line drawn perpendicular from the X axis to the image point P. Therefore if @ 
can be calculated, the rotation of the image is known. Figure 13.15 illustrates the above case. 


tan 6 = tan ¢_ 
sin w 


where @ = azimuth angle and @ = elevation angle. 


In the above cited example w = 45° and ¢ = 30° 





- »5774 _ 9) 
tan 9 = OTL 0.81657 
@ = 39.2°. 


The image will therefore have been rotated by 2@ or 78. 4°. 


13.6 REFLECTION FROM TWO MIRRORS 


13.6.1 Location of the image. 


13.6.1.1 In the case of reflection from a single mirror, the image may always be located by projecting a line 
from the object perpendicular to the mirror and locating the image on the extension. of this perpendicular at 
an equal distance behind the mirror as in paragraph13.3. For the double mirror system the image is located 
in a plane perpendicular to the intersecting edges. : 


13.6.1.2 Figure 13.16 illustrates a special case of this. In the illustration, the two mirrors are perpendicular. 
The image points P' and P"” have been located by first constructing the perpendicular from P to mirror #1 
and locating P' as above. Then, using P’ as the object point for mirror #2, the same procedure was used 
to locate P". Itis, therefore, evident that the perpendiculars PP' and P'P” lie in the plane PP'P". Now, 
since mirrors #1 and #2 are perpendicular to PP' and P'P" respectively, the intersection of their ‘planes, 
LL’ is perpendicular to the plane PP'P".-. From the illustration one can see that the image P" formed by the 
second reflector lies on the line PP" and that this line intersects LL' and is perpendicular to it. In a more 
general case where the mirrors are not perpendicular, the plane PP'P" will still be perpendicular to LL’ © 
but the line PP" will not intersect LL'. 


13.6.2 Axiom for locating the image. The location of the image ‘in a perpendicular.double-mirror system may 
be found by projecting a line from the object point through, and perpenducular to the line of intersection of the 

mirror surfaces. The image may lay on the extended perpendicular an equal distance behind the line of inter- 
section and will be right handed since there are two reflections. 


13.6.3 Invariant position of the image, Since the image in a double mirror lies in a plane normal to the inter- 
secting edge of the two mirrors, the positioning of the image depends on the position in space of the intersecting 
edge. Ifthe double mirror system is rotated around the intersecting edge the image does not move at all. If 
the intersecting edge is rotated or moved sidewise the image will move accordingly. 
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Figure 13.15-The solid-angle image. 
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Mirror #2 





pl 
(b) Projection on YZ plane. 


(a) Three dimensional view. 


Figure 13.16-Reflection from two perpendicular mirrors. — 
13.7 TYPICAL PRISM SYSTEMS 


13.7.1 Prisms and Mirrors. With the basic principles of mirror systems having been discussed, the analy- 
sis of some simple systems can be undertaken. In this analysis the reader should bear in mind that we are 
concerning ourselves principally with reflecting prisms. The-reflecting faces of these prisms behave like 
mirrors rigidly mounted with respect to each other. ; ‘ = 


13.7.2 Illustration conventions. 


13.7.2.1 In order to provide the reader with illustrations which require the minimum mental orientation to see 
both object and image correctly, we have portrayed the object as the letter (al illuminated from behind 

by a collimated beam, the central ray of which is indicated by ——-—c u The image is illustrated 

by the appearance of the projected image that would be produced if a direct vision screen, such as frosted glass, 
were held normal to the emergent beam. 


13.7.2.2 To observe either object or image the reader should view them as if the central ray from them. were 
directed at his eye. When the limits of graphic art prohibit showing both object and image from the viewpoint 
of the observer, the projected image will be dashed to indicate it is shown from the wrong viewpoint. This 
enables illustration of the effect produced by multiple reflection systems without concern for the effect of each 
individual reflection. This does not permit indication of the apparent position of the virtual image (except 


forFigure 13.17 where both are shown) but does show left-or right-handedness. 


13.7.3 The 45°-90°45° Prism. 


13.7.3.1 This simple prism can be used in many different ways. It can turn a beam through a 90 degree or 
180 degree bend, or it can be used to invert an image. 


13.'7.3.2 To turn a beam through 90 degree, the prism is used as shown in Figure 13.17. Since there is only 
one reflection, the image is left-handed. The projected image is what the observer would see on a translucent 
back-lighted screen as described in paragraph 13.7,2, above, If the screen were removed, the virtual image 
would still be left-handed but located on the extended line of sight behind the reflecting surface as in the case of 
a single plane mirror. If the normal to the hypotenuse is in a horizontal plane the right hand ‘object is swung 
around a vertical axis. The letter R willappearas 1. If the normal to the hypotenuse lies in the vertical 
plane the image will appear rotated around a horizontal axis. The letter R will appearas B . 
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Virtual image 
Figure 13,17-The 45°- 90°- 45° prism used as a right-angle prism. 


: Object 
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Figure 13.19-The 45°- 90°- 45° prism used as a Dove prism. 
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13.7.3.3 When used as a double mirror system, the prism is positioned as shown in Figure 13.18. Since there 
are two reflections, the image will be right-handed. In the illustration the projected image is shown in dashed 
lines indicating the observer would view it from the opposite side of the screen. To the observer so stationed 
it would appear as 4 if the roof edge of the prism (the edge formed by the intersection of the reflecting sur- 
faces) is horizontal. If the roof edge is vertical, the image will appear as R. With this prism it is possible 
to rotate the image into any desired orientation and always have it right-handed. Used in this fashion, the 

45° - 90° - 45° prism is called a Porro prism and will be discussed in detail later. 


13.7.3.4 When used as shown in Figure 13.19, it is called a Dove prism and can be used to rotate an image. 
There is a single reflection so the image is left-handed. If the normal to the hypotenuse face lies in the ver- 
tical plane, the letter R appearsas K - When the normal lies in the horizontal plane, the image appears 
as : : 


13.7.4 Use of prisms in telescope systems. 


13.7.4,1 One of the main uses of prisms is to provide the proper orientation of the image in telescopes. ‘The 
image in a simple telescope, which consists of an objective and eyepiece, is right-handed but upside down. ~ | 
The image may be made erect by using two prisms. In order to keep the image right-handed the prism system 
must have an even number of reflections. The minimum number of reflecting surfaces is two. A prism 
system which does this is shown in Figure 13.20 as it may be used in a telescope. 


3.7.4.2 The prism illustrated in Figure 13.20is called an Amici prism and is described in more detail in - 
Section 13.7.5. It is essentially a 45° - 45° - 90° prism with the hypotenuse face made into a roof. It is for 
that reason often called a roof prism. In Figure 13.21 a beam is drawn showing how it reflects a cylinder of 
light. This drawing shows plan and elevation views of the prism. A view looking along the roof edge and a 
pictorial three dimensional view are also shown. The selected rays traced through the prism show how the 
image is rotated 180 degrees. The dotted lines show that this prism is cut out of a large Amici prism. One 
can see that as the cylinder of light passes through the prism the complete cylinder strikes first one face of 
the roof and then crosses over to the other roof. If the roof angle is not exactly 90 degrees the only effect 

is that the exit and entrance angles no longer remain in parallel planes. While permitting easier manufac- 
turing tolerances, this method is seldom used because it requires too large a block of glass for the space and 


Objective 





Figure 13,20-The Amici prism in a telescope. 
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Figure 13.22-The Amici prism as a split reflector. 
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weight limitations of most applications. 


13,7.4.3 A more common method of using the Amici prism is shown in Figure 13.22. This useage permits a- 
much larger cylinder of light to pass through the same size prism, or conversely, to handle the same size 
cylinder of light with a much smaller prism than that of Figure 13.21, There is a fundamental difference 
between the two applications. In Figure 13.22 the beam is split by theprism's roof edge. If there is any error 
in the 90 degree roof edge angle the entering beam is split into two beams and a double image is formed. 
This means that if the Amici prism is used in this manner the 90 degree angle must be made to high degree 
of precision. In most applications this angle has to be held to 90 degree + three or four seconds. Roof 
prisms as used inFigure 13.22 are very efficient as far as size goes but they are expensive to make because 
of the precision required. If the prism is ised as shown in Figure 13.21 the accuracy required is not as high 
but the prism has to be much larger in order to pass the same size beam. 


13.7.4.4 It is instructive to draw these views of roof prisms and show the path of rays passing through them. 
In Figure 13.21 the prism can be cut even further to reduce the weight of glass. How would one decide how it, 
could be cut and not interfere with the beam passing through? In telescopes the objective is usually larger: . 
than the eyepiece field stop, so that the prism must pass a section of a cone rather than a cylinder. This « 
means the entering circle and the exit circle are different sizes.- It is a good exercise to try and lay. out: a 
prism of minimum size and then to determine how corners can be cut to further reduce the weight. This is .. 
prism design. 


13.7.5 Prism rotation of the image through 180 degree. The ‘Amici prism is the simplest method for erecting 





‘the image ina telescope, but it has the difficulty that one must look around a corner. A Dove prism with a 


roof on the hypotenuse face as shown in Figure 13. 23 uses the double mirror principle of the Amici prism. 
This prism must be located in front of the objective in parallel light. If it is located in between the objective 
and the eyepiece it causes aberrations because of the refraction of the slanting surfaces. More will be said 
about this in the tunnel diagram Section 13.8. Hf it is necessary to have the optical axis of the telescope ob- 
jective and eyepiece parallel, the Amici prism can be used with other prisms to bend the light through 90 
degrees. It is necessary however to use two reflections in order to preserve the right-handed use of the 
image. Figure 13.24 shows a penta prism with two reflections which could be used with the Amici prism. 


Object 


zs -— 





Image 


/ sae Penta prism 
Figure 13. 23-The Amici prism in telescope systems. Figure 13.24-An ‘Amici and penta prism system. 
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13.7.6 The Porro prism. 


13.7.6.1 The most common method for erecting the image ina telescope is the Porro prism system. This is 
‘made up of two 45° - 45° - 90° prisms as indicated in Figure 13.25. The first prism is positioned so that the 
roof edge is perpendicular to the corresponding edge in the other prism. One can understand the action of the 
prism by considering the explanation illustrated in Figure 13.26. 


13.7.6.2 This diagram illustrates one of the sources of confusion in understanding of prisms. It shows how 
the prism A rotates the image around the line of the intersecting edge. But note that as shown the R is 
left-handed. Why is this when it has been clearly stated that double reflection always provide a right-handed 
image? If the reader will recall Paragraph 13.7.2 0n illustration conventions, it then will become apparent 
that in the drawing of Figure 13.26the image of the object is not being presented from the viewpoint of the 
observer. If you imagine standing and looking at the original object, then it would not be possible to see 

the image after passing through prism A. It would be necessary to turn yourself completely around. The 
image shown in the drawing is the image as viewed with the light moving away from you. If you turn your- 


self around and look at this image from the back of the paper it will appear right-handed. Prism’ B in effect ~ 


does this for us. It merely reflects the image from prism A around so that it can be seen from the same . 
direction as the original object. i 


13.7.6.3 Figure 13.26 shows that the orientation of the final image depends only on the relative positions of 
the intersecting edges of the two prisms. As long as they are perpendicular to each other the final image ‘is 
completely erected, If there is an error from perpendicularity of the amount ¢, the image will be rotated 
by 2e. 


13.7.6.4 The Porro system is a popular design because the 45° - 45° - 90° prisms can be made with reasonably 
broad tolerances in the angles. The optical beam is not split as it is with the roof prism so prism angle errors 
do not cause any image doubling. Angle errors merely cause a deviation i in the optical axis as it passes 
through the prism. The exit optical axis may not end exactly parallel to the entering axis. 






Object (O) 


Prism A 


Roof Edge 
Prism B 





Orthographic 
Projection 
of Fig. 3.25 





Figure 13,25-Reflections through the Porro prism. Figure 13.26-Image rotation in the Porro prism. 
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13.8 THE TUNNEL DIAGRAM 
13.8.1 Right angle prism tunnel. 


13.8.1.1 It is very convenient in laying out prisms to "fold" the prism around the reflecting surfaces. This 
generates a tunnel diagram. Consider the prism in Figure 13.27 The hypotenuse face BC can be considered 
as a mirror. The faces AB and AC may be considered as imaged in this mirror as shown dotted. The ray 
of light passing through the prism may also be considered imaged as shown. An observer looking into face 

AB therefore sees face AC at A'C. It appears as though he is looking straight through a block of glass of 
thickness BA'. One can check immediately that the angle ABC is equal to the angle ACB then the imaged 
face A'C is parallel to the face BA. Optically then the prism introduces a block of glass in the optical . 


-system, As far as design considerations are concerned the prism may be considered as merely the insertion 


of a thick block of glass and may be treated as two ordinary parallel plane surfaces where rays are traced as 
straight lines within the prism. 


13.8.1.2 The tunnel diagram helps one to realize that any prism system used to erect images or turn jing 8 
around corners should "fold" out in a tunnel diagram so that the entering and exit faces are parallel. If | 
they end up nonparallel then the prism will cause chromatic dispersion. 


13.8.2 The Porro prism tunnel. 


13.8.2.1 Figure 13.28 is the tunnel diagram for the 45° - 45° -90° prism as used in a Porro system. The 
original Porro, ABC, Figure 13.29, has been folded around AB to image C as C’ and around BC' to - 
image A as A'. The tunnel diagram, Figure 13.28, is then a square with AC', A'C' and A'C as images 
of AC while A'B and BC" are images of AB and BC respectively. However, since the prism is now 
considered to be replaced by a glass block and since AB, BC, A'B and BC" all lie within the block, we 
can ignore them, as a little thought will soon show. We can now easily lay out rays entering the block through 
face AC by computing their refraction and extending the refracted ray on a straight line through the prism. 


13.8.2.2 Let us consider the passage of several rays traced through the Porro prism Figure 13,29 and through 
the tunnel diagram Figure 13.28. Ray R1Figure 13,29 enters parallel to and above the optical axis of the 
prism and is reflected parallel to and an equal distance below the optical axis as R’',. In the tunnel diagram, 





Figure 13.27-Right-angle prism tunnel diagram, 
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Figure 13.28-Porre prism tunnel diagram. Figure 13,.29-The Porro prism. 


it emerges as R", , above the optical axis. However, note iis relation to A’ andC' as compared with . 
the R’, relationto A and C. This tells us that the designer must interpret the tunnel cere in the ght 
of his knowledge of prism effect on the image orientation. 


13.8.2.3 Consider further the ray R. inFigure 13.29 which eaisrn the prism so as to strike the roof vine 
and be reflected back upon itself. Note the pathof R", in Figure 13,28 and again observe relation to A'C'. 


13.8.2.4 The tunnel diagram is particularly useful in detecting the presence of unwanted reflections. In 
Figure 13.28 notice the ray Rg, entering the prism near A. It passes through the tumel diagram very close 
to the hypotenuse face. A slight inclination of this ray and it could reflect off the hypotenuse surface as shown 
by the ray R"y - This ray encounters three reflections in passing through the prism. This would cause a 
left-handed image. Since the prism is intended to be used with two reflections these rays with the extra 
reflection are called ghost rays. The ghost reflections may be eliminated by cutting a notch in the prism as 
shown in Figure 13,28. The tunnel diagrams for several prisms are shown in the data sheets on prisms 

at the end of this section. 


13.8.3 The reduced or apparent prism length. 


13.8.3.1 ° We have now satisfied ourselves that when prisms are introduced into an optical system they behave 
optically as would a block of solid glass with plane parallel faces; that rays may be easily traced through 

by refracting at entrance and exit faces, with the refracted ray travelling in a straight line within the prism; 
that the entering and exiting ray will be parallel. Consider then the point P on the surface of the block of 
glass shown in Figure 13.30. By using equations 6 - (2), 6 ~ (3), and 6 - (4), it may easily be deter- 
mined that the image P' lies at a distance t fl) from P. This means that from the right hand side of the 


block,P appears to be separated by t/n nliiiee of the prism, or; ithe prism appears to have a thickness of t/n. 
This is variously called the reduced or apparent thickness of the prism or the air-equivalent. prism. 


18,8.3,2 In drawing tunnel diagrams it is convenient to draw the reduced tunnel diagram. The actual and the 
reduced tunnel diagram for a penta prism are shown in Figure 13.31. The reduced prism is convenient for it 
is possible to trace rays directly through it without refracting them at the outside surfaces. This is of course 
an approximation since the effective thickness of a block was computed to be t/n with paseuat ray approxi- 
mations.. 
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Figure 13.30-The apparent thickness of a glass Figure 13.31-Actual and reduced tunnel diagram of 
-block. : a penta prism. 


13.9 ABERRATIONS INTRODUCED BY PRISMS 


13.9.1 Typical orientation. Reflecting prisms are generally designed so that the entering and exit faces are 
parallel and the entrance face is perpendicular to the optical axis. The aberrations introduced by the block 
of glass so oriented may be corrected by the normal centered lens system. The prism adds aberrations 
however only if it is located in a convergent or divergent beam of light. If the prism is in parallel light 
which is perpendicularly incident on the entrance or exit face, obviously no refraction, and therefore no 
aberrations will be introduced. . 


13.9.2 The third order aberrations introduced by a prism of thickness t and index n. 





13.9.2.l Figure 13.32 shows a block of glass in a convergent beam of light. The third order calculations for 
B, FandC are included in Table 13.1. The contributions to E, a and b, are not included. They may be 
readily calculated as an exercise. One should notice that the total aberrations introduced do not depend on y, 
or Vz: This shows that, as long as its faces are perpendicular to the optical axis of the system, the position” 
of the prism has no influence on the aberrations. | If the optical axis of the prism is parallel to but displaced 
from the system's axis, occlusion of part of the beam may occur with the resultant loss of imagery being 
comparable to the effect of an unsymmetrical stop being introduced. Angular misalignment however, will 
have the effect of changing the value of t and, further, will introduce assymmetry into the system. 


13.9.2.2 The problem of prism design then, is not complete until the designer has computed manufacturing 
tolerances on the prism faces and provided for proper alignment within the system. Fortunately the latter 
is usually a problem in line with centering the instrument system, while the former is somewhat simplified 
by existence of design data on many commonly used prisms. This data is presented in the remaining pages 
of this section. 
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Figure 13.32-The glass block and the convergent 
beam of light. : pe 
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‘Table 13.1-The third order aberrations introduced by 2 prism. 
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13.10 PRISM DATA SHEETS 
13,10,1 | Introduction. 


13.10.1.1 The prism data sheets are presented as a guide to the designer and provide him with an orthographic 
projection, a tabular list of the dimensions, a tunnel diagram and a brief description of many different kinds 
of prisms. . 


13.10.1.2 Notice that in the following data sheets, the terms invert and revert are used to:describe the image. 
Invert means to rotate the object plane about a horizontal line in or parallel to the plane and produces the left-" 
handed image one sees in a reflecting pool. Thus, for object R, the inverted image is 4. Revert means to 
rotate the object plane about a vertical line in or parallel to the plane and produces the. left-handed im: image one sees 
in a shaving or dressing mirror. Thus, for the object R, Alisa reverted image. Obviously then for oe object R; 
4 is an inverted and reverted image. 


13,10,1.3 The term "displace" refers to parallel separation of two lines. Thus we find that if an oblige ray 
strikes the entrance face of a plane parallel block, the ray leaving the exit face-is parallel to but displaced : 
from the entering ray. The word "deviate" refers to an angular relation between two lines. : Thus in the fore- 
going example the line tracing the ray through the block is deviated by refraction at the surface. 


13.10:1.4 The following symbols are used onthe prism data sheets: 


NOTATION USE. 
Lettering guide capitals A, B, C,... Linear dimensions of the geometric figure. 
L Over all length. 
Lettering guide lower case a, b, c,... Dimensions which are trigonometric a 
of corresponding capital letters. 
d Displacement of the axial ray. 
t Optical path length of axial ray. 
n : : . Index of refraction of the glass. . 
Greek letters Angies. 
a,B,Y7 Direction angles. 
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13.10.2 Porro Prism System. In 1850 the Italian engineer Porro designed the prism system discussed here. 
This system consists of two right-angle prisms,usually identical in construction, placed at right angles to 
each cther. It is a direct vision prism system but the axis is displaced by the amount d. This system will 


invert and revert the image. 





] 
A=1.00 n=1,5170 @ = 45° (These values are given) @=0.10 (chosen arbitrarily) 
R = A/2 = 0.50 B = 1.41424 = 1.4142 C=2A+a=2.1 D=A+a=1.1. 


‘L = 2A+ 3a = 2.30 d = 1.4142 (A+ a) = 1.5556 t = 2 (2A + 30) = 4.60 it/n = 3.0324 
| i 


Figure 13.33-Porro prism system. 
| 2 
| 


| 
Prism #1 Prism #2 


| 
| 
Figure 13.34-Porro prism tunnel diagram. 
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13.10.83 Abbe's Modification of the Porro Prism System. This prism system consists of two prisms cemented 
together. It will invert and revert the image. The system is a direct vision prism but the line of sight will 
be displaced by the amount d. 








A=1.00  m=1.5170 @ = 45" . g=0.10 (chosenarbitrarily)  & = A+a = 1.10 
C = 1.4142A = 1.4142 D=A+2a=1.20 R=B/2=0.55 d =.B= 1.10 t/n = 3.0323 
t = 2(2A + 30) = 4.60 


Figure 13.35-Abbe prism system. 


Prism #1 Prism #2 


Figure 13.36-Abbe prism system tunnel diagram. 
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13.19.4 Abbe Prism, Type A. 


A 
c 
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1. 
1. 
5. 


00 6 = 30° 
3094A = 1.3094 
1962A = 5.1962 
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This prism inverts and reverts the image, but will not deviate the line of 
sight; hence, it is a "Direct Vision Prism." The ‘prism is made in two pieces which are cemented together. 





w= 90° n=1.5170 9 = 60° We 45° B= 1.4142A = 1.4142 


.2=0.7071A = 0.7071 b = 0.5774A = 0.5774 
t/n = 3.4253 ; 


Figure 13.37-Abbe prism, type A. 


: | 
Figure 13.38-Abbe prism, type A, tunnel diagram. 
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13.10.5 Abbe Prism, Type B. This prism is made of three single units which are cemented together. This 
prism will invert and revert the image but will not deviate the line of sight. This also is a "Direct Vision Prism." 






I 


SS | 


Prism #1 and 3 


S 


= 1.00 6 = 135° w= 45° ¢= 60° y= 30° n= 1.5170 a= 0.7071A = 0.7071 t/n = 3.4253 - 
0.5773A = 0.5773 B= 1,.1547A = 1.1547 L= 3.4641A = 3.4641 t = 5.1962A = 5.1962 
Figure 13.39-Abbe prism, type B. 


Figure 13.40-Abbe prism, type B, tunnel diagram. 
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13,10.6 Leman Prism. The Leman prism will revert and invert t! 
placed laterally by an amount equal to 3Ainches . 


| 
n 


MIRROR AND PRISM SYSTEMS 


e image. The line of sight will be dis- 





tt 


eo > 
t 


= 1,00 B= 1.7321A = 1.7321 n = 1.5170 @ = 0.7071A= 0.7071 98 = 30° C = 1.3099A = 1.3099 
60° bb = 0.5774A = 0.5774 w = 90° w = 120° t = 
Figure 13.41-Leman ee 


5. 1962A = 5.1962 t/n = 3.4253 


Figure '13.42-Leman prism tunnel diagram. 
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13,10.7 Amici Prism. During his life, 1784 to 1863, the Italian astronomer Amici designed many prisms. 
This is one of them. This prism will revert and invert the image and, at the same time, it will deviate the 


line of sight through an angle 5 of 90°. 





Section MM 


A=1.00 n=i.5170 6 = 45° B= 1.4142A =1.4142 a= 0.3536A = 0.3536 = t/n = 1.1253 
1.7071A = 1.7071 


ct 
MW 


Figure 13.43-Amici prism. 


Figure 13.44-Amici prism tunnel diagram. 
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13.10.8 Schmidt Prism. This prism will revert and invert the image and, at the same time, it will deviate 
the line of sight through an angle 6 = 45°, ‘ 





A=1.00 n= 1.5170 6 = 45° w= 90° $ = 67°30! a= 0,10 (chosen at will) t/n = 2.2506 
B= 1.4142A + 0.5412@ = 1, 4683 € = 1,0824A = 1,082 D= 1.4142 A + 2.38900 = 1.6531 
t = 3.4142A= 3.4142 ¢ = 0,7071A= 0.7071 b = 1.84780 = 0.1848. 


Figure 13.45-Schmidt prism. : 





Figure 13.46-Schmidt prism tunnel diagram. 


| 
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13.10.9 Right-Angle Prism. This single prism will deviate the line of sight through an angle 6 = 90°. The 
image will be inverted when the prism is held before the eye as shown in Figure 13.47{a), and it will appear 
reverted when the prism is turned through an angle of 90° as illustrated in Figure 13.47(b). 





‘A= 1.00 ni 1.5170 @ = 45° B= 1,4142A= 1.414 ¢=A=1.00 — t/n = 0.6592 
Figure 13.47-Right-angle prism. ; 


Figure 13.48-Right-angle prism tunnel diagram. 
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13.10,10 Harting-Dove Prism. This direct vision prism is made in one piece. The image will be inverted 
when the prism is held as shown in Figure 13.49(c), and it is inverted when the prism is turned about the axis 
through an angle of 90°. It can be used only in parallel light. 





Y 

4. 2822 
4, 5498 4, 1822; 
2.4498 ° 2. 1822 
1.4849 1.4849 





A =1.00 a=0.05 $= 90° 9 =45° D=B-2(A+ 2a) = 35,4498 n= 1.5170  t/n'= 2.4499 
B= (A+ 20)|Ym2 = sint+ sin Oy | - 4 pov (A + 2a) © 4.6498 C= B - 2a'= 4.5498 
Vn? - sin? 6- sin 6 , : 
n(A + 2a) = 3.3787 (A+ 20) = 3.7165 E+ —TtA = 41,4142 (A + 20) = 1.4849 


cos 6 


t=— 
sin @ Yn2- sin? 6 - sin @ 


Figure 13,49-Dove prism. 





Figure 13.50-Dove prism tunnel diagram. : 
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13.10.11 Double Dove Prism. This twin prism consists of two Harting~Dove prisms. Their reflecting sur- 
faces are Silvered and then the two halves are cemented together. This method cuts the length of the single 
Harting-Dove prism in half. This prism performs the duties of a single Harting-Dove prism, and it too 


Zone of Parallel ~_—y 


aust be placed in parallel light only- 











A= 1.00 n= 1.5170 C= B-A = 1.1136 0 = 45° t= nA = nAC = 1.6893 
A 5~ ond 0 +sin 0 t/n = 1.11835 2 sin @ Vn2 - sin?@ - sin @ 

pe A | ne- sin’ @+sinl 11] = 2.1136A = 2.1136 _ A 7 _ 2 
2 | Jnt- sin2 6 - sin 6 D = sary = 0.70714 = 0.7071 


Figure 13.51-Double Dove prism. 


Figure 13.52-Double Dove prism tunnel diagram. 
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13.10.12 Pechan Prism. The prism performs the same duties as the Harting-Dove prism but it has one 

great advantage over the latter inasmuch as it may be placed in convergent or divergent light. This will 

permit the reduction in length or height of the instrument. It will invert (as shown) or revert the image, 
depending on its orientation. It may displace the line of sight if not: properly centered but it will not 
deviate it, The surfaces marked B are silvered and covered with a protective coating. The unsilvered 
reflecting surfaces of the prism are separated by a distance of about 0,002 inch. 








0.20714 


= 2 $ w = 67° 30! w= 112°30' a = = 0.2071 
1.0824A = 1.0824 C = 1.2071A = 1.2071 D = 1,7071A = 1.7071 E = 1.8284A = 1. 8284 
t = 4.62134 = 4.6213 t/n = 3.0464 


Figure 13.53-Pechan prism. 


Figure 13.54-Pechan prism tunnel diagram. 
f j 
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13.10.13 Reversion Prism. This prism, which is a modification of the Abbe prism type A, consists of two 
elements which are cemented together. Like the Pechan prism, it may be placed in the path of parallel, 


‘converging, or diverging beams of light. Since three reflections are involved, it may be used to revert (a) 


or invert (b) the image, depending on its orientation. If not properly centered vertically, it will displace 
the line of sight by twice the centering error but will not deviate the sight line. 


\P 

<< 
a <4 
— 





Silver this surface 








1.00 n= 1.5170 @ = 0.5176A b = 0,6340A B = 1.4142 C = 1.4641A 
60° o = 15° w= 135° @ = 105° D = 0.8966A E = 1.26794 
F = 3.2679A L= 3.46410 t/n = 3.4253A t = 5.1962 


Figure 13.55-Reversion prism. 


Figure 13.56-Reversion prism tunnel diagram. 
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13.10.14 Penta Prism. This prism will neither revert nor invert the image but will merely deviate the line 
of sight through an angle of 90°. The surfaces marked C in Figure} 13.57 must be silvered and covered with 
a protective coating. E A 


% 
eh 





Image 

aa iN 
\ vo c 

\ — Object 

: | 

nN A <4 besiaosl 
A = 1.00 n = 1.5170 8 = 22° 30° g = 45° B = 0.4142A = 0, 4142 

C = 1.08244 = 4.0824 t = 3.41424 = 3. 4142, | t/n = 2.2506 


Figure 13.57-Penta prism. 


Figure 13.56-Penta prism tunnel diagram. 
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13.10.15 Wollaston Prism. Between the years of 1766 and 1828, the English scientist W. H. Wollaston 
designed a prism which has been named after him. It is made in one piece of glass and will neither invert 
nor revert the image, but it will deviate a beam of light through an angle of 90°. It is not used in military 
instruments due to its unfavorable shape. However, it is still used in an instrument known as "Camera 
Lucida,"' or "Camera Clara," the theory of which is explained here. If the observer's eye is placed right 
above the upper corner of the prism as shown in Figure 13.59, and a sheet of paper P is placed on the 
table about 10 inches from the eye, the observer will be able, with the aid of a pen, to trace the image of 
the object on the paper. 





P, traced image 





3.41424 = 3.4142 


A = 1,00 n= 1.5170 @ = 67° 30° B.= 2.6131A = 2.6131 c= 
3.1829 


R = 2,4142A = 2.4142 t = 2R = 4,8284A = 4,8284 t/n = 
Figure 13.59-The Wollaston prism. 


Figure 13.60-The Wollaston prism tunnel diagram. ° 
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13.10.16 Carl Zeiss Prism System. This combination consists of three single prisms (see Figure 13.61). 
As a rule the objective is placed between Py and B, ; however, it may also be placed in front of the objec- 
tive prism P,. This system will invert and revert the image but will not deviate the line of sight. The 
line of sight will be displaced an amount depending on the distance between the prisms P, and P,. 


Object 





@ = 45° ¢ = 60° w = 90° wy = 105° 
Figure 13.61-A Carl Zeiss prism system. 


IN 





i 
Figure 13.62-Carl Zeiss prism system tunnel diagram. 
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13.10.17 C. P. Goerz Prism System, This prism system consists of three single prisms as illustrated 
in Figure 13.63, The light is received by prism P,, also known as the objective prism. The objective, 
usually placed between P, and P,,may also be placed in front of P,. This system will invert and revert 
the image. The line of sight will not be deviated from its original direction but will be displaced by an 
amount depending on the distance between the prisms P, and P,. 





6 = 45° $ = 67° 30° @ = 90° y = 112° 30" € = 135° 
Figure 13.63-A Goerz prism system. 


Figure 13.64-A Goerz prism system tunnel diagram. 
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13.10.18 Carl Zeiss Ocular Prism. This prism system, used in coincidence type range-finders, is made 
up of four single prisms, which are cemented together (see Figure 13.65), Light from the right will enter 
the system through the rhomboid prism P, and, after two internal reflections in this prism, and then three 
more in Pz» (the Jast reflection takes place on the silvered portion), the ray will emerge from the prism 

P4 and then enter the eye of the observer. The image will be erect but reverted. Light from the left will 
enter the system through the prism P3; and, after two internal reflections in this prism it will emerge 
from the system through P, and then it will also enter the eye of the observer. The image will appear 
inverted and reverted. In Figure 13.65 the refracting angles of the prism Pz, , Pg, and BR, are 22° 30", 
and the light is deviated through an angle of 45°. This value may easily be varied by changing the refracting 
angles of the prisms. i ; ‘ : 


| Right Image e 





Left Image 


Figure 13.65-An ocular prism by Zeiss. 
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13.10.19 Barr.and Stroud Ocular Prism. This ocular prism system, consisting of four single prisms and 
a cover, all cemented together, was used during the second world war by Research Enterprise Limited, It 
has one advantage over the Zeiss prism inasmuch as no silvered surface is required in producing the divid- 
ing line between the two images. On the other hand, the production division claims that the cost of manu- 
facturing this prism is about five times that of the Zeiss prism, due to the great difficulties encountered in 
producing a well defined dividing line. The prisms Pi, Pg , and Pg are made of a borosilicate crown 
glass (n = 1.509) andthe prism Py, of an extra dense flint glass (n = 1.654). The paths through the prism 
system of the various rays are illustrated in diagrams (a) and (b) of Figure 13.66. The rays of light, after 
passing through the right objective will enter the prism system through the prism P,. After a reflection 
on the hypotenuse of this prism the rays will enter prism P., and, after three internal reflections in this 
prism, they will pass undeviated through the prism P3 and the cover C and will then proceed towards the 
eyepiece. The image seen through this part of the prism system will appear inverted and reverted. The. 
rays of light passing through the left objective will enter the prism system through the prism P,,and will 
be reflected twice before they reach the dividing line between this prism and prism P3. Due to thé fact 
that the refractive index of P, is much greater than that of prism Ps, the rays will be reflected in an up- 
ward direction and emerge from the prism system parallel to the other rays. The image seen through’ * - 
this portion of the prism system will be erect but reverted. ae ee a 





Left Image 


a: 
: > 


wy 
“~ 






Combined 






Right Image: 





Figure 13,66-A Barr and Stroud ocular prism. 
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13.10.20 Carl Zeiss Coincidence Prism System. This prism system, illustrated in Figure 13.67, cansists 
of two single prisms, P, and P). The lower half of the upper reflecting surface of P, is silvered and then 
the two prisms are cemented together. Light from the right will enter first P 1 at the lower entrance sur- 
face and, after three internal reflections it will emerge from the system at the upper exit surface. The 
image will appear reverted. Light from the left will enter through the prism P, and, after three reflections 
in the prism, it will enter prism P, through the unsilvered portion of the reflecting surface, The light 

will pass through P, undeviated before emerging from the prism system. The image will also appear re- 
verted. This system is used in long base range finders. It is placed between the left objective and its image 
plane. The images formed by the left and right objective are formed in a plane normal to the line of sight 
through the dividing line of the silvered and the unsilvered portions of the reflecting surface. A lens erect- 
ing system will then transmit these images into the front focal plane of the ocular. 


Combined 


Right Image Sy] _ image on 
P, Silvered in CO : Left Image 
this area » ary 


ER 





Fai Left Object’ 


@ = 60° $ = 120° w = 150° 
Figure 13.67-A Zeiss coincidence prism system. 






The entering 
ray 


Figure 13.68-Zeiss coincidence prism tunnel diagram. 
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13.10.21. Carl Zeiss Binocular-Ocular Prism System. This system, illustrated in Figure 13.69, is used in 
binocular _ telescopes (or microscopes) when both eyes are to view the image presented by the objective. 
This system is made up of four single prisms, namely, the right angle prism P cemented tothe rhom- 
boid prism R, ; the cemented surface will split the beam of light. The light passing through Ry and Py 
will, before entering the eye, pass through the prism P5. The other ray will pass through the block B 
which has been added to the system to equalize the length of the light-paths in glass. The interpupillary 
distance is designated by the letter D. Its value varies between the limits of On = 58 mm = 2.283 inches 
and Dy, = 72mm = 2.835 inches. 





Axis of rotation 





Right Image 





Om — 2,283 : eeoiay 
cos Oy = —= = SOR = 0.805291 Oy, = 36° 22'3 


Figure 13.69-A Carl Zeiss binocular-ocular prism system. 


Figure 13.70-A Zeiss binocular-ocular prism tunnel diagram. 
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13.10.22 Frankford Arsenal Prism No. 1. This prism will revert the image and, at the same time, it 
will deviate the line of sight through an angle 6 "= 115°, 





A = 1,00 n = 1.5170 @ = 115° ‘@ = 32° 30" — @ = 90° 
a = 0.7071A = 0.7071 b = 0.73208 = 0.7320 B = 1,1857A = 1.1857 C= 0.9306 = 0,9306 
D = 0.4613A = 0.4613 t = 1.5697A = 1, 5697 t/a = 1.0347 


Figure 13,71-Frankford Arsenal prism No. 1. 
1 
| 
| 


Figure 13.72-Frankford Arsenal prism No. 1 tunnel diagram. 
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13.10.23 Frankford Arsenal Prism No. 2. This prism is made in one piece. It will invert and revert the 
image and, at the same time, it will deviate the line of sight through an angle of 6 = 60°. 





oP 


00 «=n = 1.5170 g = 90° wy = 60° a = 0,1547A = 0.1547 b = 0.2680A = 0.2680" 
4641A =. 1.4641 C = 0.7321A = 0.7321 t = 2.2680A = 2.2680 . t/n = 1.4951 
Figure 13.73-Frankford Arsenal prism No. 2. : 


nou 
ee 


Figure 13,74-Frankford Arsenal prism No. 2 tunnel diagram. 
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13.10.24 Frankford. Arsenal Prism No. 3. This prism is made in one piece. It will deviate the line of 
sight through an angle of 90° in the horizontal plane and, at the same time, through an angle of 45° in an 
upward direction. The observer, standing at right angles to the line of sight, will see an inverted and re- 
verted image. ' 





A=1.00 n= 1.5170 6 = 67°30" 9 = 45° sw = 120°,21"40" B = 1.4142A = 1.4142 
C = 2.6131A = 2.6131  D = 2. 7979% = 2.7979 E = 2.41424 = 2.4142 F = 3.4142A = 3.4142 
G= 1.70710 = 1.7071 t = 3.41420 = 3.4142 t/n = 2.2506 


Figure 13.75-Frankford Arsenal prisin No. 3. 





. 
Figure 13.76-Frankford Arsenal prism No. 3 tupnel diagram. 


13-48 





Downloaded from http://www.everyspec.com 


MIRROR AND PRISM SYSTEMS : MIL-HDBK-141 


13.10.25 Frankford Arsenal Prism No. 4. This prism is made of one piece of glass. The line of sight is 
deviated through an angle of 90° in the horizontal plane and, simultaneously, through an angle of 45° in the 
yertical plane. The observer, standing at right angles to the line of sight, will see the image reverted. 





Silver ~ > 


A = 4.00 n =1,5170 6 = 22°30' 9 = 45° w= 90° w= 112° 30° 5 = 1.41424 = 1.4142 
CG = 2.41424 = 2.4142 D = 1.0824A = 1.0824 E = 1.70714 = 1,7071 F = 2.4142A = 2.4142 
L = 2.7071A = 2.7071 R =A = 1.00 t = 4.41420 = 4.4142 t/n = 2.9098 : 


Figure 13.77-Frankford Arsenal prism No. 4. 





Figure 13.78-Frankford Arsenal prism No. 4 tunnel diagram. 
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13.10.26 Frankford Arsenal Prism No. 5, This prism is made in one piece. The line of sight is deviated 
through an angle of 90° in the horizontal plane and, simultaneously, through an angle of 60° in the vertical 
plane, The observer, standing at right angles to the line of sight, will see the image inverted and reverted. 





Azio0 n= 1.5170 6 =60° ¢ = 45° w = 135% B = 1,4142A = 1.4142 
C = 2.0008 = 2.000 D = 1.93184= 1.9318 = & = 1.7321A = 1.7321 _F = 2.73210 = 2.7324 
G = 1.500A = 1.500 t = 2,7437A = 2.7431 t/n = 1. 186 


Z | . 
-Figure 13.79-Frankford Arsenal prism No. 5. 





Figure 13.80-Frankford Arsenal prism No. 5 tunnel diagram. 
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: 13.10.27 Frankford Arsenal Prism No. 6. This prism is made in one piece. It will deviate the line of 
sight through an angle of 90° in the horizontal plane and through an angle of 60° in the vertical plane. The 
prism will invert the image. 


rn”, 





A=1.00 n=1.5170 6 =60° = 45° w= 90° a= 0.7071A = 0.7071 t/n = 2.4180 _ 
B=1.2071A = 1.2071 C = 2.41424 = 2.4142 D = 2.2071A = 2.2071 E= 1L5TT4A = 1.5774 
F = 1.4142 = 1.4142 G = 3.4888A = 3.4888 H = 1,8107A = 1,8107 t = 3.6681A = 3.6681 


Figure 13.81-Frankford Arsenal prism No. 6. 





Figure 13,82-Frankford Arsenal prism No.6 tunnel diagram. 
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13.10.28 Frankford Arsenal Prism No. 7. This prism is made in one piece. The line of sight is deviated 
through an angle of 90° in the horizontal plane and, simultaneously, through an angle of 45° in the vertical 
plane. The observer, standing at right angles to the line of sight, ;will see a normal image of the target 


since the prism neither inverts nor reverts the image. 





= 22° 30° w= 90° $= 45° Be 1.41424 = 1.4142 


A =1,00 n = 1.5170 6 
C = 2.4142A = 2.4142 0 = 1.0824A = 1.0824 E = 1.70714 = 1.7071 L = 2.707 
t = 4,4142A = 4.4142 : sy t/n = 2.9098 a 


Figure 13.83-Frankford Arsenal prism No. 7. 
| 


om te ote we mee a” 





Figure 13.84-Frankford Arsenal prism No.7 tunnel diagram. 
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14 EYEPIECES 
14,1 GENERAL PRINCIPLES 


14.1.1 Basic functions. The functions of the eyepiece were briefly described in Section 7.3. Let us now 
examine these more closely. The eyepiece in a visual instrument has three basic functions: 


(1) It must, with the objective, form a good image of the object being viewed. 
(2) It must serve as a magnifier if the instrument has a reticle. 


(3) It must be designed so that the observer's eye can be placed in the exit pupil. 
Hence the exit pupil must be located at least 10 to 12 mm away from the last 
glass surface, this being the nearest the normal eye can approach the eyepiece 
_surface with comfort. 


14.1.2 Design considerations. Eyepieces should be designed to have a large apparent field of view (total ~ 
field about 30° to 60°). Otherwise the viewer has the impression of looking down a tunnel towards a small | 
opening. A large field of view necessitates bending the chief ray through an angle of @ + 6, where @ . 

is the angle subtending one half the true field (field of view in object space), and f is the angle subtending * 
one half the apparent field (field of view in image space). The chief ray must be bent with small spherical 
aberration so that the observer's eye may have a definite position in which to be located. Thus, one must de- 
sign for a very large aperture lens with the aperture stop completely removed. Eyepieces are therefore very 
difficult to design. Very little can be done to improve the existing designs appreciably, nor is this a par-' 
ticularly fruitful area for a designer to spend time on. A more practical approach is to use or modify one 

of the existing designs. In the following paragraphs, several representative eyepieces are described which 
represent quite accurately the state of art in this field. 


14.2 METHOD OF DESCRIPTION 


14.2.1 General. In order to describe representative eyepieces on a comparative basis, the examples 
shown were designed for use with a ten power (10X or MP = 10) telescope. All eyepieces were designed 
to have a focal length of 2.54 cm and an exit pupil diameter of 5 mm. For each design a figure shows the 
shape of the lenses, and the location of the field stop and exit pupil. The eyepiece is shown with the exit 
pupil to the left and the objective is assumed to lie to the right. The reason for this representation is that it- 
is generally easier to design a system with the object at infinity instead of the image at infinity. Hence 
eyepieces, as well as telescope objectives, are designed with the incident light assumed parallel. 
Similarly, microscope objectives as well as photographic objectives, are designed from long to short 
conjugate. The exit pupil is located by tracing a paraxial chief ray from the center of the objective 
(entrance pupil) back through the eyepiece. The exit pupil point is the intersection of the optical axis and 
this chief ray after it emerges from the system. 


14.2.2 Descriptive details. In addition to the drawing, the following information is included. 


(1) A table of curvatures, thickness, indices of refraction, v-number, ZP, and y . s 
This number, y , is the ratio of the radius of the Petzval surface to the focal length 
of the eyepiece, and is used to estimate the field curvature ina complete telescope 
system. See Equation 11-(3). . 


(2) Aberration curves in the focal plane of the eyepiece for parallel bundles of rays enter- - 
ing the eyepiece through the exit pupil. The curves are plotted in the same way as they . 
were in Figures 8.7 and 8,8(b), The meridional fan and skew fan are shown on the same 
graph. : 


(3) The field curves, the distortion, and the lateral color. The first two are similar to 
the curves in Figures 8.10 and 8.9. 


(4) A brief statement about each eyepiece. 
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14.3 THE HUYGENIAN EYEPIECE 


14.3.1 Design data. Table 14.1 and Figures 14.1 through 14.3 present the design data and aberration curves 
for this eyepiece. . 


0. 268° 


| 0. 292 





Exit 

Pupil ( 
Field 
Stop 


Table 14. 1-Lens constants for the 


Scale ~ 1,35tol : Huygenian eyepiece. 
| Lengths in cm. 


Figure 14.1- Huygenian eyepiece. 
Distances in cm. : 
| 

14.3.2 Use and characteristics. This eyepiece may be used where the apparent field.of view is small 
{about + 15° }. It is commonly used in microscopes and smalli-field telescopes. The entire eyepiece 
ig well corrected for lateral color. But because the field stop is located between the two lenses, and hence 
the field stop is viewed with the eyelens alone, its image will not be color free. Therefore, the Huygenian 
eyepiece is not recommended for use with a reticle in the field stop except in the special applications described 
in Section 23.3.5.2. It main virtue is its low cost. However, the eye relief (usually about 3 mm) afforded by 
this eyepiece is extremely short. ‘ 


\ 
| 
] 
i} 
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Figure 14, 2- Meridional and skew fans for the Huygenian eyepiece. 
Astigmatic Field Curves Distortion Lateral Color 
SH THHHLG 6 6 
12) 
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Figure 14.3- Field, distortion, and lateral color curves for the Buygenian eyepiece. 
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14.4. THE RAMSDEN EYEPIECE 


14.4.1 Design data, Table 14.2 and Figures 14.4 through 14.6 present the design data and aberration curves 
for this eyepiece. 





| ‘Table 14.2- Lens constants for the 
Scale - 1.35 to 1 : Ramsden eyepiece. 
; I Lengths in cm. 
Figure 14,4- Ramsden eyepiece. 
Distances in cm, 


\ i 
14.4.2 Use:and characteristics. This eyepiece has a smaller field curve and is better corrected for the 
field stop plane than is the Huygenian. However, the lateral color jis not corrected at all. At 15°, the lateral 
color is -0.007 cm which subtends an arc of 0.9 of a minute. ‘This is well within tolerance, but if the field 
were extended beyond 15°, the color would become quite noticeable. The Ramsden is used in place of the 
Huygenian when cross hairs or reticles must be viewed. Like the Huygenian, its chief asset is its low cost. 
Its eye relief is still short (about 12mm), but better than that of the Huygenian. 
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Figure 14,5- Meridional and skew fans for the Ramsden eyepiece. 
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Figure 14, 6- Field, distortion, and lateral color curves for the Ramsden eyepiece. 
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14.5 THE KELLNER EYEPIECE 


14.5.1 Design data, Table 14.3 and Figures 14.7 through 14.9 prese: 


for this eyepiece. 





Pupil (| 


Field 
Stop 


Scale—1.35 tol 


Figure 14. 7- Kellner eyepiece. 
Distances in cm. 
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I 
| 
| 
1 


i 


0, 1039 
: 617366 

0.7393 
541599 

~0. 5525 
Air (n = 1) 


0 4699 


541599 
0 


=P = -0.3760 
y = 1.047 





Table 14.3 - Lens constants for the 
i Kellner eyepiece. 
Lengths in cm. - 


14.5.2 Use and characteristics. The Kellner eyepiece is partially corrected for lateral color ‘and is used 
out to 20° half angle. It is probably the most common eyepiece used in moderately wide field telescopic 
systems. The eye relief (about 7mm) is intermediate between the Huygenian and as the Ramsden eyepieces. 


nt the design data and aberration curves 
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Figure 14. 8- Meridional and skew fans for the Kellner eyepiece. 
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Figure 14. 9- Field, distortion, and lateral color curves for the Kellner eyepiece. 
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14.6 THE ORTHOSCOPIC EYEPIECE 


14.6.1 Design data. Table 14.4 and Figures 14.10 through 14. 12 present the design data and aberration 
curves for this eyepiece. | 





1.258 iO : 
a 0.582 573574 
eee | -0.4398 | : 
0.0276 | Air (n = 1) 
0, 3089 : 
0.9921 513605 
-0, 6281 
0.1012 617366 
- 0.6281 
a 0.9921 
-0, 3089 
Exit 
Pupil. (| 
a Table 14.4- Lens constants for the 
‘Op i 7 : 
i orthoscopic eyepiece. 
Scale-1. 35 to £ . Lengths in cm. 


Figure 14.10~ Orthoscopic eyepiece. 
Distances in cm. 


i 
| 
i 
i 


14.6.2 Use and characteristics. The orthoscopic eyepiece has several advantages: (a) the y is larger 
than for the two previous examples, hence the Petzval curvature is smaller; (b) the lateral color is very 
well corrected; and (c) it has a long eye relief (about 20mm). However the T field has a tendency to fly 
backward rapidly. In more expensive instruments this eyepiece is used instead of the Kellner, sometimes 


as far out as 25° half angle. 
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Figure 14. 11- Meridional and skew fans for the orthoscopic eyepiece. : 
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Figure 14.12- Field, distortion, and lateral color curvés for the orthoscopic eyepiece. 
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14.7 SYMMETRICAL (PLOSSL) EYEPIECE i 


14.7.1 Design data. Table 14.5 and Figures 14.13 through 14. +18 present the design data and aberration 
curves for this eyepiece. 





‘ype 
1,881 
2.135» 0.1478 649338 
0. 8026 317645 
0.0051 | Air (n = 1) 
| o.go2e | 517645 
= -0. 4868 
0.1478 649338 
! -0.2135 
Exit 
Pupil ; (| 





Field 


gto ‘Table 14. 5- Lens constants for the 
Seale-1.35 to 1 P Plossl eyepiece. 
| . Lengths in cm. 


Figure 14,13- Symmetrical (Pldssl) eyepiece. 
Distances in cm. 


i 
| 
| 
| 


14.7.2 Use and characteristics. This eyepiece, like the orthoscopic, has a long eye relief (about 20 mm) 
and is well corrected for lateral color. This lens, which has an overall imagery better. than that of the 
orthoscopic, is sometimes used out as far as 25°. 
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Figure 14,14- Meridional and skew fans for the symmetrical eyepiece. 
Astigmatic Field Curves Distortion Lateral Color 
20° 20° 
16' 
12. 
0.2 -1 0 .1 .2em -8% -4% 9 4% -0.01 -.005 0 .005cm 


Figure 14.15-Field, distortion, and lateral color curves for the symmetrical eyepiece. . 


14-18 


a a ee ee ee ee eee ee OU 
\ 
2 
a 
’ 
w 
ul 
uA 





lownloaded trom p://www.everyspec.com 


Mit- HDBK~141 


14.8 THE BERTHELE EYEPIECE 


EYEPIECES 


14.8.1 Design data. Table 14.6 and Figures 14.16 through 14.18 present the design data and aberration 


curves for this eyepiece. 





Scale- 1.35 to 1 


Figure 14,16- Berthele eyepiece. 
Distances in cm. 


14,8.2 Use and characteristics. The design aim in this eyepiece is, ‘to reduce EP, 
This is accomplished at the expense of lateral‘color, which is not well corrected. 
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Field | 


Stop 


i 


-0. 3774 
0.2000 
-0, 4238 

0. 0714 

-0. 2107 

0. 2452 
0 


689309 


620603 
Air (n = 1) 


620603 |.:. 
Air (n = 1) 


620603 


Table 14.6 - ee constants for the 


hele eyepiece. 


tents in cm. 


the field curvature. 
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0.014 


Figure 14.17- Meridional and skew fans for the Berthele eyepiece. 
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Figure 14,18- Field, distortion, and lateral color curves for the Berthele eyepiece. 
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14.9 THE ERFLE EYEPIECE 


14.9.1 Design data. Table 14.7 and Figures 14.19 through 14. 21 present the design data and aberration 
curves for this eyepiece. A 


0.1219 | 617366 | 


0.8840 | 617549 | 





0.1015 | Air(n=1) | 


1.880 | 611588 
0.2540 | 649338 
0.7062 





| : Table 14.7- Lens constants . 
| for the Erfle eyepiece. 

. , i Lengths in cm, 
Figure 14.19- Erfle eyepiece. Distances in cm. 


Do, 
14.9.2 Use and characteristics. This is a widely used eyepiece which may be designed to cover’a half field 
of 30°. The tangential field curves are controlled fairly well out this far. The lateral color can be corrected 
better than shown, but one must remember that the eyepiece is used with an objective and prism system. The 
prisms tend to compensate for the residual lateral color shown here. This is one of the most commonly used 
wide angle eyepieces. The lateral color is fairly large in the version described, so that sometimes it is 
designed with an achromatic center lens. The Petzval curvature of the lens is fair ly small, but it can be 
further diminished by reducing the distance between the focal plane and the first surface of the eyepiece. The 
fallacy with this solution is that any dust on this surface comes sharply into focus. The Petzval curvature can 
also be reduced by introducing more thickness on the negative lens closest to the exit pupil and by making the 
surface concave instead of plane. This alternative cuts down on the eye relief. 


Scale- 1.35 tol 
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1.229 | 517645 |. - 
0.1015 | Air(n=1)} 
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Figure 14.20- Meridional and skew fans for the Erfle eyepiece. 
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Figure 14. 21- Field. distortion, and lateral color curves for the Erfle eyepiece. 
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14,10 THE MODIFIED ERFLE EYEPIECE 
14,10.1 Design data. Table 14.8 and Figures 14. 22 through 14. 24 present the design data and aberration 
curves for this eyepiece. 


638555 
649338 
638556 
Air(n=1)| 
638555 
Air(n= 1) 
638555 
720293 





Scale-1.35 to 1 


for the modified Erfle 


| Table 14, 8-_ Lens constants 
eyepiece. Lengths in cm. 


“Figure 14, 22 - Modified Erfle eyepiece. Distances in cm, 
14.10.2 Use and characteristics. This eyepiece is an improvement on the Erfle eyepiece. The lateral color 
is better and the tangential and sagittal fields are not as widely split. ‘It still has a good eye relief. The 


distortion is large but for telescopes this is not too objectionable because the field stop is round. Hence the 
corners of the field, which suffer from large distortion, are missing. 
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Figure 14. 23- Meridional and skew fans for the modified Erfle eyepiece. 
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Figure 14. 24-~ Field, distortion, and lateral color curves for the modified Erfle eyepiece. 
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14,11 THE WILD EYEPIECE 


14,11.1 Design data. Table 14.9 and Figures 14.25 through 14. 27 present the design data and aberration 
curves for this eyepiece. : 


689309 
0.04 
620603 


A r(n= 1) | 28 


-0. 4000 


-0.0200 
620603 
~0. 2243 
Air(n=1) 
0. 1025 
620603 


~0. 1025 


0.2171 

649338 
0. 4400 

573425 | 
0.2170 





Scale - 1.35 tol 


is 2 | Table 14, 9-Lens constants 
Figure 14. 25- Wild eyepiece. Distances in cm. : for the Wild eyepiece. 


-Lengths in em. 
14,11.2 Use and characteristics. This rather complex eyepiece is interesting because the Petzval curva- 
ture is so small. The tangential field is also well under control out as far as 36°. The Petzval curvature is 
kept small by using strongly curved surfaces as the outside surfaces of the lens. If this is done the glass used 
for the element nearest the field stop must be free of bubbles; otherwise they will be seen since they are so 
close to the focal plane. 
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Figure 14, 26- Meridional and skew fans for the Wild eyepiece. 
~, Astigmatic Field Curves Distortion Lateral Color 
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Figure 14, 27- Field, distortion, and lateral color curves for the Wild eyepiece. 
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14.12 SUMMARY 


The eyepieces shown in the previous sections are merely 
in differing applications slight modifications should be m: 


In Section 15 a telescope with prism 
particular problem, 
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15 COMPLETE TELESCOPE 


15.1. INTRODUCTION 


The problems encountered in the design of a complete telescope are well suited to illustrate how the indivi- 
duat design of objective, erecting system, and eyepiece must be fitted into the overall solution. If the 
limits on space, vibration, method of support, and other factors permit or demand it, a lens type erecting 
system, rather thana prism system, may be employed. The basic concepts of this type were discussed in 
Section 7.5.3. The refinement of the lens design is patterned after the techniques described for the objective 
and eyepiece. However, the designer is usually faced with restrictions on space and other considerations 
which require that he fold the light path. Let us therefore consider such a case. 


15.2 THE DESIGN PROBLEM 


Suppose the following specifications are established for a telescope; 


{1) Magnifying Power 10 xX 
(2) Apparent Field of View 30° (half angle) 
(3) Exit Pupil Diameter 0.5 cm. 
(4) Minimum Eye Relief © 2.0 cm. 


(5) Line of sight to be displaced a minimum of one inch in a plane at 
45 degrees to the observer's vertical and to his right. (This is 
actually a conclusion drawn from more complex requirements 
put will serve to establish the need for a displaced line of sight.) ~ 


15.3 PRELIMINARY CONSIDERATIONS 


15.3.1 Prism type. From requirement (5) above and from Section 13.10. 2 we can easily see thata Porro . 
prism system will offer a ready solution to displacement and erection if we have A = 0.7 inch (approx.). 


15.3.2 The eyepiece. 


15.3.2.1 From Section 14 we can also quickly determine that it will be necessary to use an eyepiece of the 
Erfle type, since, from requirement (2), the apparent field must be 30° . ; 


15. 3.2.2 We now must determine the focal length of the eyepiece. One can say almost without qualification 

that the longer the focal length of the eyepiece, the better the image quality of the system. Usually, however, 
this means the telescope will become large, expensive, and cumbersome. Most, commercial applications. call 
for a small compact system. There is, however, a lower limit to the focal length of the eyepiece, since 

there is a minimum eye relief which can be used with comfort by the observer. The data on the Erfle eyepiece 
Gection 14.9) showed that the eye relief is around 0. 8 of the focal length. Therefore in order to meet require- . 
ment (4) it will be necessary to have an eyepiece focal length of at least 2. 5, cm. 


15.3.3 Preliminary summary. We have now established the following design parameters. 


(1) Objective: (a) Focai length, f , : 25 cm. 
(b) Diameter : 5.0 cm. 
(c) f-number 5.0 
(da) Field of view (half angle) 3° (approx.) 
(2) Eyepiece: (a) Type Erfle 
; (b) Focal length, f,. 2.5 cm. (min) 
{c) Eye relief 2.0 cm. (min) : 
(a) Field of view (half angle) : 30° 
15-1 
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(3) Erecting System: {a) Type Porro Prism System 
(bo) Aperture 1.8 cm. (min.) . 


15.4 DESIGN REFINEMENT 


15.4.1 The Porro erecting system. The next step in the design is to determine the size of prisms needed, 


fo erect the image. The prism length is determined by drawing a thin lens telescope system and using a 
tunnel diagram for the prisms. In order to keep the prism small, as much as 50% vignetting is allowed at 
the edge of the field. The glass type selected forthe prisms is of importance. It must have a high trans-- 
mission with relatively low dispersion, and the index of refraction must be high enough to insure total reflec- 
tion for all the rays, A glass frequently used in prisms is type number 573574. The drawing shown in.’ 


Figure 15.1 shows the layout of the prism system used in this sample problem. The prism aperture is. 2.9 ‘ 


em and the total thickness of the prism is 11.6 cm. 








es L ——_——-»| Eyepiece 
Objective focal plane 


7 | 
LU’ = Reduced prism length = 4 A/n = 7.3767 cm. 
A = Aperture diameter of prisms, | 
n = Index of refraction of prisms. 


| I : 
Figure 15.1 - Diagram illustrating positioning of Porro prism system in telescope, The prisms 
are shown "reduced". | : 


15.4.2 The objective. 


15. 4.2.1 The objective design is started by consulting Table 11.3 for a thin lens solution. In this 
example the following solution (case No. 14) was used: 


Lens (a) 517645 
(b) 689309 


15.4. 2,2 From the curvatures given in the table, it is possible to draw up the Iens and assign the proper 
thicknesses. Figure 15.2 shows a scale drawing of the thin lens solution (curvatures) with proper thick- 
ness added. Then, with the thicknesses and the prism added, the third order aberrations are computed to 
compensate for the eye piece. . 


15-2 
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Figure 15. 2 - Scale drawing of the objective. 


15.4.3 The eyepiece 


15.4,3.1 The preliminary eyepiece may be scaled from the Erfle shown in Section 14.9. The ast{gmatism and 
lateral color will probably have to be adjusted to match the objective and prisms. They may be controlled either 
by changing the curve on the cemented surfaces or by changing the glass in the eyepiece. The astigmatism and 
Jateral color are corrected in the eyepiece, and then the total coma and spherical aberrations are corrected in 
the objective. Very little can be done about the distortion introduced by the eyepiece. It is closely connected 

to the astigmatism, so once the astigmatism is corrected to the desired value, the distortion is determined. 
Distortion is really not a very objectionable aberration in a viewing telescope. 


45.4.3.2 The lateral color is made more positive by finding glasses with reduced dispersion for the 
positive elements. If the index difference between the positive and negative lenses of the cemented doublets 
is reduced, it is possible to make the cemented curves shorter in radius (thereby adding positive lateral 
color) without introducing high order positive astigmatism. : 


15.4.3. 3 In correcting the astigmatism in the eyepiece, it is necessary to ray trace for every change. 
The reason for this is that near the edge of the field the astigmatism is dominated by higher than third 
order aberrations. . 


15.4.4 Objective readjustment. After the astigmatism and the lateral color have been corrected to match 
those of the objective and the prisms, it is necessary to readjust the objective to correct for the axial 
color, spherical aberration and coma of the complete telescope. 7 : 


15.5 THE COMPLETED DESIGN. 


The completed telescope system, shown in Table 15.1, represents a solution to the design problem. The 
aberration curves are shown in Figures 15.4, 15.5, and 15.6. Figure 15. 4 is a plot of the angular aberra- 
tions in D light for skew fans of rays at three obliquities. Figure 15.5 is a similar plot for meridional 
fans of rays. Figure 15.6 contains field curves, a plot-of distortion, and lateral color curves. In ali three 
figures, the dashed curve represents the third order. This telescope was corrected by an expert designer. 

It represents excellent correction, so it may be used as a guide on what to expect from such a telescope. 
Noite in Figure 15.6 how the final T and S curves are adjusted. At the edge of the field they are split by 
3.7 diopters. The mid-focus is inside the paraxial focus by 0.8 diopter. This means if the eyepiece is 
focused in by 0.8 diopters, the image quality will essentially be free of astigmatism out to 20°. These 
aberrations may appear to be very large but they are typical and are not as obiectional as it may seem. A 
telescope is used for acute vision primarily close to the axis. (within +12°apparent field). The 

observer seldom uses the telescope in a fixed position and rolls his line of sight around to observe objects 
near the edge of the field,’ The edge of the field is usually used to notice motion, If anything of interest does 
appear in the edge of the field, the observer can train the telescope to center it in the field. When an 
observer has his eyes to the telescope he wants all the field of view he can have. It is much better to have a 
picture blurred at the edges than none at all. For this reason a telescope should always be designed for as 
wide a field as possible, even if the astigmatism and distortion may become large. The limit should be set 
by the size of the instrument and the cost, rather than by the image quality. As the field is increased beyond 
the 30° half angle of the Erfle, the size of the instrument grows rapidly, for the prisms and eyepiece must , 
be enlarged, In wide angle telescopes it is also desirable to maintain as large an exit pupil as possible. The 
reason for this is that the iris of the observer's eye is not located at the center of rotation of the eye. With 
the iris located at the exit pupil there is a tendency for the iris to rotate out of the exit pupil when viewing 
objects near the edge of the field. This is demonstrated in Figure 15.3. It is true that the observer may 
move hig eye but in a binocular instrument this is not possible‘for both eyes. 
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Optical axis of eye 
Oblique beam . <= 





Center of rotation of eye 





(b) 


Figure 15.3 - Diagram (a) illustrating the eye viewing an axial image. Diagram (b) illustrating the eye.” % 


rotated to view an oblique image and.losing the entire beam. 


0.07080 
-0.06874 
0.07165 
-0.02413 
0.0000 


0.0000 

3.0186 
-0.21670 

0. 254 
0.35000 

1.8796 
0.25000 

0. 1015 
0. 15350 

0. 8840 
-0. 10000 

0. 1015 
0.35000 

1.2294 
-0.27500 

0. 12190 
0.00000 





T 
Table 15.1 ~ Svecification for 10 X telescope. 


| 

| 
15,5.1 Eyepiece and objective checks. In the preliminary design it is advisable to correct the eyepiece 
and objective as separate units. Usually designers trace parallel rays into the eyepiece from the eyeside 
towards the focal plane, and trace parallel rays through the objective to the focal plane. The transverse 
image errors are then made to match at the intermediate focal plane. After it appears that the two match 
reasonably well they should be put together and studied as a complete telescope. It is advisable to insert 
a dummy reference surface at the internal focal plane so that when the rays are traced through the entire 
system it will be possible to note the image errors on the image plane. 

| 


/ 
| 
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MIL- HDBK 141. 


16 APPLICATIONS OF PHYSICAL OPTICS 


16.1 INTRODUCTION 


16.1.1.1 Restatement of principles. In instruments for purposes of interferometry, the problems of 
geometrical ‘optical designs are-usually simple. However, since such instruments depend upon the interfer- 
ence of light waves for their proper functioning, a knowledge of the principles of interference is necessary . 
for proper design. These principles have been already presented. A brief recapitulation of these principles 
is now presented, followed by detailed examples of their application to the design of several typical instru- 
ments of this class. . 


16,1:1,2 As stated in Section 3, the instantaneous magnitude of a plane-polarized light wave will be equivalent 


“to the instantaneous magnitude of the electric vector and can be specified by the trigonometric function ’ 





E (z, t) = acos (knz+¢ + wt) () 

where 

z = distance measured along Z % = phase angle 7 

t = ‘time | ‘ £ n = refractive index. It can be a function . 

k = 2s/d : of z for variable media. 

w= 2s/T a = amplitude of the wave. It is an 

»X = wavelength — exponential decreasing function 

T = period for one complete vibration. of z for absorbing media. 


3t is-also shown that the time-averaged energy density for a single wave over a single period T of oscillation 
will be proportional to the square of the amplitude, that is, 


W-a 7/2.  @- 


16.1. 1:3 If interference phenomena of two or more waves are considered, the time-averaged energy density, 


“'W, will be the sum of the instantaneous energies of the electric vectors, the average over'a single period of 


T of the square of the sum of the instantaneous magnitudes of the electric vectors. 
Thus,, for two collinear waves, . ‘i 


We $ [a + 2ay ae cos ($1) - bo)+a3| ®) 


where 


$1, %2 = phase angles of each electric vector 
$1- $2 = fixed phase difference, 5. 


16.1.1.4 Referring again to Section 3, the conditions of Equation (3) depend on the direction of. propagation 
and the source of rafiiation. Collinear, coherent waves will reinforce each other when the phase difference 
is zero or an even multiple of # and oppose each other when the phase difference is an odd multiple of 7. 
For collinear, non-coherent waves, this reinforcement or opposition does not apply, but the time-averaged 
energy densities will add according to 


wet [az+ai]. / (4) 


16,1.1,5 If the waves are non-collinear and coherent, as if Figure 16.1, their phases ® and ©» will be given 
by . ‘ 


, = knz + $1 ) 

2 = kn(xsin @ + zcos 9} + $2 (5) 
where 

$1 = phase angle of the wave propagated along OZ, 

$9 = phase angle of the wave propagated along OP. 
The difference in phase angles will then be 

$1 ~ 2 = 01 - $2 -knxsin@ + knz (1 - cos 9). (6) 
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Letting ¢, - $2 = 6 and using Equation (3), the time-averaged energy density will be 


2 


2 ; 
2W=a, +a, +2Bay a, cos 5 ~ kx sin? + knz! (1 - cose) | 


suitably small, we can set sin = # and 1-cos 9='0 
z= 0, the z term can be neglected and Equation (7) becomes 


2 


2 j 
aw=a, +a, + 2a, a, cos (6 - 


which is the usual interference formula, 


WAVE FRONT FOR E, 


x w, \ 





WAVE FRONT FOR E, 


Figure 16,1 - Interference between two plane wavefronts W, and We 


along different directions, 
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that are propagated 


(7) 


where a, and ag are the-amplitudes of the Se. at the point (0, y, 0). By choosing 6 to be 
2. If observation is to be made in the xy plane near 


(8) 
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16,2 THE FIZEAU INTERFEROSCOPE 


16.2.1 Principles of operation. . 


16, 2.1.1 A group of interferometers known as Fizeau interferoscopes or Fizeau double beam interferometers 
have been devised around afore mentioned principles for the purpose of testing the flatness and parallelism of 
the surfaces S yand S,, Figure 16.2, of a plane parallel plate or for testing the flatness of a surface against 
an optical flat. The essential characteristics of these interferometers are illustrated in Figure 16.2 in 

which either of the surfaces S, or S, may be the optically flat surface of reference. Monochromatic light 
issues from a pinhole H and emerges from the collimator L, as-plane waves, By a slight angular adjust- - 
ment (not shown) of the upper plate surface, S» can be made to.reflect ray HA approximately back upon 
itself. We take this direction as the OZ-direction. Surface S, now reflects ray HAB along a direction BR 
such that angle @ = 2a where a is the indicated angle between surfaces S, and S 2 + We choose the di- © 
rection OP parallel to BR. The coordinate line OX falls in the wave front Teflected by S. . Lines OP, 

OX and OZ. together with the angle are now corresponding elements in Figures 16.1 and 16.2. ‘Equation 
(7) or (8) may therefore be applied to determine the energy densities at any point (x,z). If both surfaces 

8, and Sp areflat, 0 is constant; but we must take o = o (x) when both surfaces are not flat: ° aa the 
interests of simplicity, we shall suppose at first that surfaces 8) and S» are flat. 


16.2.1.2 When S, and Sz are uncoated surfaces of glass, the two waves formed by reflection at ana Sp will 
have amplitudes ay and a, So nearly alike that one may set a 174,74 and write Equation (7 
W = a2 {1's cos [ 6 - ame sin 0 + tm: (1 cos 0) J} (9) 


Furthermore, 6 = 7 for optically flat surfaces of glass since the phase changes due to reflection at.A and B 
differ by 180°, Thus, , 


w= (4 - cos in[ x sing -(1-0080)]} a (10) 
if the surfaces S, and S, are optically flat surfaces of glass, 


16,2,1.3 Lens Ly and L2 are invariably arranged so that the plane z = 0 or a neighboring plane is focused 
upon the retina or, upon the photographic emulsion, i.e.,one arranges to observe the energy density W in the 
interference fringes in a plane for, which z is either zero or small. Also,the angle @ is very small in actual 
practice, Thus both z and 1 - cos @ become so small that one will ordinarily be justified in neglecting the 
term z (1 - cos @) in Equation (10), and in writing 


Ww 2 [1 - cos wxo | = 20? sin? ( x2.) 


zat sist ( 2a) ay 
when the space between S, and S, is air. 


16.2,.1,4! The actualenergy density W is. of little interest in practical interferometry. Interest centers, rather, 
upon the fringe-width, the distance from one fringe to the next similar interference fringe. The fringe system 
is repeated, according to Equation (11), whenever x is altered by the amount Ax such that 27a Ax /A = 7, 
i,e., Whenever : 


= [Ax] = 2% (12) 


‘where h denotes fringe-width and @ is the angle in radians between suriaces 8, and S,. Equation (12) can be 
-used to measure a. ‘If a@ = 0, the fringe-width is infinite, and conversely, 


16,2.1,5 It will be seen from Figure 16. 2 that - 


a = xa (13). 


where d is the thickness of the air gap at point x. Equation (11) can therefore be written in the highly instruc- 
tive form 


= 2a sin? ( 2a. ) . > (14) 


Hence W is constant for those loci along which the separation d of the surfaces is ; constant, W is, of course, 
constant along an interference fringe. Therefore, each interference fringe is the locus of points for which the 
separation d of the surfaces is constant, This statement holds throughout interferometry with very few excep- 
tions or qualifications, With respect to Equation (14), we note that W. has the period d = 4/2. This means 
that in the Fizeau interferoscope the separation d changes by A/2 in going, say, from one bright fringe to the 
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FIGURE 16.2 -Notation with respect to the Fizeau Interferoscope or Interferometer. 
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next. More generally, it is the optical path nd that changes by r/2. 


16.2.1.6 The use of the Fizeau interferoscope for examining parallelism of plates amounts to considering the 
gap between surfaces S, and S,, Figure 16.2, as the plate. The refractive index of the gap is now that of the 
plate, , 


16.2.2 The Fizeau interferoscope in testing for optical flatness. 
16,2.2.1 The separation dof surfaces §, andS,, Figure 16.2 can be large. Consequently the risk of scratch= 
ing a surface during testing for flatness is avoided. Moreover, the reference flat is not subjected to wear by 


frequent rubbing, etc, 


16,2.2.2 As canbe expected, the interference fringes will not be straight unless the test surface is also an 
optical flat, : ‘ 








16,2.2.3 In paragraph 16.2.1.2 we saw that 6 = @ for optically flat, uncoated surfaces S, and S,of glass. me 
The main effect of a small departure of the test surface from a plane is to introduce a local irregularity. ‘jn ‘the | 
separation d, Figure 16.2, over the range of x at which the departure occurs. It is natural, then, to consider. 
6 in the form . , 


6 = a7 - 2kn D(x) (15); 
where D(x) shall express the phase difference introduced between the two interfering waves on account of the 
departure of the reflecting surfaces from a plane. We suppose, as in the argument leading to Equation (11), 
that the term knz (1 - cos 0) is negligible in Equation (9) and introduce 6 from Equation (15). The result is” 

w= at [1-cos k( 20x) + x0) |pa= 45 : (18) 
where @ is so ‘small that one can set sin @ = 6, Since @ = 2a, . 

w =a? [1-cos ak ( D(x) + xa) ] = 26? sin? [ 2 (069 + x2) ] (17) 
The exact physical significance of D(x) is now clear. Since xa = d, the separation between surfaces 8, and 
S, (see Figure 16.2) at point x, D(x) must be the inérease in separation due to a local bulge in one of the 
reflecting surfaces, D(x) >0 when the bulge increases the separation between the two surfaces. - 
16,2.2.4 It should be observed from Equation (17) that W = constant whenever : 

D(x) + xa = D{x) + d = constant, (18) 


Since D(x) + d is the actual separation of the surfaces at point x, it follows that an interference fringe is the -. 
locus of those points x for which the separation of the interferometer surfaces is a constant. If the surfaces 


.are plane, D{x) = 0 and the fringes are straight. 


16. 2.2.5 Suppose one of the interferometer flats is pressed or moved so as to decrease d by a@ small amount. 
Since each fringe is the locus of equal separations D(x) + d, the whole family of fringes will move in the posi- 
tive x - direction of Figure 16.2 wherever D(x) = 0. In localities where D(a) = 0, each fringe will move in a 
slightly more complex manner so as to find the location where D(x) + d remains constant. 


16.3 THE TWYMAN-GREEN INTERFEROMETER 


’ 


16.3.1 Principles of operation. . 
16.3.1.1 The essential characteristics of the Twyman Green interferometer are shown in. Figure 16,3. -T 
physical principles utilized in the TwymanGreen interferometer and in the Fizeau interferoscopeare so similar 
that the corresponding elements of Figures 16.2 and 16.3 are recognized easily. These corresponding elements 
are denoted by the same symbols. A small pinhole H, illuminated by monochromatic light, is located at the 
first focal plane of the collimator L, so that a plane wave front is reflected by surfaces S; and Sp» of the end- 
mirrors. A telescope is added to produce an image of the pinhole H at Hy. The surface S, appears to be 
located at.S;. if S, makes the‘angle @ with Sj, the ray reflected from 8, will appear to be a ray BR such 
that BR makes the angle @ = 2a with the ray AQ reflected from S,. We take OZ parallel to AQ and OP 
parallel to BR. The coordinate OX falls in the wave front reflected by Sj. This time, to complement Figure 
16.2, we show the passage of ray BR to the vicinity of the eye lens where 2 second image Hg of the pinhole .H 
is formed, The width of the interference fringes is increased by decreasing the separation H, Hp of the images 
of the pinhole by tilting mirror S, in the direction for decreasing angles 0 and a. 
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FIGURE 16.3 -Notation with respect to the Twyman Green Interferometer. 
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16.3.1.2 One major use of the Twyman Green interferometer is to examine the optical quality of glass 
plates, prisms, etc. The sample to be examined is placed in one arm of the interferometer and the effect of 
the sample upon the fringes noted. It is usually necessary to readjust the angular setting of at least one of the 
mirrors 5, and S, and to alter the length arm AQ so as to obtain best contrast in the fringes. We shall not 
be concerned here with the details of the many applications of the Twyman Green interferometer but, rather, 
with the principles involved. 


16.3.1,.3 The beam splitter is usually an optically parallel plate, one of whose surfaces is coated with a uni- 
form film of silver or aluminum. Whereas it is not necessary that the transmittance and reflectance of the 
filmed surface shall be alike, they should not be markedly dissimilar. Where utmost contrast in the fringes 
is desired, the second surface of the beam splitter should be rendered low reflecting. Henceforth, it will be 
supposed that the beam splitter consists, in effect, of a single surface as in Figure 16.3. 


16.3.1.4 The amplitudes a, and a, of the two, plane, interfering waves that enter the telescope Lg are‘not . 

likely to be as nearly equal as in the Fizeau interferoscope. However, these amplitudes will be nearly alike 
provided that the end mirrors S, and S, have practically equal reflectances and provided thatthe test sample 
transmits well, It is, of course, possible to compensate the effects of the sample in one arm by placing an La 
suitable absorbing plate in the second arm, . 
16.3.1.5 We saw that the. phase difference 6 between the two interfering waves will be a in the Fizeau 
interferoscope. The phase changes on reflection at the surfaces S,; and S,) of the Twyman Green interfer- 
ometer are likely to be nearly alike to that 6 can be sensibly zero. However, one cannot always be certain 
that 5 is sensibly zero or that a, and a, are sensibly alike. : 


16, 3.1.6' The product.knz (1 - cos @) of Equation (7) will usually be negligible in the Twyman Green interfer- 


ometer for the same reason that applies to'the Fizeau interferoscope. We introduce this approximation into : * 
Equation (7). Instead of writing 6 as in Equation (15), we set 6 = 6, - 2khn D(x). The result is : 
aw = ab + ag + 2a; a, cos | 8 ~ 2 (x + D&x)) | (19) 


"since sin @ — 6 and @ = 2a. 


Equations (17) and (19) differ mainly in that the fringe system is shifted slightly with respect to x and in that 
the fringe contrast obtained from (19) will be inferior to the constrast obtained from (17) except when 

a; = a, = a, i,e., except when the amplitudes of the two interfering waves are made substantially - alike in 
the Twymian Green interferometer. 


16.4 EFFECT OF MONOCHROMATICITY ON FRINGE CONTRAST 


16.4.1 Discussion of problem. 


16.4.1.1 Fringes obtained with Fizeau interferoscopes or with TwymanGreen interferometers "wash out" : 


.when the path difference d, Figures 16.2 and 16.3, becomes too great relative to the spectral purity of the 


monochromatic source. It can be shown that the effect of the presence of many different wavelengths 

(k = 22/2) in Equation (19) is to reduce the average value of the cosine term to zero as the spread of wave- 
lengths-is increased. The physical circumstances become similar to those which cause Equation (3) to 
degenerate to Equation (4). We may say that the source of light becomes incoherent. An insight into the 
nature and magnitude of the difficulty can Lee obtained from the following simplified considerations, 
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| i , 
16.4.1.2 With respect to Equation(19), suppose for convenience of argument that .D(x) = 0 and suppose that the 
source contains wavelengths from A, - [AA] to 4, + [Aa] where [Aal is small. If [AA| is too large, an 


interference maximum for » = A, will fall at the same point xa = d as the first interference minimum due 
to the wavelength A= A, - |AA| . Thus, if : 


Ame - 5, =» 27; v an integer; | {20) 
Oo 
and 
Ama. _ g, = ; 
For [OQ bg =v 2a+ 73 i (21) 


then since 14( Ao - IAAL} = 14a, + JAal/ es , it follows by subtraction of Equation (20) from (21) that 
4xa |Ad| /22 = 1. When, therefore, és 


2 


2 do. ‘ 
Jaa] = nr, /4xa = Gq> : ‘ (22) | 


a bright fringe due to \, will fall upon a dark fringe due to A = A, - |Aa] . If the radiant fluxes of the two.” 
wavelengths are approximately equal and if the wavelengths A, and A, - [Qa] do.not differ appreciably‘in _ 
color, the interference fringes will be practically obliterated when |AA| and the separation d are related as 
in Equation (22). , | I 


ibe ae | ' “ 
16,.4,1.3 When |Aa} is less than that given by Equation (22), one can expect that the fringes will be visible. In 
fact, we must expect from Equation (22) that the condition for the appearance of interference fringes is 


Jarl a < i, : (23) 
4 ! 3 
Contrast in the fringes is improved by choosing |Aa| and the pathl difference d so that their product is small. 


.16.5 EFFECT OF PINHOLE SIZE ON CONTRAST i : . 


16.5.1 Discussion of problem. . ! 


16.5.1.1.As can be expected intuitively, the effect of opening the pinhole H too far is to reduce contrast in the 
fringes even though the light is so monochromatic that one can set [AA] = 0. It can be shown that when the 
pinhole size cannot be neglected, one obtains, instead of monochromatic law of Equation (19); the result . 
2. 2 J, (k2ys ) | ; 

aWye as of + 2a, a, [ 2 LLP) | cos [ 5, = ae (xa + De) | (24) 
in which Wy is the total energy density due to all of the points in the illuminated pinhole H (see Figure 16.3), 
2y is the angle subtended by the pinhole at the collimating lens L4, 2s is the indicated separation of the 
images H, and Hy of the pinhole and J 1 is a Bessel function of first order and first kind. 





16.5.1.2 The function 2J,(t) A assumes its maximum value of unity at t = 0. Therefore, Equation (24) is 

| identical to Equation (19) whenever the angle 2y subtended by the pinhole at the collimator is so’ small that 
one can accept the approximation 23, (k2ys)/k2ys = 1. Contrast in the fringes is excellent provided that 
the amplitudes a, and a, of the interfering beams are not too unlike. For a given value of 2y, the fringes 
should show better contrast as they are broadened, i.e.,as the separation s of the two pinhole images is 
decreased. , : 


16.5,1.3 Thefunction J, (t)/t has an infinite number of zeros the first of which occurs at t = 3.8317, When- 
ever the product 2ys becomes so large that 27 2ys/d = 3.8317, J, (k27s) /k2ys = 0. Hence Wy becomes 
constant and should be independent of x and the fringes should vanish when : 


ays = 3.83174 - 0,612. : (25) 


Since J, ()/t changes sign as t passes through any of the roots of J, (t)/t = 0, the fringes should shift 
abruptly by one half fringe width as 2ys passes through the value given by Equation (25). - 


16. 5,1.4 Whereas it is the writer's experience that Equation (25) does not agree in an excellent quantitative 
manner with observations in, say, the Twyman-Green interferometer, it does serve as semi-quantitative basis 
for predicting the degree of contrast in the fringes. ! : 


' 
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16,6 YOUNG'S PINHOLE INTERFEROMETER 
16.6.1 Introduction. 


15.6,1.1 The Fizeau and Twyman Green interferometers belong to a broad class of doubled pinhole interferometers 
in which two actual pinholes are illuminated or in which the image of one illuminated pinhole is doubled by any 
one of a variety of beam splitting devices, The rudimentary theory of formation of the interference fringes-is 
essentially the same for this group of interferometers. If the plane of observation is sufficiently far from the 
location of the pinholes, the two corresponding waves that arrive at the plane of observation are essentially 
plane so that the theory of the foregoing paragraphs applies. 


16.6.1.2 The following argument presents a second, very useful point of view that encroaches to’some extent 
upon Huygens'principle. Let us consider the simplest of all double pinhole interferometers, namely Young's 
famous interferometer of Figure 16.4. Monochromatic light is focused upon a small pinhole H. Coherent, 
spherical waves emanate from H and illuminate the small pinholes H, and Hy. If H falis upon the Z-axis, 
the light reaching H, and H, willbe in phase. Otherwise, a phase difference 5, will be introduced, - Pairs 
of coherent, spherical waves emerge from pinholes H, and Hy, and reach point (x, y) of the observation plane 
after traversing paths r, and rp . If distance D is large relative to the separation 2s of the pinholes H, - 
and Ho and if point(x, y)is not too far from the Z-axis, the distances ry and rp will be so nearly alike that 
the two waves from H, and He will arrive at point (x, y) with substantially equal amplitude provided that they : 
leave H, and H, with substantially equal amplitude. We shall suppose for sake of generality that the inter- 
fering waves from H, and H, reach point(x, y)with the amplitudes a, and a, , respectively. (The amplitude 
of one of the waves might be reduced, for example, by placing an absorbing glass plate over one of the pinholes 
or by making the pinholes small but unlike in area). . 


From Figure 16. 4, 


r =D? 4 (x-s)?+y?; (26) 
r2 =D? 4(x+s)?+y?, : (27) 
therefore 
rv? - vr? =(r,-47,) (vr, +4,) = 4x8 28) 
2 1 277. 27Fi (28) 
or 
Yo + © . 
tT. - Ty = ansf{=2 41), (29) 


it matters to a considerable extent which approximation one wishes to accept for (rpg + Ty )/2, the average 
value of r,; and rz. Incase the point of observation(x, y), Figure 16.4, falls near the Z-axis, both r, and 

rg differ only slightly from R = VD" 4+ 5, and the average value of r, and rag willfall nearer R than either 
r, or ry . Accordingly, we suppose that the point of observation(x, y), falls near the Z-axis and accept the 
approximation ° 


“Then from Figure 16.4, Bor = sin + . Since D is great relative to s, 
sin $= 5 = —S 3 (31) 
(Dis . 
therefore, 
fy - Ty = xO " (82) , 


in which @ is very nearly equal to the actual angle between the direction of propagation of the two waves that 
reach point(x, y) from the pinholes H, and H, . 


46.6.1.3 We find that the two coherent waves which interfere at point (x, y)have amplitudes a, and a, and the 
phase difference $, - $, such that 


#- 9, = 6, +k (ry - 4) = 6 - bo ’ (33) 


wherein the portion kx@ is due to the path difference r 27" and wherein é o specifies the phase difference 


16-9 








MIL- HDBK~I41 


PINHOLE 
H 









rom p://www.everyspec.com ’ 


APPLICATIONS OF PHYSICAL OPTICS 


PINHOLE, 


FIGURE 16,4 - Young's Pinhole Interferometer 
| . 


16-10 






Downloaded from http:/Awww.everyspec.com 


APPLICATIONS OF PHYSICAL OPTICS MIt- HOBK-141 


between the two, interfering, non-collinear waves as they leave the pinholes H, and H2. The time-averaged 
ial density W produced by interfering waves is given again by Equation (3). Thus, from Equations (8) and 
(33) 


aw =a? vag + 2a, a, cos (6, - kxé) (34). 
in which 
k=2n/A and @= Is/V¥pH2, 2 . (35) 


where 2s is the separation of the pinholes Hy and Hy , Figure 16,4, 


16.6.1.4 Comparision of Equations (19) and (34) shows that they agree since 2a = 9 and since D(x), as defined in 
Paragraph 16.3, is zero as applied to Young's pinhole interferometer. : 


16.6.1.5 The fringes formed in Young's pinhole interferometer wiil not be straight, as predicted by the approxi- 
mation of Equation (34), unless the point of observation is near the Z-axis of Figure 16.4. As the point of ob- 
servation is moved out to distances / xe + ye that become appreciable with respect to D, the average value 
of ry and ry becomes a function of both x and y. It follows from Equations (29) and (33) that $, - $2 will not 
vary ina simple linear manner with x. The fringes become curved in a manner that is not difficult to ascertain 
from a further study of Equations (26), (27),and (29). 


16.6.1.6 Young's slit interferometer is obtained by replacing pinholes H, H y and H, by very narrow slits perpen- 
dicular to the plane of the paper. With this arrangement, the interference fringes seen at plane x y will remain 
straight over a greatly increased portion of the xy plane provided that the slits are sufficiently long. 


16.6.1.7 Young's interferometer is oothuseful and simple to construct. The difference in optical path, for exam- 
ple, of two similar glass plates of nearly the same thickness can be ascertained by applying the following prin- 
ciples. We observe that if pinhole H is on the Z axis, Figure 16.4, a bright white fringe will be formed at O, 
where x = 0, when H is illuminated with white light because the optical paths from H to O are equal, ‘Con- 
structive interference occurs at O for all wavelengths. If the pinhole H is not on the Z axis, the bright white © 
fringe will be found at a location x #& 0. This location is called the white light position and determines a point 
of reference at which the optical paths from H to O are equal. When monochromatic light is substituted for 
white light, the fringes appear in best contrast about the white light position. Suppose that the optical path — 

H Hy, O is increased by a slight amount 5, relative to the optical path H He O by the insertion at H, and Hz 
of glass plates that differ slightly in optical path. We see from Figure 16.4 that the ray H, x must be inclined 
toward larger x-values in order to equalize the optical path difference between the paths WH, x and H Hex. 
Therefore, the white light fringe or any monochromatic fringe must move outward from the axis Z inthe dir-- 
ection of that pinhole H, or H, over which has been placed the plate having the greater optical path. The mag- 
nitude of 6, can be found as follows from the measurement of the fringe shift produced by 6, « 


6.6.1.8 First, thefringe width h is the increase in x for which k ( + h) @ exceeds kx® by 27 in Equation (34). 
Thus 


khé = 27 or h=-. (36) 


ol» 


Secondly, a given interference fringe occupies that position x for which 


5, - kx = constant = C. (37) 


Suppose, for generality, that 6, has. successively the values 6, and 5, . Denote the corresponding position 
of a given fringe by x 5 and x,. Then from Equation (37) 


6, - kx ,8 =C 
5, - kx,@=C : (38) 
By subtraction of Equations (38) one finds that 
= “22 
5, - 5, = kd (x, - *,) = =a @ (x5 - x4). (39) 


From Equations (37) and (39) we obtain the extremely useful result 
8, - 5, = 2m Bae* , radians. (40) 


In other words, the phase change in the two arms H H, x and H Hx is given by the ratio of the fringe shift, 
(x, - By ), to the fringe width, h. 


16-lL 
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16.6.1.9 Difficulties.can appear whend, - 6, exceeds 2; for then the fringe shift, Xo - X41, exceeds the’ 
fringe width, h, by a number of fringes that may not be obvious, This ambiguity about the "fringe jump" can 
be settled by considering the shift of the white light position or by making measurements of the fringe locations 
at more than one wavelength, 


16.7 LLOYD'S INTERFEROMETER. 


16.7.1 Description. Lloyd's double pinhole or double slit arrangement for obtaining interference is 

is illustrated in Figure 16.5. Corresponding elements are denoted by the same symbols in Figures 16.4 

and 16,5 to emphasize their similarity. The interpretations of the interferometers due to Lloyd, Young, 
Fizeau, and Twyman Green are alike provided that the pinholes are small and provided that the distance D 

is great, It should be observed that the virtual image Hz is a mirror image of Hy . The relative loca- - 
tions of the corresponding coherent points in the "images" H, and Hy will therefore be significantly ‘ 
different in Lloyd's interferometer as compared with the Fizeau and .Twyman Green interferometers. This ~ 
mirror image relation between H, and Hp is avoided by Fresnel's double mirror interferometer which 

is illustrated in Figure 16.6. Both H, and H, aré now virtual images whose separation 2s is poverned’ 
by the angle @ between the interferomieter mirrors M, and‘ My. ; 


ACTUAL PINHOLE OR SLIT, Hy 
—> 





VIRTUAL PINHOLE OR SLIT, H 
| ; 


| 
. | 
| 
i 
“| 


| 
| 
/ 


FIGURE 16.5 - Lloyd's paeeeee 
| 
16.8 FRESNEL COEFFICIENTS FOR NORMAL INCIDENCE 
16.8.1 Computing amplitude reflectance and transmittance. 
16.8.1.1 Let nand nK denote the optical constants of two media that are in contact across a plane interface as in 
Figure 16. ia Then for normal incidence upon the interface along the indicated direction, the amplitude reflectance 
p is given : 


p= My, a M, / ; (41) 
M lio M, 

and the amplitude transmittance 7 across the interface is given by 
aM ; ; 
T= ° (42; 
“My + M, : 

where 
My = ny (1+ikKy); v=0, 1 (43) 
16-12 
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FIGURE 16.6 -Fresnel's Mirror Interferometer. 
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FIGURE 16.7 -Transmittance and reflectance 
; at Translucent Interface 


16-13 


MIL- HDBK-141 


lownloaded trom p://www.everyspec.com 


‘MIL-HDBK-141 APPLICATIONS OF PHYSICAL OPTICS 


16. 8.1.2 Suppose that neither medium absorbs so that K, = Kj = 0. Then 


= Mo=m1, = ~JMo 
PF ale Ry? 7 | Fn” \ (44) 


We see that 7+ > 0, but the amplitude reflectance p is greater or less than zero according as No is greater 
than or less than n 1 If we write p in the form | 


No - Ma 


p= Bo + Py cos o, (45). 


I 








we see that 0, the phase change on reflection, is zero when ng> n| 1 but is 7 when ny < ny. Further- 
more, the phase Change on transmission across an interface between, two non-absorbing media is always zero, 


18. 8.1.3 Interferometers usually involve the splitting of a light beam at one or more interfaces between two 
media. In order to compute or to estimate the amplitudes a, and ay of the interfering waves thus produced, 
knowledge of the Fresnel coefficients is essential, The Fresnel coefficients at normal incidence will suffice 
for the purposes of the present text. The application of Fresnel's coefficients for normal incidence to cases ° - 
involving oblique incidence can, however, be misleading. The Treader who needs to compute the amplitudes -. 
ay and a, for oblique incidence should consult paragraph 24,1. : 
| 
| 


16.9 INTERFERENCE WITH PLANE PARALLEL PLATES AND DISTANT LIGHT POURGES 
16.9.1 Discussion of Problem. 


16.9.1.1 Aray AB from one point in a distant source of light is incident upon a plate of thickness d with 
refractive index n, . Reflected rays Ry, Re, Rg, etc., andtransmitted rays Tj, T2, etc., are formed 
in the manner indicated in Figure 16.8. We suppose that the plate is non-absorbing and that the reflectance of 

its surfaces is so low that only rays R, and Ry need be considered in the reflected beam of rays. The prob- 
lem. is to find the optical path difference 6 between rays R, and R, ‘under the assumption that the surfaces of ° 
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the plate are parallel. Let line segment D, Dg be drawn perpendicular to rays Ry and Ry. Then 


38 =n, (BC + CD, ) -n9 BD, (46) 
d 
BC = CD, = “cosi_ 


BD, = 2d tan i’ 


BD, 


Substitution of relations (47) into Equation (46) yields 


BDgsin i = 2d tan i’ sin i, 7) 


6 = 219 (4 - Pe smisini) « (48) 


cos i' ny 
Since no sin i = ny sin i’, it follows that the optical path difference 6 between rays Ry and Rg , Figure 
16.8, is given by Saat om 


8 = 2n,dcosi?’ . (49) 


where n, and d are, respectively, the refractive index and thickness of the plate, and i’ is the indicated. 
angle of refraction. Equation (49) is of great importance to the interpretation of interferometry with films and 
plates. - 


16.9.1.2 Let us suppose that the plate is immersed ina single medium. Then ng = ng. It follows from the 
principles of the preceding section that the phase changes on reflection at B and C, Figure 16,8, differ by 7 
radians. Thus, . 

20 


A= S and cos it +7 radians (50) 


where A is the total phase difference introduced between rays R; and Rg due to the optical path difference 
6 and the phase changes on reflection, We have supposed tacitly that the angle i’ is not so large that it is 
essential to distinguish sharply between normal and oblique incidence. 


16.9.1.3 The optical path difference between the transmitted rays Tj and Ts is aiso given by 5 as in Equation . 
(49). More generally, the optical path difference between any two, consecutive reflected or transmitted rays, 
suchas Rg and Rg, is givenby 5. 3 


16.9.1.4 According to paragraph 16.8, the amplitude a of the wave reflected at points B in the first surface, 
Figure 16,8 will be 
| 90-21] 


a = , No + Ny (61) 


The wave corresponding to rays Ry is transmitted twice through the first surface in opposite directions andis . 
reflected at points C. Hence, from Equations (44), 


Bee sane In, -n 2B. = 4nony [my - Nol . (52) 
2 Do + Ny Ny+N, My tDy : ; 


(non » 

If, for example, ny = 1 and ny =1.5, then ay = 0.2 and ag = 0.192 so that a, and ag are substantially 
alike. These two collinear waves interfere to produce the time-averaged energy density or illumination at O, 
Figure 16.8, proportional to W as given by Equation (3) with 6. From Equations (3) and (50) 


aw = al - 2a, a, cos e= cos?) + ay : * 63) 





The illumination produced by interference in the reflected beam can therefore be varied ‘by changing any one of 
the following parameters: 


(a) The optical thickness end of the plate 


(b) The angle of refraction, i' 
(c) The wavelength, A. 
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The illumination at point O, Figure 16.8, is minimum when 





4m,a fost =p aw; v= 0, 1, 2, 3, etc. (84) 


On the other hand, this illumination is maximum when i 
i 
4m, d aot = #73 | an odd integer. . (55) 


| 
The minima will be quite dark since a, and a, are substantially alike. 


2 


} . 5 
16,9.1.5 It is emphasized that with distant sources of light, the eye or telescope is focused for infinity, as 
illustrated in Figure 16.8, in order to obServe the phenomena discussed in this section. i 


16.10 INTERFERENCE WITH PLANE PARALLEL PLATES AND NEAR3Y LIGHT SOURCES 
16.10,1 Discussion of Problem. : 


16.10.1.1 The manner in which interference phenomena canbe ooservedwith nearvy light sources is illustrated - - 


in Figure 16.9, Consider the coherent spherical wave that enamates from point $ in the source. Suppose that. 
the eye or camera is focused upon the upper surface of the plate and that the distances SD, and SB are large © 
compared to the thickness d of the plate. A pair of rays SBR 2 and 8D, CBR, leaves point S and reaches 
point © in the manner indicated. : : 


16.10.1,2 Withpoint S as center and SD, as radius,draw arc D)Dj,. If the distance SD, is large and if the 
thickness d is relatively small, the arc Dy Dy will be practically straight and perpendicular to SB. More- 
over, the difference between angles i, and i, will be so small that either i, or i, or an intermediate angle, 

suchas i, can be regarded as the angle of incidence together with it as the angle of refraction, The optical 

path difference 5 between rays SD,CBO and SBO is - 


& = n, (BC +CD,) - 1, BD,. (56) 








S, POINT IN SOURCE 
PLANE iMAGE 


EYE OR CAMERA 
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Comparison of Equations (56) and (46) shows that they are alike. Moreover, comparison of points B, C, Do 
and Dd, in Figures 16.9 and 16,8 shows that they play Similar roles. Hence. 


6 = 2n, d cosi’ (67) 


as in Equation (49), and what has been said in the preceding section applies with excellent approximation to 
jltumination with nearby sources provided that the thickness d of the plate is small as compared to the dis- 
tance from the plate to the source. , 


18,11 HAIDINGER'S INTERFERENCE FRINGES 


16.11.1 Interpretation of Haidinger’s Fringes, : 
16.11.1.1 Asimple arrangement for coserving Haidinger's fringes is shown in Figure 16.10. The eye is preferably: 
focused at infinity, where fringe contrast is best, but can be focused when desired on any suitable plane B. 


46.11.1.2 The discussions in paragraphs 18.9 and 18.10. apply directly to the interpretation of Haidinger!s ‘ffinges. 
In the interests of simplicity, let us accept the approximation a,=a,=a in writing the energy density W of 
Equation (53) so that 2 


2W = a?| 2-2 cos (fse=*) ] - 


Therefore, the energy density in the observed fringes is proportional to 


w= a2[ 1-cos (Augers) } (58) 


$ 
with 

1 sini. 69) 
Dark fringes or bright fringes are seen at angles i, Figure 16.10, for which cos i’ obeys Equations (54) oF 


(55), respectively. Since the angles i or i' are constant on circles about the axis AO, Haidinger's fringes 
are observed as circular fringes about an axis AO that moves with the observer's eye. . 


sini= 1. 


16.11.1.3 Suppose, forexample, that ny z 1.5, d = 1.8mm, and A = 0,54x 10°? mm, Then 2n,d/A = 10*, 


Therefore, from Equation (54), v = 10° when i 0. The order number v = 10° is the highest possible 
order - and for it the central fringe is black. The next black fringe occurs when v = 9999, i.e., when 
9999 5 
cos = Ongd = 0.9999 or i= 081°. 





Since sini= n, sini’, the angle i subtended at the observer by the radius of the first dark ring is 1,21°. 
Because the angular resolving power of the eye is approximately one minute of arc, plates much thicker than 
1, 8mm can be inspected for parallelism with the unaided eye by moving the plate along the arrow direction Q 
of Figure 16. 10. “ 


16,11.1.4 In applying Haidinger' sfringes to the inspection of parallelism of plates, the distance from the eye to 

the plate should be made three feet, or so. The point O, Figure 16.10, can then be in the plate itself, i.e., 

one can focus his eye approximately upon the plate. Even though the plate may not be plane parallel, substan- 
tially circular Haidinger's fringes will be seen, The central Haidinger fringe will oscillate in brightness a 

number of times that depend upon the departure of the surfaces of the plate from parallelism as the plate is 

moved across the field of view in the Q-direction of Figure 16.10. At the central fringe, cos i' = 1, Equation 
(54) now shows that when v changes by unity (that is, as the central fringe changes from one state of blackness  « 
to the next}, the corresponding change Ad in thickness is given by 2n Ay X= 1 or by 


ny 4a 1 
X = Rs (60) 
his means that each time the central fringe passes through one cycle, the optical path through the plate has 
changed (as could be expected without the aid of the theory) by one-half wavelength. Counting the number of 
blinks of the central Haidinger fringe forms a sensitive and simple method for measuring the amount of depar- 
ture from parallelism of a plate. : 


16.11.1.5 It is worth noting that Haidinger's fringes are essentially fringes of equal inclination, Each fringe cor- 
responds to a definite angle i' of inclination. Changes in it (rather than changes in A or ny a) govern the 
observed changes in the fringes. 7 
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FIGURE 16, 10-Arrangement for observing Haidinger's Fringes, 
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16.12 FIZEAU FRINGES 
16.12.1 Introduction. 


- 16.12.1.1 The fringes seen withthe arrangement shown in Figure 16.11 under illumination from an extended 


and fairly monochromatic source are often called Fizeau fringes or Fizeau bands. These fringes are similar 
in formation to those obtained in Michelson's interferometer of Figure 16. 12. The method of Figure 16, Ul is 
used widely for testing one polished surface against another for flatness or for sphericity. The reference sur- 
face, S,, may be flat or spherical. 


16. 12.1.2 Owing to the presence of dust, surfaces S, and 8, will ordinarily be inclined so that the space between 
them is approximated by an air wedge whose angle § is constant only when both surfaces are plane. Figure 

16. 13 illustrates how the Fizeau fringes.can appear Jocalized in a chosen plane containing point P. Note that. 
each point P receives coherent light from a corresponding point S inthe source, Each point P is, in effect, 
illuminated by a different point in the source, An extended source becomes necessary for viewing fringes over 
an extended surface 8, is . 

16.12.1.3 It will be observed that Figures 16.13 and16, 9 are so similar that they become identical when 8 = 0. 
The argument leading to Equation (57) for the optical path difference & between rays SPP' and SQPP".~ 
applies again with excellent approximation provided that one takes for d the thickness of the wedge at point 

P as indicated in Figure 16, 13. Equations (54) and (55) govern the location of the fringes. Minima occur where 


an, dcosi#= vr; v= 0, 1, 2, 3, ete, (61) 
and maxima occur where 
4n, dcosi' = pA; # an odd integer. (62) 


Since the space between Ss, and 8, is usually air, 


rei (63) 
where i is the angle of incidence. 


16.12.1.4 The advantage of simplicity obtained through the use of Fizeau fringes rests upon the fact that varia- 
tions in the angle of incidence i, Figure 16. 11, have negligibly small effects upon the location of the fringes be- 
cause the separations d between Sand S2 are small, Suppose, for example, that d = 10% The maxi- 
mum value of py occursat i = 0, andhere vy = 20 from Equation (61) since nj = 1, If d and a remain 
constant as point P moves away from point O, the next dark fringe occurs at vy = 19 so that cos i’ = cos i= 
19/20. Correspondingly, i = 18. 19°. Let the distance AO from the eye to the test plate be made so large 
relative to the lateral dimension of the test plate that the maximum value of i cannot exceed 4°. The varia- 
tion of 4° is obviously small compared to the amount 18. 19° required for decreasing dcosi' by the amount 
/2. Infact when 0 < i < 4°, 0.9976 < cosi S 1. Hence, 102 2 deosi 2 9.976A. This means 
that dcos i’ cannot change by more than 0.034 wavelengths due to any variation of the angle of incidence when 
imax i5 constrained to 4°. by the choice of the distance AO. If, therefore, one arranges to observe the Fizeau 
fringes at normal incidence, he is justified in setting cos it = 1 in Equations (61) and (62) and accepting the 
well known approximation that the separation d changes by the amount 1/2 in passing, for example, from one 
bright fringe to the next. Each fringe may be regarded as the locus of points for which the separation ‘of the 
surfaces S, and 8S, , Figure 16, 1, is constant. : : 


16.13 NEWTON'S RINGS AND NEWTON'S FRINGES: 

16,13.1 Interpretation of Newton's Fringes. . 

16, 13.1.1 An experimental arrangement for observing Newton's rings or fringes is illustrated in Figure 16.14 
In honor of Sir Isaac Newton, the colored circular fringes seen around the point O with white light sources 
are called Newton's rings. The central fringe is black at O when S; and Sp, are substantially in contact 
pecause there is a phase difference of one-half vibration between the reflections at S, and S,..Itis preferable | 
for most purposes to view the interference bands with monochromatic sources. These circular bands are! 
often called Newton's Fringes, Comparison of Figures 16, 1] and 16. 14 shows that Fizeau's and Newton's 
fringes can become practically identical. 


16.13.1.2 Itwas seen in the previous sectionthata Fizeaufringe can be regarded with good approximation as the 
locus of points for which the separation of the surfaces 5, and § 2 is constant. We may take the view that 
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FIGURE 16, 11~ Method for obtaining Fizeau Fringes. 
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FIGURE 16, 13-Construction showing how thé Fizeau Fringes can appear localized 
at points, P, near the reflecting surfaces 8, and $2 
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FIGURE 16, 14- Arrangement for obtaining Newton's Rings or Newton's Fringes. 


Newton's fringes are Fizeau fringes along which the sagitta s of Figure 16. 14 is constant such that dark ianaes 7 


occur when 

S=»v 53; v= 0,1, 2, 3, ete, , (64) 
and such that bright fringes occur when 

s=p3; n= 1, 3, 5, ete. _ (65) 


The sagitta s obeys the relation x2 = 2Rs - s” » Where R is the radius of the surface. By neglecting s? 
in comparison with 2Rs, one obtains t the approximation 


x= VORs . .> (68) 
Thus, from Equations (64), (65),and (66) / ; 
xyp= WORX 3 v= 0,1, 2,3, etc, (67). 


where xy are the radii of the dark fringes and 


i 


x1 = VER WS ; p= 1, 3, 5, ete. 
where the x, are the radii of the bright fringes. The radius R of the surface can be computed from the 
measured values of the radii x, or x. 


16.13.1.3 The adoption of thetheory of Fizeau fringes to Newton's fringes is, in itself, an approximation. The 
method of the sagitta should be regarded merely as a first approximation to the interpretation of Newton's 
fringes with extended sources of light. More critical investigations reveal that the choice of observation plane 
matters, as does also the location of the eye with respect to the Points X, OF Xy,+ 


16.13.1.4 In viewing both Fizeau and Newton's ar the tendency and practice is to focus upon the thin film be- 
tween the interferometer surfaces Ss, and 8, 
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16.13.1.5 For increased accuracy in using the sagitta method for determining the radius R,, it is preferable 
to choose as the reference surface S_ a spherical surface of known radius Ro that departs only slightly, from 
Ry. The grective: sagitta’ s, Figure 6; 15, is now given by s = Sj ~ Sp in which x" = 2R, 5s, - si= 
2@Re Sg - $3. By neglecting sj and s§ in comparison with 2R, $s, and 2R,s,, respectively, one 
obtains 


s = = (be - &)- = (8a5g)- 68) 
2 \R, ” Re 2 \R, Re 
Thus, from Equations (68) and (64), dark fringes occur at radii x, for which / 
Xp = (=1kz) ; (69) . 
Ry, -Re, 


R,R, =e Re . Within the validity of this approximation, 3 ; 
i" na 
R,-R, = (22) yRe (70) 


a result that reduces to Equation (67) when Ry = ©. If Ry and Rg are nearly alike, one may set. 


xy 
18.13.1.6 Systematic error of interpretation of Newton's fringes due to inadequacies of the sagitta method can be 
avoided or minimized, as will now be shown, by replacing one of the end-mirrors of the Tyman Green interfer -— 
ometer by the spherical surface Sy as illustrated in Figure 16, 16, : 


16.13.1.7 We suppose that the end-mirror S, has a large radius R and seek to compute R from the radii of the 
circular fringes seen about point O when the eye lens and telescope focus the plane z = 0 upon the retina. We 
may suppose for simplicity that pinhole H and the center C of spherical surface S, fall upon the axis of the 
instrument, We take plane z = 0 through point O as the plane of reference. The plane wave reflected from 
S, appears to return to the observer as a plane wave along the direction OZ . The wave reflectedfrom S, 
appears (apart from spherical aberration produced on reflection) as a spherical wave that expands from point 

F located at distance R/2 behind point O, We suppose that the distances x are smali enough that spherical | 
aberration on reflection can be ignored. +. : 





FIGURE 16,15--The Sagitta Method when the Reference Surface 8, is a sphere. 
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FIGURE 16, 16- Formation of Newton's Fringes with a Tyman Green Interferometer. 


| 
| 
| 


16-24 








Downloaded from http://www.everyspec.com 


APPLICATIONS OF PHYSICAL OPTICS MIL-HDBK~141 


16,13.1.8 The plane wave returned to the observer has the form 

E, =a, cos (8, + kz - wt) (71) 
where a, denotes the amplitude and 5, has been added in order to account for the difference in phase change 
on reflection. The spherical wave returned to the observer has the form 


E, = a, cos (6; + x[ r24(z- ay at} (72) 


1 


in which 
re (x24 y?2)¥/2 , (73) 


On the circle x2 + y? = r? in the plane of observation z = 0 the phase difference $, - $y between E, and 
Ey is given by > * 
2 R? 1/2 oo 
,- 9, = 8 - 5, +k (r% +4) . (74) 


But at point O, where x = y =z = 0, $1 - ¢ 2 must equal -6, because the separation of 8, and Ss, is 
zero. Hence, with respect to the undetermined value of 5, > : 


so that 


24 1/2 
O-2- - B+ Ble RE]. 8) 


The time-averaged energy density on circles of radii r the plane z = 0 is given by Equation (3) wherein 


$1 - $2 obeys Equation (75). It follows from Equations (3) and (75) that the fringes display maximum bright- 
ness at r-values for which : 


21/2 
-0,- + B[p +E] =v2a7; v= 0, 1, 2, 3, ete., (76) 
and minimum brightness at r-values for which 
2941/2 
-6,- 22+ 2 [ob + B | spa; p=1, 3, 5, ete. (77) 


Equations (76) and (77) enable one to compute both 6, and R from measured values of ry, and ry, in cases 
where 5 is not known, 


16,13.1.9 Either the'Twyman Green interferometer or the Fizeau interferoscope of Figure 16. 2 may be used, With 
Fizeau interferoscopes, 6, = 7 in Equations (76) and (77), With Twyman-Green interferometers, 69 = 0 : 
when the end-mirrors are unsilvered or equally silvered surfaces of glass, : 


16.13.1.10 The exact form of Equations (76) and (77) will rarely be required, The following excellent approxi- 
mation leads to a much simpler pair of working relations, ave write 
4r 
os 


241/2 2 
R R 
[va] Bas oe} 
R 
It will be impractical to utilize either the Tyyman-Green or Fizeau interferometers unless the radius R of the 
test surface is so great that 1 >> 4rZ /R™ and that 


1 
R fh . 4r ar. 
2 


vy aa 2 2 : . 
E |= 4 [1+ |-5+ 2 - (78) 
R 
By combining Equations (76) and (77) with Equation (78), one obtains the simplified results 











2 R2 2 R 





2 
-85 + a = v2e; (bright fringes) . (79) . 
2 
2nre a u : 
-5, + =e" por; (dark fringes). (80) 
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if, for example, 5 = 7 as in the Fizeau interferoscope, ! 
an ry AR= +17 sothat ry = aR w+ 1/2. 
Consequently, for circular dark fringes i 


ts VARQ@+ 1/2. (81) 


Since p is an odd integer, (u + 1) is an even integer, and (1 + 1)/2 generates the integers 0, 1, 2, 3, etc. 
(To obtain the zero-value, one takes yt = - 1.) 5 


16.13.1.11 Comparision of Equations (81) and (67) shows that they agree. This means that the sagitta method is 
more reliable as applied to measuring R in the Twyman-Green or the Fizeau interferometers than it is likely 

to be as applied to methods based upon Fizeau fringes or Newton's fringes. This conclusion is not surprising 
because the Fizeau and Twyman-Green interferometers utilize small sources of light and are constructedso that 
the observer is forced to view the fringes under conditions of normal incidence. 


16.14 COMPLEX NUMBERS . ; 
16.14.1 Introduction. : / 
16,14,1.1 Many of the following discussions areboth shorter and more readily understood by employing complex 


numbers instead of the trigonometric functions, Only the most elementary properties of complex numbers will © 


be needed, 


| : 
16,14, 1.2 One well known method of expressing a complex numoer Z is illustrated by the equation 
| 
Zezrart+ib ; ; (82) 
wherein a and b are real'numbers and i= ¥-1., The real numbers a and b are often called the real and 
imaginary parts, respectively, The so-called complex conjugate Z - Z is defined by the relation 





Zea-ib, | (83) 
It follows at once that i 
I 
Z+Z 
a= 3 2R,(Z), the real part of Z . (84) 
and that ! 
Z-Z% ooh 
b= 3" = 1, (Z), the imaginary part of a > (85) 
Furthermore, : 
: | x 
l= 2a =a% +n? 5 (2 = -1) _ (86) 


| 
where [Z| is the absolute value or amplitude of Z, i.e., the length of Z as illustrated in Figure 16, 17 


16,14.1,3 For our purposes the exponential form of Z is much to be preferred, Thus, 


z= get? (87) 
16.14,1.4 By definition, _ - 
[zfet® = |Z] (cos @ + isin @) . (88) 


where the angle 9, illustrated in Figure 16, 17, is called the argument of Z and written arg(Z). It follows by 
comparison of Equations (82) and (83) that ° / ; 


as [Z|] cos@; b= |Z] sin@; (89) 
consequently, 


tan @ = La (90) 
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a=|Z|cos @ 


FIGURE 16. 17-Representation of complex numbers in the complex Z - plane for which Z = ¥+i ¥. 


16.14.1.5 That Equation (88) is a reasonable definition can be seen from the following considerations. From the 
series . 


Ny 
a 


4 
cos x 1- 5+ - Rte 


and 
é x8 x° x! 
sinx = X- 3p + a7 - Ft 
we obtain 
Bis aee: -9 , i202 | 139% 
cos 9 +isin®@ = 14+ 194+ 5p + gp tee: 


which is in the form of 


3: 
x x x 
e 1+e+5r , gp tec 


wherein x=i9, and e* = el? , 
16.14.1.6 Giventwo complex numbers Z, and Ze in exponential form, their product Z is given by 
40 ip i (0, +8) 
Z = |Z) et [z,je¥2 = (24) (Zle or"? (91) 


The rule for multiplying two complex numbers is to multiply their amplitudes and to add their arguments. 
Similarly with respect to division, 


te fa) o% Jpg ot = al oi (-%) @2) 
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. 
16.14.17 Finally, if Z = [Z] e’, 


_ -ié 
Z=|Zle . (93) 


Consider, for example, the statement 


; : 
E= ae {?* )_ acos (9 - wt) +i sin (¢ - wt). : (94) 
| 

We see that the wave form of Equation (1) is the real part of E as expressed by the complex form of Equation 
(94). This means that, when desired, the instantaneous value of E can be computed as the real part, R (£), 
of E as given by Equation (94), However, one's chief interests center finally upon the time-averaged energy 
density. From Equation (94) : 

jel? = EE = a?. . (95) 


By comparing Equations (95) and (2), we find that 
wwe |B = EE . (96) 
where W is the time-averaged density. This property of the complex wave form is of bsvent convenience, 


16.14.1.8 Suppose that the complex wave traverses a medium whose amplitude transmittance is T and whose’ 
phase transmittance (optical path) is nd. We can write the transmittance of this medium in the complex form 
| 


T= reid a nn) 
If E is given by Equation (94) upon entry into the medium, then if E denotes the value of E as the wave 
leaves the medium 

B'= TE=7ae (iP tnd- ot) / (98) 
Similarly, if the wave corresponding to Equation (94) is reflected from an interface between two media 
i(o+ yp - wt) : 


E = pE = jefe 
iy 


(99) 


inwhich p = |p} e wherein p denotes amplitude reflectance and y denotes the phase change upon re- 


flection, 


16.15 TRANSMITTANCE OF PLANE PARALLEL PLATES ; 


16. 15.1 Introduction. 

16. 15.1.1 The simplified treatment of paragraph 16.9-applies with excellent approximation to plates whose sur- 
faces have low reflectance. As the reflectance of the surfaces increases, the effects of the inter-reflected 
beamis ultimately dominate and exert, as we shall see, profound effects upon the distribution of energy density 
in the observed fringes. The most conspicuous of these effects is a pronounced sharpening of the fringes to the 
point where they can appear as narrow bright lines on a dark background in transmitted light. These narrow 
fringes can be utilized to obtain more accurate measurements of surface irregularities, etc., ‘than is possible 
with the sinusoidal fringes that are produced by double beam interferometers, such as the Michetson interfer- 
ometer or the Fizeau interferoscope. 


| 
16,15.1.2 The theory of this paragraph applies directly tothe Fabry-Perot and related multiple beam interfer- 
ometers. 


16.15.1.3 With respect to Figure 16.18: 


ny =  vefractive index of the plate T10 = amplitude reflectance from the 15t 
n, = refractive index of medium of incidence . upon the 0& medium 
ny = refractive index of last medium 5, 9 = phase change on reflection associated 
a” = thickness of the plate a with r, 
i = angle of incidence TM 2 amplitude transmittance from 15t into 
i' = angle of refraction oe the 24 medium 
1 = internal amplitude transmittance of the ¥y 9 = amplitude reflectance from the 18t 
, id 

plate : upon the 22¢ medium 

To.1 = amplitude transmittance from the oth into the 18t 5 1.2 = Phase change on reflection associated 


medium with ry 2 
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FIRST SURFACE 


SECOND SURFACE ||: 


FIGURE 16, 18-Convention with respect to the transmitted beam in a plate or Fabry-Perot interferometer. 


is 45 
16. 15.1.4 We bear in mind that 79.1, P1,0 = T1,0 & ae Ti 2 and py 9= Ty 28 12° are Fresnél co- 


efficients that depend in general upon i and upon whether the incident E-Vector vibrates in, or perpendicular 
to the plane of the paper. . 


n, sini =n, sini) = n, siniy . (100) 
The optical path difference between any two rays T; and T; +1 will be an, d cos i (see paragraph 5.10). 
Let 

a= my dcosit + & 0 + B12 {101) 


and let f be the optical path for the directly transmitted beam T, . Then,under the supposition that the in- 
cident beam has the amplitude unity, 


- iB 
T, = 1 Tee. 

e ig ia 
T, = To R 2% Ti.2 Tio © 


ig 2 ,i2a, 
3 7 Ton 7G M22 ©i2 Hol” eG ete. 


4 
it 
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| 
If we consider N inter-reflections so that there are N emergent rays Tj », the emergent wave is now de- 
termined from the scalar quantity 


3 + " N i 
E = eit x Tr =] > The eres yA” e iva (102) 
vel , . v=0 : 
where 
Aza Fijo? “3,2 1. (103) 
But i 1 
¥ av ett _ 1- ANH ia(N+1) 
He yao sai 
Therefore, ' 
. i(p-ot)1-aN* gia(N+1) . at 
Ez Tou > Ths Tie e ee (105) 


_ : 
16.15.1.5 Thetime-averagedenergy density 2W is proportional to |E ? = E E, It is obtained ina straight-. ° 
forward manner from Equation (105). The result is 


: Nel 2(NH1 
at 2A cos [(N'+1)]a +A | (108) 


aw= (¢ aT. 


0,2 1 1-2Acosa + A” 


‘ 
wherein a and A are given by Equations (101) and (103), respectively. 


16.18.1.6 In athickplate the number N of inter-reflections is restricted by the length of the incident wave train 
or by the tendency of each successive reflection to "walk" the beam out through the ends of the plate. However, 
with thin films, such as soap films, or with evaporated films one is usually justified in setting N = o. When- 
ever one can accept the approximation N = 0, the time-averaged energy density W in the transmitted beam 
is given by the simpler expression 


2w = (To. T1) T2)? 
1-2A cos a+ A 
| 
16.15.1.7 Withrespect toboth Equations (106) and (107), major maxima occur in the transmitted fringes when 


: | 
@=vp27r; pv =O, 1, 2, 3, ete. ‘ (108) 


(107) 


i ‘ : 
This result can be expected intuitively; for it requires that all rays T, of Figure 16,18 shall emerge in phase, 
| 


#.15.1.8 The integers y are often called spectral orders, 


: : 
16.15.1.9 Equation (106) for N transmitted rays T, differs from Equation (107) in that it predicts the existence 
of N + 1 subsidiary maxima between any two consecutive spectral orders pvp and y+ 1. 


‘ | 
16.15.1.10 When A = 7? r becomes small in Equations (106) and (107), 


1,0 “1,2 


2 
aw > (oa 1 12) > (7,1 7, 45)? b+ 2A cosa). — (109) 
* 1,2 
1-2Acosa ie + 
This means that the transmitted fringes assume the sinusoidal distributions typical of double beam interfer- 
ometers when A becomes smail due to reduction of the internal transmittance 1, of the plate or of the amp- 
litude reflectances rj 9 and rT, 5 of its surfaces, Contrast in the transmitted: fringes will be poor when A 
is so small that Equation (109) is an acceptable approximation to Equation (107). 
| 


16.15.1.11 Itis more difficult to demonstrate that Equations (107) and (106) predict the appearance of sharp fringes 
| 
| 
| 
i 
| 
| 
| 
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as A approaches unity. Let the energy density W be plotted against @ as in Figure 16.19. ALa=v2a, 





2 
B 
Wo= Wi = WA) (110) 
inwhich B = 7) Tp We wish to find the neighboring value of @ for which W = W,,,, /2. Set 
a=v2a+ha (111) 
and suppose that Aa is go small that cgs@ = cos y 2 7 cos Aa = 1- a) 2/2, Then for w = W. 2 
from Equation (107), By [i - 2A +A%+ A (Ac)"J= B a; (2 (4 aay so that A (Aa)? = (1 ings, 7 
Hence, / . 
Aa= bs A aia - 
vA (42) 


where Aq is the increment that must be addedto a = v2” inorder to drop W from Wmax to ‘Wrnax. 72. 
If a is increased by 2.x, the next fringe for which W = Wmax is obtained. In other words, the fringe-width 
is 2m intermsof a. We define ; : 


ws A® «1 1-A ; a 
29 28 vA (113) 


and call it the optical half-width of the Fabry-Perot fringes. We see that this optical half-width decreases . 
rapidly as A Approaches unity. If, for example, A = 0.9, 2w = 0.032, This means that the width 2w, 
Figure 16, 19, is approximately 0.03 times the width from one bright fringe to the next. The fringes become 
exceedingly sharp as A approaches unity. A-values of 0.9 are obtained easily by silvering the two surfaces 





FIGURE i6. 19- The Sharpness Quality of Multiple Beam Interference Fringes, 
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| 
| ! 
of the plate. 


16.15.1.12 The limiting sharpness of the multiple beam fringes depends ultimately upon freedom from absorption. 
As a high reflecting coating, silver has remarkably low absorption. It is not difficult to obtain evaporated films- 
of silver that have absorptions less than 5 per cent even when the film is practically opaque. Whereas much 
lower absorptions are possible with silver, the use of high reflecting, multi-layered films is becoming more 
common when the narrowest half-widths are required. 

16.15. 1.13 Two methods for viewing the multiple beam interference fringes that are transmitted by a plate are 
illustrated in ‘Figures 16.. 20 and 16, 21, Sharp, circular fringes will be seen provided that the surfaces of the, 
plate are sufficiently parallel and silvered. Since n, , d, and A are fixed, it follows at once from Equation 
(101) that the sharp bright fringes are fringes of equal inclination, |i.e., the angle of refraction if is constant 
along each fringe. When the thickness d of the plate or film is large, the number of circular fringes becomes 
so great that the determination of their spectral order py is difficult, . . 


| 
16,16 REFLECTANCE FROM PLANE PARALLEL PLATES 
16,16.1 Introduction, 


16.16.1,1 The dark fringes usually appear sharp inthe reflectedfamily. However, it is not necessarily true 

that a dark fringe must appear in the reflected family of fringes at values of a for which a bright fringe occurs 

in the transmitted family. : . : 
1 ; 

16.16.1.2 With respect to Figure 16. 18, let Foz and 6), denote amplitude reflectance and phase change on 

reflection for a beam incident from the 0"! medium. Then, : 


0,1 
Ry Toa e “ ; ; 
We 
2 1,0 
RL Toa T1,0 71 Tay2® ‘ince t 
i 4 12 a 16 
R= Toa Tio T1 Tie Tio & i Pa 
i (30 - 
6 3 2 ier 2,07 
R= Toa Tio TM Tye Tio’ . 3 etc. (114) 
Therefore, \ . 
a6 
on3 (@ -5y 9)Nca ' 
R= ¥ R”’ = Toe +ce 1? AY eit (115) 
veo : v=0. 





i : : e eon 
in which a and A are defined by Equations (101) and (103), R is a complex number that determines the amp- 


litude and phase of the reflected beam and i 


| 
S 2 
Ce Ha To TM Te2° . 
Comparison of Equations (102) and (115) shows that Equation (115) contains the additional term r 01 ¢ Ot 
due to the first reflection R, of Figure 16, 18, It is the presence of this extra term that complicates the nature 
and the interpretation of the reflected fringes. 


16.16. 1.3 Suppose that @ has any one of the values v2 of Equation (108), the condition for bright fringes in the 

transmitted beam, Then from Equation (115) ; : 

a Ad, {Nol 
hg gia 


(116) 


R-=r AY” 


0,1 ° 


v=6 


i6 ~i(6 46). Non 
=r, ,e ! 4sCe 1° 01 AY (117) 
0,2 v=o : 
| 

We see that |R| will be minimum when @ = p 2%, provided that with respect to the phase changes 54 , and 
5 9 on reflection at the first surface of the plate e 

4 ; 

£ | 
510 + a = ut (118) 
where » is anoddinteger. In other words, dark reflected fringes will occur at the same gq - values.as bright 
transmitted fringes, provided that the sum of the phase changes on reflection for incidence from opposite direc— 
tions upon the first surface, Figure 16, 18, is an odd number of half-wavelengths, This condition is rarely ful- 
filled, Consequently, one has to expect that the reflected fringes will be darkest at a - values that differ suit~ 
ably from a = vy 2” where v is aninteger. However, this complication does not detract from the utility of 
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FIGURE 16. 20-Simple Parallel Plate Interferometer. . 
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FIGURE 16.-21- The Fabry-Perot Interferometer, 
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the reflected fringes, except in those cases in which it leads to fringes that are only slightly darker than the 
background. \ 


i 
| I 


16,16.1.4 Sharp reflected fringes canbe observed, for example, by replacing the elements bearing surfaces Sj 
and Sp of Figure 16. ll by a plane parallel plate whose major surfaces are suitably silvered, aluminized, etc. 


The eye is preferably focused for infinity. 
16.17 MULTIPLE BEAM INTERFERENCE FRINGES FROM SLIGHTLY INCLINED SURFACES 


16.17.1 General. 


‘{6.17.1.1 Leta wavefront V be incident upon the wedge formed between two reflecting surfaces that have the 
small included angle @ as illustrated in Figure 16. 22, Wavefronts YO, V,, V2, etc.,inclined at the angles 








0, 2a, 4a, etc., will emerge from the wedge after an appropriate number of inter-reflections within the wedge. _ 


The corresponding emergent rays are indicated by T,, T,, To, ete, A series of coherent, plane waves ar 
formed in this manner by inter-reflections within the wedge. ' ge 


| 
16.17.1.2 Let 
| 





t, = amplitude transmittance of surface 84; 
tae amplitude transmittance of surface S5; 
T= amplitude reflectance of surface 84; 

Y,. = amplitude reflectance of surface S85; 

6 phase change on reflection at surface S4; 





5 2= phase change on reflection at surface S 2 


16.17.1.3 We choose theX-axis along OP and the Z-axis parallel te PT, and suppose that the amplitude of the 
incident wavefront is unity. We note that such phase changes as may occur upon transmission through surfaces 
S, and So can be ignored since they alter all of the emergent waves equally, The space between S, and So 
is assumed to be nonabsorbing. : 


16.17.1.4 The emergent wave propagatedalong PT,, i.e., along %, has the complex form 


a iknz ,- iwt 

T, = t, t, e e 

‘The wave emergent along PT, has the form ! 
i(6,+5,) in f& sin 2a 2a} ni 

T = t,t,r, re Ee et TER EOE a or 


i 1°92 1 2 

Similarly, ; 

7, 3 t ty «, ry 2 a! a 5,45, ), tin [x sin 4a + z cos 4a] - iwt , 

13(6,+6,) iln [x sin 62 + z cos 6a] ~ wt 

T, = t,t, «, r, 8 e 2 . e 4 
etc., 
16.17.1.5 Introduce 

Rie T% To3 

ee Age a 

@ = 6, +6,. (119) 
Then 

-iot N * ikn fc sin (2va) + 2 cos (2va)] 
Ts $ T’=7e7 wt d Re 6 e (120) 
v=0 yp=0 





where T specifies the amplitude and phase determined by the interference of the emergent waves 

UT » Ty,+-+++,Ty- The fringes described by Equation (120) are of a type far more general than those 
ordinarily used. We obtain the conventional type multiple beam fringes formed by a wedge by supposing that the 
angle a of the wedge is so small that , 


sin (@va)~2va; 9@ vp N. : , (121) 


cos (2Qvea)~ 1° 3 O 


WA WA 
WA WA 


vp 
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FIGURE 16. 22- Multiple Reflections in two reflecting surfaces Sy and S2 . 
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From Equations (120) and (121) 


. 7 N 

7 i + 2knxa: 

Tere fot . tknz D> R’e 7 OF 
vp=0 


(122) 


Applying Equation (104) to Equation (122), we obtain 
: 3 1 2k 
ev wt g tknz 1 RNA CEC N +1) (9 + thnx) 


Ter 
1-Rei Cee Bima} ” (123) 


16,17,1.6 The time-averaged energy density Wp in the fringes seen on transmission is given by 





aw, = [rl = ze ds art cos [((N + 1)(6 + 2knxe j] + RAND : 

1 - 2R cos (¢ + 2knx‘!) + R* (24); 

in which ' . : 
et tys Ee ees eS eG : (119) - * 


k = 27/3 and n is the refractive index of the medium within the wedge. $ is the sum of the phase changes 
on reflection at the surfaces S, and S» of the wedge. a is the angle of the wedge. The result of Equation 
(124) is independent of z {which suggests most strongly that the fringes are not necessarily localized within the 
wedge). However, it should be remembered that the requirement of Equation (121) ts unlikely to be met in actu- 
al practice when the included number of inter-refiections N is high. Dependence of the fringe system upon the 
plane z of observation must be expected from Equation (120) when one is not entitled to set cos (2v@) = 1. 


16.17.1.7 A common method for obtaining and viewing transmitted mnultipte beam fringes in a wedge is ‘illustrated 
in Figure 16, 23, The rays PT, , PT; , PT2, etc., of Figure 16, 22 form images H, , H, , Ho , Ha, etc.,- 
of the pinhole H at the second focal plane of the objective. The number N of inter-reflections is frequently 
restricted by the diaphragm stop D of the objective, i.e,, by the numerical aperture of the objective. In Fig- 
ure 16, 23 rays from the zera order(y = 0) pass through H o 3 tays from the 18t order (p = 1) pass through 


‘LIMITING DIA- 
PHRAGM, D, 
OF THE OBJECTIVE 


OBJECTIVE 






PIN- 
HOLE 
ILLUM- 
INATED) 


MONO- WEDGE 
CHRO MATIC COLLIMATOR 
LIGHT 





IMAGE PLANE 
OF FRINGES 


' i 
FIGURE 16. 23- Method of producing and viewing Transmitted, Multiple Beam Fringes in a wedge, , 
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H 34 etc. Rays belonging to the seventh order (v = 7) ave interrupted by the diaphragm. Thus, with re- 
spect to Equation (124), one would have Vinay = N = 6. Apart from restricting the possible number of spec~ 
tral orders N that get to the image plane, the objective may be regarded as a means of observing the object 
plane which is usually selected at, or within,.the wedge where z approaches zero. The pinhole images Hy> 
that correspond to the spectral orders vy, are easily seen by viewing the back of the objective, provided the 
system is in proper adjustment and that @ is neither too small nor too large. The image plane is frequently 
viewed with an eyepiece, A microscope forms an excellent means for viewing the transmitted fringes. One 
has only to replace the conventional substage condensor by a more suitable tens to act as collimator. The 
selected pinhole H should be small enough so that it does not reduce the sharpness of the multiple beam 
fringes as determined experimentally, 


16.17.1.8 We now.return to complete our interpretation of Equation (124), Comparison of Equations (106) 
and (107) for multiple beath fringes with plane parallel plates shows that they are very similar to Equation 
(124). Most of the conclusions drawn in paragraph 16. 15:apply again with minor modifications. or qualifications, 
For example, we may conclude at once that bright fringes will occur when 7 


¢+ 4” mae van, / (125) 


It will be seen from Figure 16, 22 that 
xa = d (126) 


where d is the thickness of the wedge at the point P under observation. Hence, we may rewrite Equation 
(125) in the well known form 


Qnd = vpr- a (127) 


in which $, expressed in radians, is the sum of the phase changes on reflection at the surfaces S z and Sg 
of the wedge. ¢ is in general a function of the wavelength. Again we observe that each fringe is the locus of 
points x for which the optical path nd is constant. The fringe width |Ax| = h must be, according to 
Equation (125), that value of [Ax| for which 4ana |Ax| /A = 2. Therefore,the fringe width h is given 
by ; 


a 


hos |axp= so. ‘ (t28) 





Comparison of Equation (128) with Equation (12) shows that when the refractive indices n of the space between 
the reflecting surfaces are alike, the fringe widths are the same, whether one is using a Fizeau type interfer- 
ometer or the multiple beam interferometer. 


16.17.1.9, With respect to Figure 16.22, reflected plane waves emerge from the wedge and are propagated along 

the negative Z-direction. Corresponding to Equation (120), a series R for the reflected fringes is obtained. 

As in Equation (115) for parallel plates (case a = 0 ), the series for R is complicated by the term R, that 
corresponds to direct reflection from the first surface of the wedge. In general, the remarks and conclusions of . 
paragraph 16, 16 also apply to the multiple beam fringes formed by reflection from a wedge for which a # 0. 

The narrow reflected fringes are likely to be dark. A useful method for observing reflected multiple beam 
fringes is illustrated in Figure 16, 24, The pinhole is placed at the first focal plane of the objective. The images 
Hy, , Hy,--., Hy of the pinhole H formed by the light belonging to the spectral orders vy fall along a 
straight line, When an undue amount of parasitic light is present at the plane of H, , Hy,...,Hy , con+ 
trast in the fringes can be improved markedly by inserting at this plane a diaphragm with'a slit which is 
oriented to pass the spectral orders, It is possible also to block the spectral order v = 0 by blocking the 

light in the image H, . When this is done, the reflected fringes have the appearance of the transmitted 

fringes — infact, these narrow, bright, reflected fringes now obey Equation (125). 


16.18 MEASUREMENTS WITH MONOCHROMATIC LIGHT 

16.18.1 Introduction. 

16, 18.1.1 The effects of thinfilms upon the phase change introduced into a wave that traverses the optical system 
are being considered by some designers as an integral portion of the optical design of complex, high quality 
systems that contain many coated elements. The multiple beam interferometer is used frequently for measur- 
ing the thickness of thin films. The following principles belong to a method that has been applied to many dif- 
ferent types of thickness measurements notably by 8. Tolansky. 
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FIGURE 16, 24-Microscope for viewing reflected fringes under vertical illumination. 
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16.18.1.1 The preferred arrangement for measuring thicknesses of thin films utilizes multiple beam fringes that 
are formed by reflection as illustrated in Figure 16, 24. A micrometer eyepiece, containing any suitable reti- 
cule, is needed for measuring fringe widths and the fringe shifts that occur at the edge of a film that has been 
deposited upon surface Sg and covered with a uniform coating of, say, silver as illustrated in Figure 16, 25. 
Evaporated coatings of silver and other metals produce a sharp step, whose height is equal to that of the film, 
The evaporated overcoating must be sufficiently opaque so that the phase changes on reflection at Sy are not 
changed by the presence of the substrate or the film. The optically flat surface S; must be placed in close 
contact with surface Sg in order to obtain reliable measurements of the thickness of the film, The usual 
practice is to lay plate P, directly upon plate Po , Figure 16. 24, after making certain that no large dust 
particles are present to increase the separation between the silvered surfaces, It is good practice to make the 
fringes approximately perpendicular to the edge AB as in Figure 16. 26. ; 


16.18.1.2 Let t denote the thickness of the film, We shall now show that 


‘73 or? OM 


where Ax and h are respectively, the fringe shift and fringe width determined with the aid of the microm~" 
eter eyepiece (see Figure 16, 26). It is presumed that t is so small that the fringe shift is less than one fringe. 
width, (This method is not well suited to measure thicknesses for which the fringe shifts Ax exceed the 
fringe width.) We have seen that a fringe is the locus of points Ax for which the separation d of the reflect- 
ing surfaces is constant. If then, a fringe is located at the point x in the absence of the film, it wilt move to 
a point x + Ax onthe film so as to keep d constant in the manner illustrated in Figure 16. 27. Since the angle 
@ between 8, and 8, is to be small, 


t = @ Ax. : (130) 
But from Equation (128), @ = 2/2nh, Substitution of this value of @ into Equation (130) gives Equation 


(129) directly, The wedge between surfaces S, and Sz is ordinarily air so that n = 1. This simple argu- 
ment leading to Equation (129) applies to both the reflected and the transmitted fringes. : 


UNIFORM, SUBSTANTIALLY OPAQUE 
COATING OF SILVER, ETC, 








HEIGHT OF 


FILM . FILM TO BE 


MEASURED 


SUBSTRATE 


‘Figure 16.25- The usual method of preparing the sample film for 
thickness measurement in the Multiple Beam Inter- 
ferometer. 
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FIGURE 16, 26- Appearance of the narrow fringes when the thickness of the film is a small fraction of a 
wavelength and the film occupies the portion below the edge AB, If the surfaces Sy and Sg 


are optically flat, the indicated fringe widths, h, will be alike within the expiramental error 
of measuring h, 


xX+ Ax 





A 
A 
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FIGURE 16. 27- Movement of an interference frings, x, to the position, x +A x, by the : 
; introduction of a film at thickness, t. ; , 
} | 
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16.18.1.3 One soonfinds that the attainable precision is restricted by the roughness of the polished glass surfaces 
that ordinarily serve as the reflectors. These surfaces present, so to speak, a mountainous terrain whose~ 
peaks and valleys range between 10 and 60 Angstroms in height and depth. Correspondingly, the sharp fringes 
will not remain straight under increasing magnification but become so wiggly that one has difficulty in estima- 
ting their "center of gravity." These wiggly fringes are valuable for comparing different methods of polishing 
and molding the surfaces of optical elements, The method is so sensitive that the height of a molecule of mica 
has been determined with an accuracy that compares favorably with the result obtained from x-rays, 


16.19 THE METHOD OF CHANNELED SPECTRA 

16.19. 1 General. 

16.19, 1.1 The conventional method for observing channeled spectra (also called the FECO bands, i,e., fringes 
of equal chromatic order) is illustrated in Figure 16. 28 for the case in which the FECO bands are formed by. 
transmission at the interferometer. Collimated white light passes through the interferometer. The image of 
the wedge is focused upon the entrance slit of a wavelength monochromator. One may view or photograph the 
FECO bands that appear at the exit pupil of the wavelength monochromator. If the surfaces S, ‘and So. -of the 


' interferometer are plane, the interference bands seen at the eyepiece will be straight, of different wavelength, 


and of consecutive spectral order v as indicated, In this method, the surfaces S, and S» are preferahiy 
parallel. Since it is an accidental matter to achieve paralielism by pressing surface 8, against surface S,, - 
the practical compromise is to alter the relative inclination of surfaces S, and Sp, to the point at which the 
interference bands formed at the eyepiece of the wavelength monochromator are parallel to the image of the | 
entrance slit. s ‘ 


16.19.1.2 The arrangement illustrated in Figure 16.26 allows white light to pass through the interferometer plates, 
Consequently, a relatively large amount of light flux is available to disturb the thermal equilibrium of the inter- 
ferometer plates, The observed wavelengths of the interference bands can drift for hours before reliable read- 
ings can be taken, A more satisfactory arrangement that minimizes drifts due to thermal causes has been de- 
scribed by H. Osterberg andD. LaMarre.* Their arrangement, as applied to obtaining multiple beam fringes 

by reflection, is illustrated in Figure 16. 29. Monochromatic light of measured, variable wavelength illuminates 


‘the interferometer. The interference fringes seen at the eyepiece of the microscope are of the same wavelength 


for a given setting of the wavelength drum and differ consecutively, as indicated, in order number. Indeed, the 
fringes resemble those of Figure 16. 26 and could be measured as discussed in paragraph 16.18 with the aid of an 
eyepiece micrometer for determining the thickness of a film. To do so would defeat several advantages of this 
arrangement. Instead, advantage is taken of the fact that the fringes move as the wavelength drum is turned. 
In this way, consecutive fringes from each side of the step can be brought into coincidence with a fixed pointer 
or marker on the reticule and the corresponding wavelength recorded, With this arrangement the surfaces S14 
and Se should not be parallel but should be preferably (although not necessarily) inclined so that the multiple 
beam fringes are approximately perpendicular to the image of the step that marks the edge of the film whose _ 
thickness is to be measured. This step is imaged sharply upon the plane of the reticule. Consequently, each 
wavelength determination is made across a definite, localized, and selected area at the edge of the film, This 
area is that portion of the surface Sg which is projected upon the pointer at the plane of the reticule. It fol- 
lows that slight or even marked departures of the test surfaces from flatness have secondary effects upon the 
accuracy of this method of channeled spectra, One looks for a spot at which the fringe runs quite straight a- 
cross the edge of the film and makes his measurements here. . 


16,19,1.3 The main advantage of the method of channeled spectra over the direct method of multiple beam fringes 
discussed in paragraph 16,18 isithat the flatness of the surfaces Sj and Sz is much less critical for the pur- 
pose of making thickness measurements. A second advantage consists of the fact that channeled spectra enable 
one to measure either thin or thick films without ambiguity relative to whether the fringe shift exceeds or does 
not exceed a suspected number of fringe widths. 


16.20 INTERPRETATION OF MEASUREMENTS WITH CHANNELED SPECTRA 


16, 20.1 Introduction. 


16. 20.1.1 Examination of the theory of multiple beam interferometry stated in paragraphs 16,.15 through 16.:17 
shows that whether one is dealing with fringes obtained in either reflection or transmission from parallel 
plates or from wedges, the analytic condition for the appearance of the sharp fringes is of the form 

pr= 2dt+ Ak 5 n=l; (131) 
where y is aninteger, d is the separation of the interferometer surfaces, » is the wavelength, and f isa 


function related to the phase changes that take place on reflection at the coated surfaces of the reflecting sur- 
faces. The function f can vary with wavelength and will be different for the transmitted and reflected fringes. 


*H, Osterberg and D, LaMarre, J. Opt. Soc. Amer., 46, 777-778 (1956). 
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bo | 
16.20,1.2 With regard tothe transmitted fringes, it has been customary to take f = 0 and to state that each 
bright fringe occurs at those wavelengths A = 2% for which d = pv (av/2). Interpretations based upon this 
simplified view are, however, inadequate. e { 


I 


i i 
16.20.1.3 Let f be expanded as a function of wavelength about the wayelength XA «such that 


2 
f= fg + DA-A) + CAA-A) +. oe, (132) 
: | 
Experience has shown that with silver coatings or with high ref lecting multilayers, there will exist an extended 
range for which vy A is, with good approximation, a linear function of X about an appropriately chosen Ao 
in the visible region. For this range of wavelengths the first two terms of Taylor's expansion of v A about the 
point A = A, from Equations (131) and (132) yield the approximation 


2 
vA = 2d- bAg + Sg A : (133) 
in which : 
8 = £5 + DAg. i : : (134) 


16.20.1.4 With respect to Figure 16. 28,consider two nearby spectral orders v and v + p where p=0, + 1, 
+ 2, + 3, etc, Let Ay and A,4p be the central wavelengths of these spectral bands. We have seen that 
channeled spectra are obtained from a single localized area for which the separation d of the interferometer 
mirrors is constant, Since pag is constant, it follows from Equation (133) that 

| 


2 ' i 
r, (vy - 8.) = 2d -bAG = constant = Avaply +P - 8% ). (135) 


Hence, : 
Ay+ Pp 


vp-S = . 
P Apr- Avan 


(136) 


As will be seen from Figure 16, 28, determining p is simply a matter of counting bands from the band whose 
order number is labelled vy. Since p, A,, and A, pare known, ‘one can compute pv - Sq from Equation 
(136). It is good practice to compute v - sy for at least three values of |p} when enough bands are available. 
If the values v - Sq thus obtained are not alike within a range corresponding to one's experimental error. in 
reading the wavelengths, the separation d of the interferometer mirrors is changing or |p} has been chosen 
so large that A, , p falls outside of the range for which v A is adequately linear in 2. 


16.20,1.5 The values v - Sq will fall in the range 10 to 70 when the interferometer mirrors are laid one upon the 
other except when great precaution is taken to avoid dust particles. The corresponding separation of the inter- 
ferometer mirrors falls in the range 5 to 35 wavelengths. This explains why the separation can vary with tem- 
perature, etc. When py - Ss has been determined, the separation d is given by 


ad = (vy -85) rays baz (137) ° 


Unfortunately, one needs to know baz in order to compute d accurately. One may, of course, accept 

2d = (vy - 89) A, as his approximation and expect that this will be a better approximation than obtained by 
asserting that 2d = v A,. Koy ‘ ‘ 
16.20.1.6 Onthe other hand, a knowledge of paz is not required in order to determine accurately the thickness 

t of afilm, With respect to the interference bands py + p and p + Pp seen on each side of the step formed at 
the edge of the film (see Figure 16.29),one determines py - 8, and # - Ss, from the wavelengths Ap, Av+D 
and Ap, A+ for which the interference bands are brought into coincidence with the marker on the reticule’ 
by turning the wavelength drum. The "non-integral spectral orders" pv -s, and pt - Sq become known on 
each side of the step at the film. Then, from Equation (137) 


at = 2(dy- dg) = (v- 8) Ay - @- 89) AQ- - (138) 


If the film is thin enough, one finds automatically that py - Sg =p . Sy orthat py =p. In such cases 
Equation (138) reduces to 


t=5 ®-s,) (ap-a ). i (139) 


Nie 
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16.20.1.7%7 Let us consider the sensitivity and accuracy of the method of channeled spectra in, for example, 
the measurement of the thickness t of the thin films to which Equation (139) applies. If the error in reading 
the wavelengths A, and A, is 5A and if St is the corresponding error in t, then for estimating 6t,: we 
observe from Equation as) that 





ats ( "T= )2 joal S (vy -s,) joy. (040) 


It becomes clear that the error |5t] is reduced by making measurements at low values of pv - s, , i.e., 
at low separations d of the interferometer mirrors. Reducing v - Sq to values in the neighborhood of 1 or 
2 causes the spectral bands to broaden and to become excessively wiggly when polished surfaces are em- 
ployed, The added difficulty of setting upon the center of gravity of the interference bands now appears. 

With the use of diffraction gratings, such as monochromators, and of photographic methods involving micro- 
densitometry, errors [st] of 0.1 Angstrom or Jess may become possible. To carry the method to.such: 
extremes is however costly, cumbersome, and tedious. A typical example of the aciual error obtained by 
making routine visual settings with a prism monochromator has been cited by Osterberg and LaMarre.:- They 
found that the visual settings with a Hilger Barfit monochromator are reproducible to about one Angstrom. 
With v - s, = 35, the corresponding maximum error 6t in the thickness t of the film is 35 Angstroms. The 
actual computed values of t from a series of spectral orders vy + p and p + p agree to about 10 Angstroms, 


16.20.1.8 One shouldnot form the impression that the method of channeled spectra is restricted to analysis of 
fringes produced by multiple beam interferometry. We have seen, for example, that order numbers’ py are 
associated with Fizeau fringes as in Equation (61). By projecting Fizeau fringes formed in white light upon the 
slit of a wavelength monochromator as shown in Figure 16, 29 or by adapting the modification illustrated in Fig- 
ure 16, 29,a series of bands will be seen at the eyepiece. Comparison of Equations (6 1) and (131) shows that 
one deals with the simpler case f = 0 in applying the method of channeled spectra to Fizeau fringes. 


16.21 HUYGENS' PRINCIPLE 


16, 21.1 Introduction. Although Huygens' principle is less general than, for example, Kirchhoff's law, its 
applications are far simpler to follow and yield predictions that are in resonable close accord with experiment 
with respect to the phenomena that we shall consider. : 


16, 21.1.1 Huygens’ principle supposes that as a wave travels througha homogeneous, isotropic space, each point 
in the space is excited as the wave passes through it and serves as origin for a spherical wave that expands with 
the velocity of light in the medium. Requirements such as conservation of energy require that the amplitude of 
the spherical wave decrease as 1/r where the distance r is measured from the point of expansion. Further- 
more, the principle supposes that the propagation of the wave itself through space is a consequence of the inter- 
ference effects that take place between the infinite set of expanding spherical wavelets. Close examination of 
this interference process shows, for example, that the reconstructed wave thus obtained from an assumed 

plane wave travelling to the right is, in turn, a plane wave that travels to the right. The wave that tends to. 
travel io the left is destroyed, in effect, by destructive interference. The development of a wavefront as the 
envelope of the spherical wavelets that expand from the original wavefront at z = z, is illustrated in Figure 

16. 30 


16,21.1.2 The construction of Figure 16.31 enables one to deduce Snell's law of refraction from Huygen’s princi- 


ple. If t, is the time required for light to travel from C to B inthe 0°? medium, 
c 
CB = vo ty = Sto 
No 


The spherical wave starting from A travels the distance AD in time tg such that 


et 
AD = vy ty = —— 
1 
But 
Sini = cB > sini’ = AD 
AB AB 
Hence, 
sini CB ‘1 
sini’ AD ~ 


This demonstration shows that the most basic law of geometrical optics can be explained by diffraction. 
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FIGURE 16, 30- Propagation of a plane wave in accordance 
‘with Huygens' Principle. 
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FIGURE 16. 31- Construction for obtaining Snell's Law of Refraction from Huygens’ Principle. 
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16.21.1.3 We shall needan analytical statement of Huygens’ principle. The amplitude and phase variation of the 
electric vector of a spherical wave that expands from any point O ina space whose refractive index is n is 
given by 


i (knr -wt } 


B= : : (141) 


where k = 27/X ; w = 20/T ;. and r is distance measured from point O. The physical meaning of Equation 
(141) is, of course, in doubt at the point r = 0 - but not elsewhere. 


16.22 FRAUNHOFER DIFFRACTION 


16. 22.1 Discussion of theory. 


16. 22.1.1 Fortunately, thetheory and interpretation of diffraction phenomena become much simpler when these 
phenomena are considered at relatively large distances from the diffracting aperture or obstacle. Whena lens 
is placed between the aperture and the plane at infinity, the diffraction phenomena at infinity are brought into 
the focal plane of the lens. This consideration leads one to suspect that diffraction phenomena that occur at the 
focal plane of lenses are likely to be Fraunhofer diffraction phenomena. Since diffraction effects associated 
with focal planes belong to the classification known as Fraunhofer diffraction phenomena, these diffraction phe- 
nomena are of primary fundamental interest to the designer of optical (or radar) instruments. 


16, 22.1.2 Simplified arguments based upon Huygens’ construction can be used to locate maxima and minima in the 
energy densities associated with Fraunhofer diffraction effects, but such arguments do not predict the distribu- 
tidn of energy density. The following diffraction integrals become so simple and direct that we shall omit the 
elementary and less instructive theory. The diffraction integral governing Fraunhofer diffraction is easily inte- 
grated or applied to a large number of practical cases, 


16.22.1.3 We suppose that the aperture or obstaclefrom which diffraction occurs is located at the &m plane of 
Figure 16.32 and that the observation plane xy is located at distance D from the €q plane. Huygens wavelets 
leave each element of area d€ dy of the Cy plane and arrive at point P of the plane of observation after trav- 
ersing the distance r where 


r= {x-¢)+(y-9)? + D4 V2 . (142) 





FIGURE 16, 32 -Convention with respect to the integral statement of Huygens’ Principle. 
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} 
These Huygens wavelets expand from point (¢, 7) as described by Equations (141) and (142). Our problem is 
to sum the Huygens wavelets that leave all points (¢, 7 ) of the plane of the aperture and arrive at point P. 


16.22.1.4 To formulate the problem a bit more generally without adding unduly to the complexity of presenting 
the problem, we can suppose that f (¢, 4) d¢ dy is a complex number that specifies the amplitude and phase 
of the coherent Huygens wavelets that leave the area dt dy. (We shall deal mainly with the simple cases in 
which £(¢, 7) =1.) According to Equation (141), the Huygens wavelets that leave the area da dy with the 
amplitude and phase expressed by f(t, 7) dt dy arrive at point P ‘with the amplitude and phase given by 
i (knr ~ 
£(0, 9) dg an grey 


Let F(x, y) be the complex number that denotes the sum of all of the interfering Huygens wavelets that 
arrive at the point of observation P of Figure 16. 32. From the theory of integral calculus this sum is given at 
once by the integral : : 


F(xy)= ef fe¢e, 9) at dy (143) 


| . ee 

in which the integration extends over the illuminated area of the tq plane and in which r is given by Equation 
(142). . ‘ 
| : 
16.22.1.5 Before passing onto the Fraunhofer form of the integral given in Equation (143), we remark that the 
term_Fresnel diffraction (as distinguished from Fraunhoffer diffraction) is applied to the cases in which the 
distance D from the plane of the aperture to the plane of observation is relatively small. Equation (143) is 
the most general statement of Huygens' principle. It includes Fresnel and Fraunhofer diffraction as special 
cases. i 

} : 
16.22.1.6 The Fraunhofer specialization diffraction integral is obtained in the following way from the integral of 
Equation (143) and the supposition that D is large. By expanding the squares in Equation (142) and defining 


S= P24 x%4y7] V2 | (144) 
i. 
one finds that : 
1/2 7 
r-s[ ise _ 20tem) | + (148) 
: s s 


| f : : 
in which § has the geometrical meaning illustrated in Figure 16, 32, We suppose that D becomes great but that 
the aperture opening at the fa plane remains finite. Equivalently, but somewhat more generally, we may say 
that £( , 7) = 0 when (¢* + 7? )!/2 exceeds some finite value and that D can approach infinity. Under 
these circumstances, the quantity (¢2 + 72) /S? in Equation (145) 'is surely negligible, Since x and y can 
become infinite at D = o , the quantity 2 (x + yn) /S* is not entirely negligible. Because ¢ and 7 will be 
small in comparison to S, 1>> 2 (x + yy) / s?, Hence, with excellent approximation, : 


Pe ae | oe 


Therefore, ‘ 
r=s- s¢+y0 am (147) 


16.22.1.7 Upon introducing r from Equation (147) into Equation (143), it will suffice to set r = S in the denomi- 
nator since (xf + yn) /8 will be very small. However, the quantity, ( x¢ + yn) / S is multiplied by the large 
factor k = 27/) in the exponent. We now introduce r = S in the denominator of Equation (143) and r from 
Equation (147) into the exponent and thus obtain 


F(x, y)= ert 2 6 fe (e, 5) cm SE ar dy (148) 
in which 
s . (prox! + y2 2 ; (149) 
= 2m 
we 2a/T. 


i ‘ 
£(¢, 7) specifies the amplitude and phase of the disturbance as it leaves the plane of the aperture. The inte- 
gration extends over the plane of the aperture. In case the aperture consists, for example, of an opaque screen 
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with a hole in it, the integration with respect to d¢ dy extends over the area of the hole. F(x, y) is a com- 
plex number that specifies the amplitude and phase of the so-called Fraunhofer region, 


16.22.1.8 The energy density, W (x, y) , is proportional to IF (x, y y* . Since | e1t} 2. 1 and 
Jie tenS | 2= 1, it follows from Equation (148) that 


w(x, v= 5 iz, (x, yy? (150) 


where 


at C+ i 
re(m y= ffetltn) ees adn. (151) 


over plane of aperture 


- Tt suffices therefore to compute the slightly simpler integral, Fo (x, y), of Equation (151) when one wishes to 


determine the time-averaged distribution W (x, y) of energy density produced at point (x, y) by the. radi- 
ation in a coherent wave that illuminates the ¢y plane of the aperture. , eT 


16.23 FRAUNHOFER DIFFRACTION FROM A RECTANGULAR APERTURE 
46.23.1 Discussion of principles. : 


16.23,1.1 We supposefor simplicity that the rectangular aperture is illuminated as in Figure 16. 32 by'a plane 
wave at normal incidence. It suffices to set . 2 


£(¢, 7) = constant = 1. (152) 


Then, from Equation(151), 


it 


-iknxt ciknyy 
£ i e § e at dy 


KR (x, ¥) 
riknxt -ikny: 
= i es ae fPe® ay 
‘ikmw -iknyb iknxa. -iknyb 
_e Ss -e 5 eS -e 5 
= (iknx) / § : ~ Giny) 7S 


iz 
Since k = 27 /X and sinz = (e” “eos }/ 2i, 





_ sin ( 27anx / SA) sin ( 2mbny / SA) ‘ 
aa [ Baanx / SA Il 2abny / SA | . ae 


From Equations (152) and (150), the corresponding time-averaged distribution of energy density in the observa- 
tion plane is given by : 


2,2 : Boos 2 
W(x, y)= 16a b [ eee ] [sete CSA : (154) 
2 2manx / SA 2nbny / Sr 
Along, for example, the line y = 0, 
2 gs 2 . 
W(x,0)2W =«4 ma A). 155) 
Oe) (=) a 2nanx / Sr ( ) 


because (sinu)/u=i1 when u=0. A = 4ab is the area gf the rectangular aperture. We can-take S 3 D 
for most purposes. W(x) assumes its greatest value W = A’ 4 s2 atx =0. W(x) decreases'as 1/x*. 
The energy density is zero whenever ( 2nanx) / SA = va where v is an integer. Hence, the zeros of W(x) 
occur at the points x for which : : 
xy + vr 
ao sin 0, = Ban (156) 


where v = +1, +2, +3, etc.; 2a is the width of the rectangular aperture along the x-direction; n is the re- 
fractive index of the space; and @, is the angle @ (Figure {6, 33)that corresponds to x, along the line, y = 0. 


16.23.1.2 Similiar conclusions hold along the line x = 0, One has only to substitute y for x and b for a in 
Equatioris (155) and (156). The width of the aperture along the y-direction is 2b. 
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INCIDENT APERTURE 
PLANE WAVE 


FIGURE 16,33-Notation with respect to diffraction from a rectangular aperture illuminated at normal incidence. 


16,24 FRAUNHOFER DIFFRACTION FROM CIRCULAR APERTURES , 
16.24.1 Discussion of principles. : 


16.24.1.1 We suppose thata plane wave is incidentnormally uponthe citcular aperture so that f (t,n)= 1. “tt 
is convenient to replace ¢, 7 and x, y by polar coordinates because the aperture is circular, Let 
= I 
C=ucos$? ; n=using ; (15%) 
x=rcosa ; y=rsina ; ; * (158) 
in which the geometrical meanings of u, 9, r, and @ are illustrated in Figure 16, 34, Upon introducing Equa- 
tions (157) and (158) into Equation (151) and setting £(¢, 7) = 1, one obtains 


920 ciknru 
Hey) Ee (ry= [Me Be udu dg . (159) 
in which | 
S = (D7 4x74 y2)l/2 = (p24 p2y1/2_ : _ (160) 


16,24.1.2 One cari provethat F, (r) must be independent of @ because the integrand of Equation (159) is peri- 
odic in the angle ¢, However, it is clear from Figure 16, 34 that F, (r) should be independent of the angle @ 
because the system has complete axial symmetry. Hence, we can set : 

a=0 (161) 
in Equation (159). 


46,24.1.3 Now one finds from almost all text books treating the elementary theory of Bessel functions that 
ia sizcos ¢ : 
e 


dé = 27 J, (z) (162) 
° 
where J, (z) is a Bessel function of zero order and first kind, From Equations (159) and (162) 
KB (r) = 29 f° g (az) udu. (163) 
° - i 
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CIRCULAR 
APERTURE 


FIGURE 16, 34- Notation with respect to Fraunhofer Diffraction from circular apertures. 


Introduce the change of variable 


= knru = 5 ; 
ves or uz yo v- ; (164) 
Then, 2 knra . ; . 
F, (1) = 2n( 5) f vito va. (165) 
° 


Jt is another elementary proposition in Bessel Functions that 
f° vy Jo(v) dv = 2 Jy (z) . (166) 
° 


where Jy (z) is a Bessel function of first order and first kind. Since J, (z) = 0 at z = 0, one finds directly = 
from Equations (165) and (166) that ‘ 


2 
= Ss knra knra 
F, (r) = 2" (<2) = Jy (= ) ¥ 
Whence 
_ 2 J. ( 2ana r/ AS) / 
Fo (x) = Qna “Gaerj/ 38 vES (167) 
16. 24.1.4 We note from Figure 16.34 that 
singQ=r/S. (168) 


Alternatively, one may therefore write 
J, (2mna sin 9/2 
Fy (6) = 2na” 4a Of?) : (169) 
Zana sin 6/2 


The energy density in the Fraunhofer diffraction image or pattern from a circular aperture. of radius a is now 
given by Equation (150) in which one introduces Fy from Equation (167) or from Equation (169). 
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16.24.1.5 Thefunction [33 (2))/a is 1/2 at z = 0 and assumes its first zero at z = 3.8317. Therefore, the 
energy density in the Fraunhofer diffraction pattern has its first zero minimum at (2zna sin 6, ) / > = 3.8317 


or at | 
-~ 71 _ 0.61A _ 1.22a 
BUT eo = pa ee (170) 


in which 2a is the diameter of the aperture. It is instructive to compare Equations (170) and (156) at the first 
zero where vy = 1. We see that the central maximum in the diffraction pattern is 22 per cent larger in linear 
dimension for the circular aperture than for the rectangular aperture whose width is equal to the diameter of 
the circular aperture. The Bessel function J 3 (2) oscillates with increasing z in such a way that successive 
maxima and minima of J, (z) decrease numerically. Hence, the energy density , 


_ 4n2a4 [ Jy ( 2anar / Sa) 72 : 
Wie | Haya | ae 


in the diffraction pattern produced by a circular aperture decreases considerably faster with increasing dis~' 
tance r from the diffraction head than does the energy density W (x) produced by a rectangular aperture. . 
(Compare Equations (155) and (171).) One must expect that circular apertures are preferable to rectangular 
apertures for lenses because the diffraction images produced by circular apertures are, on the whole, more 
concentrated. 


| 

| 
16.25,.1 General, Whereas the methods of paragraphs 16. 23 and 16. 24 can be utilized as a basis for discuss- 
ing the diffraction images produced by lenses, the adaptation of these methods is a bit too artificial and leads, 


awkwardly, to the predictions that resolving power is related to the tangent of certain axial angles rather than 
to the sine of these angles. ; : 


16.25 DIFFRACTION FROM SPHERICAL WAVEFRONTS 


16,25,1.1 It isthe purpose of a well corrected lens to convert a spherical wave that diverges from an object point 
into 4 spherical wave that converges upon the conjugate image point as in Figure 16. 34,.We suppose for , 


| 
| 


CONVERGING 
WAVEFRONT 


¢ 







DIVERGING 
WAVEFRONT. 






OBJECTIVE 


i 
FIGURE 16. 35- Convention with respect to the formation of a diffraction image, O', of O by a lens system. 
i 


| 


16-52 
if 





Downloaded from http://www.everyspec.com 


APPLICATIONS OF PHYSICAL OPTICS . MIL-HDBK-!41 


simplicity of presentation that the object point O is located upon the axis. Let V be the optical path from O 
to O'. We draw a reference sphere of radius R about the point O' such that this sphere touches the tangent 
plane tn at point Q on the axis, The optical path from O to @ is now V - nR where n is the refractive index 

- of the image space. Similarly, the optical path from point O to any point P on the € plane from point O to 
any point P on the ¢7 plane is 


venO' P=V-n(R?24 024 42) (172) 
in the absence of spherical aberration. The Huygens wavelets now leave the tq plane with an amplitude-phase 
distribution given by 
av win (R? + 07 4 9)? 


173)" 
(R402 4 47) sak 


£(€,) = 


16.25.1.2 We choose the origin of the coordinates X, Y, Z at the point O' with O' conjugate to O. Thus, the 
plane z = 0 is the sharply focused image plane. The problem is to find the amplitude-phase distribution ~. - 
¥ (x, y, 2) produced by all the Huygens wavelets that leave the €7 plane. From Equations (143) and (173), 


~iwt ikv wikn (R2 + ¢2 + 9)? iknr, ana 
F (x,y,z) =e e SS oe - £ ‘at an (174) 
(Ro+C°+7) s 


where the distance r, of Figure 16. 35.is 


r= (x-0)% + (yn)? + (Rez)? (175) 


However, one finds after slight rearrangement that 


r= (ate gteghiafays 2s 28 +yn = - (476). 
; -Ro+O +7 


16.25.1.3 Inorder to obtain the approximation to r, that leads to the conventional diffraction integral, for lenses, 
we have fo suppose that the field of view is so small that one can afford to neglect the term (x74 y7%427)/ 
(R“+¢ n@) in Equation (176). This means that the following theory holds best for small fields of view. We 
have to suppose also that the dimensions of the aperture at the C7 plane and the out-of-focus distance 2 are 
small enough for us to be willing to accept the approximation : 


_pey | 1/2 . ; 
it - 2 ists va Ba) -1- os va = (177). 
e R°“+0%+7 R°+0°4+7 


Under these approximations, 


r, = (R240749%)? ~ whens Re, (178) 
. (R34 074097) 


16.25.1.4 Upon substituting r, from Equation (178) into the integral (174) it suffices to set y= (R24 c? + ne yv 2 
in the denominator. Our approximation for F (x, y, z) becomes E 
~ikn ee 
“ iknV v ez + 2 * Te 
F(x,y,z)=e0t e@M™Y py &.—___—,——_ && dn (179) 
R°+C°+7 


in which the integration extends over the aperture of the objective, Figure 16. 35. 


16.25.1.5 Since F(x, y, z)f is independent of wt and V, it is convenient to drop the external exponentials in 
Equation (179) and to write again . 
cLikn xt + yq - Re 
VR? + Fa + r 


> d¢ dy . (180) 


Fy (x,y, 2) = 
0 SS ey 


The time-averaged energy density in the diffraction image of an object point located upon the axis is 
2 ¢ 
wixy,z)= IF(xy.2¥ = [IR (sy 2h - (181) 


The plane z = 0 ts the sharply focused image plane. 
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16.26 PRIMARY DIFFRACTION INTEGRALS WITH OBJECTIVES HAVING CIRCULAR APERTURES 


16.26.1 Introduction, We shall call the integral F, (x, y, 2) of Equation (180) the primary diffraction integral 
and shall refer to the correspondingdistribution of energy density W (x, y, 2) as the primary diffraction image. 
These two quantities are of fundamental importance tothe diffraction'theory of optical instruments. In this 
section, the primary diffraction integral will be specialized tothe great class of objectives that have circular 
apertures. Thus far, the objective has been assumed free of spherical aberration. 


16.26.1.1 Corresponding elements of Figures 16, 35 and 16, 36 are labeled alike, One notes from Figure 16. 36 that 


¢=RtanUcos$ ; 7 = RtanU sing ; - - (182) 
and that 
cosU =R/VR2, t24 a? 7 (183) 
.Hence, ‘ 
wot = sinU cos'¢ 5; ae Ce sinU sing, (184) 
rs SS : 
Ce + n+ RB Cre ne R? 
‘ : : | 
16.26.1.2 It is convenient to change the variables of integration from € and 7. to Uand $. Since 
2 tn 
au aU 
dA = du d¢é = de d 
Cie a ala 
ag ag : 
wherein ¢ and 7 are given by Equation (182) i 
| 
ag dy = R? Sin avag . (185) 
£08" U : 
| 
| | 
" 





(x, y, z) 


OBJECTIVE 


FIGURE 16. 36--Notation with respect to objectives that have axial symmetry and circular apertures of 
radius a, 
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Upon substituting from Equations (183), (184), and (185) into Equation (180), one obtains the result 
-i i i -zcosU .. i 
F, (x, y,z) = [> frme ikn [sinU (x cos $+y sin $)] sinU ay dg (186) 
o o cosU 


in whichU,, is the largest value of U in the cone of axial rays that pass from the object point O to the conjugate 
point O'. Equation (186) is the Luneburg-Debye statement of the primary diffraction integral. 


16,26.1.3 Achange ‘ofvariable from U to the zonal numerical apertures p ‘where 


p=sinU ; py = sinUy ; (187) 


renders both the form and the physical interpretation of the primary diffraction integral somewhat simpler. 
One obtains from Equation’ (186) and (187) the result . ‘ 
Sm pan iknz¥ylp2  —_ -iknp (xcos ¢+ysin$) a 
e 


Fiixya)=f "foe pee (188) 


Equation (188) is known to hold well for the image space of microscope objectives, telescopes, etc. ,. in which 
P,, is so small that one can set 1-p?-= 1 in the denominator, For example, with microscope objectives 
p,, = 3/150 = 0.02 so that p2S 0.0004, a quantity that can be ignored in the denominator of (188) but not in 
the exponential of the numerator except when z = 0 , i.e., except when one focuses upon the plane which is con- 
jugate to the object point. In computing F,(x, y, 0) = Fy (x, y) for the conjugate plane z = 0 , one obtains 
the Fraunhofer type of diffraction integral : 
B, . om ~iknp (x cos ¢+y sin $¢) 
Rixy- [°f e p dp dg (189) 


upon neglecting p2 in the denominator. 


16.26.1.4 Typical of diffraction integrals of the Fraunhofer type, the integral (189) is easily integrated. Intro- 
duce polar coordinates r, @ such that 


x=rcos@ 3; y=rsina . (190) 
Then from Equation (189) 
F, (x,y) = F, (r) = ff ee aaa. (191) 
As in the integral (159), F; (1) is independent of a. Furthermore, from Equations (162) and (191) 
F, () = 20 f* J, (npr) p dp . (192) 
° 


Comparison of Equations (192) and (163) shows that the integral (192) is obtained from the integral (163) by . 
setting S = 1 and a = p,,. Hence, we conclude at once from Equation (157) that 


J 
F, (1) = 20 p23, arene i>) (198) 
m 


wherein r is the distance from the diffraction head, and 
Npy =n sinUy, (194) 
is the zonal numerical aperture of the objective with respect to its image space of refractive index n. We see 


that F, (r) is a real number when it is evaluated at the sharply focused image plane z = 0 for objectives that 
have negligible spherical aberration. The time-averaged-energy density Wr) = [F, (r PF . Thus, 


2 
W(x) = 49? f S:Cameme sd) | : 195) 
(x) Pa 2mnp,,r / » ia) 
a result that should be compared with that of Equation (171). 
16,26.1.5 The primary diffraction integrals (191), (192), and (193) are called the Airy type, and the corresponding, 


idealized objectives are distinguished as the Airy type of objective. As in the discussion leading to Equation 
(170), the first zero of W(r) occurs at (2unp,,r) /A = 3.8317 or at 


rer, = 38317 ) . 0.6008 , | ~ * (196) 
200) yy DP . 


r, is the distance from the diffraction head (where W(r) = W (0) = mp4 , its maximum value) to the first 
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zero of W(r) in the image space. The distance r, is frequently utilized as unit distance and is called the Airy 
unit with respect to the image space. The quantity np, = n sinU,, is the numerical aperture of the objective 
with respect to its image space. ‘ 


16.27 RESOLUTION WITH CIRCULAR APERTURES 


16.27.1 General. Itis not possible to specify a universal limit of resolution that applies to all kinds of details in an 
object field. Resolving power varies with the type of details that are to be resolved, with the manner in which the 
object is illuminated, with the wavelength utilized for illumination, with the numericalaperture of the objective, 
and with the degree of correction of the objective. Resolution can depend upon the type of optical system. For 
example, it can be shown theoretically that an ordinary microscope cannot resolve two nonabsorbing particles, 
irrespective of their separation, when the optical path difference A between the particle and its surround be- 


comes so small that sin A can be replaced by A. The chief reason for this peculiarity is that with such par- - 


ticles, contrast in the image becomes so poor that one cannot actually observe the particles. When the ordi- 
nary microscope is replaced by a phase microscope, contrast in the image is increased enormously. Conse- 
quently, the phase microscope can exhibit resolving power when the ordinary microscope does not, Finally,. . 
resolving power depends upon the criterion that one is willing to accept in concluding from the observation of 
the image that the details in question are distinct, i.e.,are resolved. 

I 
16.27.1.1 We shallrestrictour considerations of resolving power to the resolution of two self-luminous parti- 
cles whose dimensions are neglibible. Let one particle be located at point O on the axis as in Figure 16, 37 
According to Rayleigh's criterion of resolution, two object points O and P will be resolved provided their 
separation equals or exceeds the separation r, for which the maximum energy density in the diffraction 
image of one particle falls upon the ‘first minimum in the diffraction image of the second particle as illus- 
trated in Table 16.1. We have seen in the previous section that the distance ry, from the central maximum 
to the first minimum is given by Equation (196) for objectives of the Airy type. Hence, the linear limit of 
resolution is ry (or one Airy unit) in the image space where ‘ : 


0. 6098 


A. ; 197; 
= (197) 


id 

‘Therefore, ; : 
Ty 0. 6098 : : 

mH = = a 198) »° 
°* Tal = [hlnp, (198) 
| ; 


is the linear limit of resolution in the object space where M denotes the magnification ratio, If the objective 
obeys the Abbe sine condition, : 


[M| np,, = [MJ n sinU,, = ng sinU, , = Behe (199) 


where N,A, denotes the numerical aperture of the objective with respect to its object space. Therefore, 
' E 


| 
The linear limit of resolution, rp , for two self-luminous object points is one Airy unit with respect to the 
object space of the objectives that approximate the Airy type. ' 


16.27.1.2 The corresponding angular limit of resolution, @,, is given by 


= 71 . 0.6098 : ‘ 
0 = + iD, V : (201) 


in which V is the image distance, Figure 16. 37. When U,, is small as in the image space of telescopes and 
microscope objectives 1 : 





tan Uy = gy * SIMU Pig - (202) 
Hence . 
= (2) (0.6098 A)_ 1.22 : 
4 nD Me nD : (208) 


I 

| 

i : 
where D is the diameter of the objective and n is the refractive index of the image space. 


f 
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ObJECTIVE 





LW. MAGNIFICATION, M7) 


| a 
: OBJECT ane 
PLANE 


FIGURE 16. 3'7- Notation with respect to the resolution of two self-luminous object points 
by objectives having circular apertures. 


ENERGY DENSITY 
COMBINED ENERGY DENSITY 





TABLE 16. 1- Physical situation at the Limit of resolution based on Rayleigh's criterion, O' and P' are the 
curves of the energy densities in the image of two, like, self-luminous particles, O and P, 

respectively. The solid curve is the sum of the energy densities’ due to the two particles, This 

solid curve displays an easily seen dip at 0.5 Airy Unit, the mid-point between the geometrical 


images of the two particles. 
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16.27.1.3 The limit of resolution obtained from Rayleigh's criterion is a conservative limit with highly corrected 
objectives. The Sparrow * or physical limit of resolution is 0.78 Airy units for Airy type objectives. In prin- 
ciple, this limit can be approached but not realized. Many observations have indicated that resolutions near 
0.81 Airy units have been achieved with highly corrected objectives. 


16,28 OUT-OF~FOCUS ABERRATION 
16,28. General. 


16.28,1.1 The out-of-focus aberrationsifor axial object points are included in Equation (188) in which the system 
is out-of-focus by the amount z. The integration with respect to d¢, can be carried out just as in the argument 
leading to the integral (192) even when z #0. One obtains instead of (192) the integral 
Pina Vy _ 2 ie 
Fo(r) = ar f “e J, (knrp) p dp (204) 
oO ' 
when p® is ignored in the denominator of the primary diffraction integral (188). 
16.28.1.2 Inthe presence of spherical aberration and out-of-focus aberration, one finds in general that Fo(r) - 


is of the form i 


Pa ‘ 
Fo(r) = 20 f P(p) Jo (mrp) p dp (205) 


for axial object points where P(p) is called the pupil function. We see that the pupil function P,(p) corre- 
sponding to out-of-focus aberration is a a 


P, (p) = @ Mua -? . | * (208) 
Whenever p 2c , it is usual to accept the approximation | . 

Yi-pt - 1-27 : _ (207) 
and to write , . 

F, (r) = 20 oe ime fee i Jo (knrp) pdp , (208) 


a result that follows from Equations (205), (206), and (207). 

16.28.1.3 The following is one of the simplest methods for estimating the maximum tolerable amount z that an’. 

objective of given numerical aperture np,, can be out-of-focus. Equation (208) is easily integrated for any 

axial image point r = 0 because Jy (0) = 1. Thus 7 
x 





iknzg _ (2 inznp- 
F, (0) = are fim e p do ; 
Oo te 
iknz innzp? 7 
‘=20e e »% -1} / = z (209) 


The corresponding energy density W(0) = |K, (oF is now i 


: 2 se 2 
_ af. imzp, +ivznp,, tne? 
wea) = 4n2{e EA a )( oP 1) / hare 








: . 2,22 | 
W(0) = 8n7[1- 2d aes ty 
(0) m” [1 - cos ( rznpy / VY a ie : or 
2 2 ; 
W(0) = 497 og | Sea) : (210) 


manpe. /2r 


where W(0) is the energy density at the diffraction head when the objective is out-of-focus by the amount 2. 
np,, is the numerical aperture of the objective with respect to its image space. 

| 

| 
16.28.1.4 Whenz = 0, | 
W(0)2W, =4m4 (att) 


* See H. Osterburg, Microscope Imagary and Interpretation, J. Opt. Soc. Amer,, 40, 299 (1950). 
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a result that agrees, as it should, with W(0) from Equation (195). Let 
; 2 
sin ( 2z: 22a 2 
sone -[ in (aznp2 / | (212) 
° manp2, / 2X 


, 
where K is the ratio of the energy density at the diffraction head when the objective is out-of-focus by the 
amount z to the energy density at the diffraction head when the objective is infocus. The ratio K is, we note, 
an even function of z when no spherical aberration is present. The assigned value of K becomes a criterion 
for the maximum tolerable out-of-focus distance 2. 


16.28.1.5 Suppose that 


2 . 
alzjan p2Z/rA =T/2 . (213) 


This means (see Equation (208) ) that the phase aberration due to being out of focus shall not exceed‘one- 
fourth wavelength. By introducing ( sznp2)/ 22 = 7 / 4 into Equation (212) , one finds that K = 0.8106. - 
Hence, the criterion 





> 5 OP ee 
K =0, 8106 : (214) 
is equivalent to the criterion*of Equation (213). We learn from Equations (213) and (214) that if 
< i 
jzj= 4 (215) . 


(np) , 


the central energy density in the out-of-focus image of a self-luminous object point located upon the axis of the . 
objective will not fall below 81.06 per cent of the maximum central energy density which occurs at the state of 
sharpest focus z= 0. np, is the numerical aperture of the objective with respect to its image space. Con- 
sider, for example, the case in which the refractive index n of the image space is unity and in which 

Py = sinU y= 0.1. From Equation (215)., [z] = 0.5 2/0.01 = 50 wavelengths. 

16.28.1.6 This diffraction theory for out-of-focus images will become less reliable as p,, becomes large; but 
within the range of applicability of the theory, the depth of focus should vary inversely as the square of the 
numerical aperture of the objective and directly as the wavelength. This conclusion is quite different from * 
that based upon the more elementary notions of geometrical optics. ; ee 


16.28.1.7 The reader who wishes to examine the applications of the more general primary diffraction integral 


(205) to cases in which the pupil function P{p) includes spherical aberration and in which r # 0 may consult 
an excellent, detailed publication**by Guy Lansraux. ‘ 


: ¥This criterion is known as Rayleigh's criterion for phase aberrations. 


**Guy Lansraux, "Calcul des Figures de Diffraction des Pupilles de Revolution, '" Revue D' Optique, 
26, 24-45 (1947). . : 
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17 OPTICAL MATERIAL 
17.1 INTRODUCTION 


17.1.1 General. The only properties of an optical material which are used in the actual design of a system 
are its indices of refraction, and the quantities derived therefrom (such as the p-value). However, 
frequently the designer must select materials which meet requirements that are not concerned with the qual-. 
ity of imagery, but which are important with respect to satisfactory fabrication and performance of the ins- 
trument. Often he must make a compromise between desirable optical properties, and such characteristics 
as weight, availability, durability and cost. 


17.1.2 Coverage. The following discussion of optical materials will involve the properties of refracting 
materials, and those of reflecting materials. 


17,2 REFRACTING MATERIAL CHARACTERISTICS 


17.2.1 Transmission, A refracting material, to be useful, obviously must transmit radiation in the wave-" 
length region in which it is to be used, or it may be used to absorb the undesirable radiation of other wave- 
lengths. In some instances, the refracting material transmits imperfectly in the region of use, and the . 
designer must determine what thicknesses (if any) he can use without greatly impairing the performance of 
the instrument. The amount of light transmitted through a lens or plate is limited by surface reflection, by 
absorption within the medium, and by diffusion. 


17, 2.2 Surface reflection. When light is incident on the boundary surface between two refracting media, 
part of the light is transmitted into the second medium and part is reflected back into the first. The ratio 
of the reflected light to the incident light, sometimes called the reflection coefficient or reflectance or 


1 sin? (I - I’) tan? (I - I’) : 
R= oo (1) 
= = (+1) tan? (I + A : 


reflectivity, is where I is the angle of incidence and I’ is the angle of refraction. If the light is incident 
normally, sothat I = 0, and if one medium is air, or a vacuum with index of refraction = 1, ‘then the 


r-[Bot]’ . | | | @ 


expression reduces to wherein n is the index of refraction of the other medium, This formula is the one 
most frequently used in estimating reflection losses. Since the reflection coefficient depends on the indices 
of refraction, and these in general depend on the wavelength, the reflection coefficient itself varies with 
wavelength. Thus for an extra dense flint, having a refractive index of 1.720 at the sodium D line and 1.673 
at 2.5 microns, equation (2) yields reflection coefficients of 7.0% and 6. 3% respectively at the two wave- 
lengths. Whether the variation with wavelength is important depends on the application. Many times it is 
satisfactory to use a single value of the index throughout the range of wavelengths under consideration. 


17.2.3 Absorption. .When radiant energy passes through a medium other than a vacuum, a portion of it is 
usually converted into another form of energy. This phenomenon is called absorption, and the energy so 
absorbed is no longer available for image formation, 


NOTE 


In this discussion a terminology will be used which is becoming standard. 
However, the reader is warned that in other publications on this subject 
the use of terms and symbols may vary considerably with those presented 
herein, In consulting other published data on optical materials be sure of 
the exact meaning given to the terms and symbols used, regardless of 
their apparent similarity to the terms and symbols in this handbook. The 
basic physical concepts are the same in all cases. 


17. 2.3.1 According to Bouguer's law, the amount of light not absorbed in the passage through a homoge- 
nous medium, i.e., the transmitted light, is a decreasing exponential function of the thickness. That is, 


-at 
We Wo e : (3) 
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In this equation Wo is the original flux. W is the amount remaining unabsorbed after passage through a 
thickness t of the medium; @ is a quantity called the absorption coefficient of the medium. (Note that this 
equation refers to what happens within the medium - it is not complicated by the reflection losses which 
occur when the light passes through a boundary surface into or out of the medium.) In general, a is a 
function of the wavelength. . 


17, 2.3.2 The extinction coefficient * and the absorption constant k are also commonly used constants 
These are related to the absorption coefficient by the equation 


k an 
‘sn "an? ; (4) 


A being the wavelength of light and n the index of refraction. For, computation purposes it is sometimes - 
convenient to replace the base e in equation (3) by base 10, and write 


Ww = Wo rot (5) 


| 
| 
This permits using tables of common logarithms. We shall call f ,the "absorption coefficient to base 10", 
when necessary for clarity, and simply the "absorption coefficient’ when the distinction is clear from the, 
context, Therefore, @ = 2.3038. The quantity, 


w vat sao Bt © 


Tom se 
Wo 


is called the internal transmittance of the thickness t. 


17, 2,3.3 The absorption characteristics of a material are usually measured by placing a sample in the form 
of a polished, plane-parallel plate in the beam of a spectrophotometer, and determining what portion of the 
radiation incident on the first surface of the sample emerges from the second, This determination is made 
for as many wavelengths as desired. Most modern spectrophotometers automatically draw a curve of = 
transmittance as a function of wavelength. It is evident that the results from the spectrophotometer include. 
the effects of reflection loss and absorption loss. (They also include the effect of loss due to diffusion, but 
this is usually negligible in comparison with the others.) It is frequently necessary to be able to separate 
the two effects in order to predict the benefit to be gained by low-reflection coatings, or the absorption to . 
be expected from other thicknesses. Of the light incident on the first surface of the sample, the fraction R 
is reflected and lost, and the fraction (1-R) passes into the sample. Of this, the fraction T passes - 
through the sample without being absorbed and reaches the second surface. Here a fraction R is reflected 
and only (1-R) passes through the surface. That is, of the original radiation, the fraction 

1 i 


- i 
Tv, = T (1-R)2 ; . (7) 
' : 
i i 
passes through the second surface. However, the radiation reflécted at the second surface passes back 
through the medium toward the first surface, where a part of it is reflected back into the medium, and so 
on. Summing over all such passages one obtains for the total fraction T.) passing through the second 
surface of the sample, : i ef 
\ 


ak -  @) 


T 
1-7? R? 


om 


It is the quantity T © (usually expressed as a percent) which is measured by the spectrophotometer. 
| ' 


17.2,3.4 Since R can be determined from the refractive index, the value of T can be computed from 


equation (8) which can conveniently be rearranged as the quadratic equation: 


| 
2 1 )? ( T 1 ) : 
T + —-il . — = = = O 9 
( R Two R (9) 
| 
| 
| $ 
If Ris not large, the amount of light contributed by the re-passages through the medium may be negligible, 
and it will then be simpler and satisfactory to use equation (7) for T, using the spectrophotometer reading 
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for the value of T, . Having determined the value T for the Sample and knowing its thickness, one can 
determine the absorption coefficient from equation (7) or equation (9). Then one may compute the fraction 
which will be transmitted through other thicknesses, with the same or different surface reflectivities. 


17.2.3.5 Consider the following example. Spectrophotometer curves were run on a sample of ordinary plate 
glass, 6.18mm thick, and on a sample of "waterwhite" plate, 6.6mm thick. At the wavelength of 600mp the 
former transmitted 88.3% and the latter, 91.4% (the measured transmittances are significant to a few tenths 
of a percent). Both glasses have an index of refraction of about 1.52 at this wavelength. How would their 
transmittances compare in thicknesses of 25.4mm, if the surfaces in use are to have low-reflection coatings 
with reflectivities of 1% ? For the ordinary plate glass . 


2 
0.52 
R= (+z) = 0.043 . 


Substituting in equation (7) yields 


T = 0.964. 
Use of the more precise equation (9) would give T = 0.960 but the difference is hardly significant in 
view of the limited precision of the initial data. Then, : rae 
p = gs 0864 =o. 00257/mm 


The internal transmittance of a 25. 4mm thick piece would then be 
antilog (-0.00257 x 25.4) = (0,860 . 


Since the ‘coated surfaces are to have reflectivities of 1%, substitution in equation (7) shows that 84% of 
the incident 600m radiation would pass through the plate. For the waterwhite plate the surface reflect- 
ivity is again 0,043, Substitution in equation (7) yields , : 


T = 0,998 . 


This value is so near unity that the difference is not reliable in view of the limited accuracy of the data 
from which it was computed. However, it is safe to assume that T, is no worse than 0.995 and that 
hence . 


log 0.995 _ 
Bs $-€imm = 0.00033/mm. 
Consequently the internal transmittance of the 25. 4mm thickness will be at least (981) and with the surfaces 
coated at least 96% of the radiation will pass through the piece. 


17.2.4 Diffusion. Some light, in passing through a medium is deviated from its path due to the presence 
of fine inhomogeneities in the medium. This effect is called diffusion. In extreme cases it causes the 
medium to be translucent rather than transparent. Some of the diffused light is lost from the optical sys- 
tem. That which remains is not image~forming but, being spread over the image area, reduces contrast. 
For this discussion it is not necessary to consider the physics of the phenomenon beyond remarking that the 
amount of scattering is a function of the ratio of the size of the inhomogeneity to the wavelength of light, the 
amount decreasing as the ratio decreases. (The effect can be noticed in a long line of automobile headlights 
at night, unless the air is very clear. Since more light is scattered from the blue end of the spectrum, the 
distant lights look more yellow or orange than the near ones.) As a result, inhomogeneities which would be 
bothersome in the visible region may be of negligible importance in infrared work. 


17.3 REFRACTIVITY AND DISPERSION 

17.3.1 Selection of materials. 

17.3.1.1 From the available media which transmit satisfactorily in the wavelength region with which he is 
concerned, the designer must select those with index and dispersion characteristics best suited for his 
needs, In the visible region, it is usually sufficient for the designer to know the. indices of refraction for a 


few conventionally specified wavelengths, and to do much of-his calculations with the quantities derived 
from them, (such as the ” value and the partial dispersion ratios). Glass-makers' catalogs customarily 
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describe the refractive properties of the glasses in terms of these standard quantities, 

i | ae 
17.3,1.2 In the ultraviolet and infrared regions, protedures and requirements are not so well standardized. 
Use of standard wavelengths for index measurement, and of dispersion constants based'on such measurements, 
has not become common, It is often necessary to work from such tables of values of refractive index as are 
available, and to interpolate for the wavelengths one wishes to consider in the design. To aid in selecting 
either the derivative dn/dd or the related quality 


(a - 1) 
dn * 


“ax 


The latter is analogous to the ¥-value; for achromatism of a thin poublet, the ratio of the powers of the 

two elements should be the negative of the ratio of the values of (n-' -1) /(dn/dd) of the two media. Use of 

the former is similar to the use in the visible region of n Ne H the ratio of the total curvatures of the 
two elements of a thin achromatized doublet should equal ten negative reciprocal of the ratio of the two deri~’ : 
vatives. Some publications tabulate values of the derivative dn/ ay | 


17.3.2 Optical homogeneity. | 


17.3.2.1 It is important that the refractive index of a lens or prism be constant throughout the piece. 
Usually the requirement for uniformity within the piece is more rigid than the requirement for uniformity 
from piece to piece. There are two principal causes of optical inhomogeneity: chemical inhomogeneity 
and improper annealing. : 


17.3. 2,2 Since most glassy substances are complex mixtures, rather than precise chemical compounds, 
it is difficult to make them chemically homogeneous throughout. The presence of streaks of slightly varying 
composition results in striae, The harm done by striae depends on their loaction ina system. If they are 
so placed and oriented that all parts of each image-forming ray bundle pass through about the same optical 
path in the striae, the effect may be negligible. Thus a moderate amount of flat striae, approximately 
parallel to the plane of a weak lens, may be tolerable. On the other hand, in a reflecting prism in which the 
beams pass through the same volume in at least two different directions, it is impossible to meet this con- 
dition, and material for such prisms ‘should be free of striae. = 
/ . 
17: 3,3 Mechanical strain. The thermal history of the piece of material may also cause optical inhomo- 
geneity. If it has been such as to result in the presence of mechanical strains, the material becomes locally 
polarizing. The presence of this defect can be observed by examining the piece between crossed polarizers. 
However, even if there is no detectable strain, the material still may be optically inhomogeneous, and a 
more careful fine annealing of the glass, to accomplish the effect known as compacting, is necessary. (The 
fine annealing is also necessary to bring the index of the glass to its maximum value. Melt sheets supplied 
by manufacturers generally give index and dispersion measurements made on fine-annealed samples). 
Heating the glass to softening for making molded blanks, slumpings; etc. cancels out its previous thermal 
history and necessitates re-annealing to ensure the quality desired. 


17.3.4 Optical isotropy and anisotropy. 


17.3. 4.1 In most cases the designer requires that his materiais te optically isotropic - that is, the index 
-of refraction at any point must be constant, regardless of the direction in which the radiation is passing the 
point. Only occasionally does he want anisotropic or polarizing media. Optical glasses are isotropic, 
except as made locally anisotropic by improper annealing. Many crystalline materials with otherwise 
attractive characteristics are anisotropic and hence unsuitable for making lenses and non-polarizing prisms. 
However, crystals belonging to the cubic system, when free from mechanical strain, are optically iso- 
tropic, and some such are noted below, 


| ‘ 
17, 3.4.2 Occasionally a weakly anisotropic material such as sapphire can be used satisfactorily, ‘by orient- 
ing its optic axis parallel to the optic axis of the system. 
17. 3.4.3-A crystal which is isotropic optically is not necessarily so in all mechanical properties, and it 
may be desirable to have blanks for lens making cut with preferred orientation with respect to the cleavage 
planes. This will ensure uniform grinding or minimize losses from fracture along the cleavage planes. 

| ; 


17.4 INCLUSIONS ; 

. i 
17.4,1 Imperfections in optical materials. Optical materials may have imperfections in the form of tiny 
opaque or refracting inclusions. In ordinary optical glass the most|common of these are called, according 
to their nature, bubbles, seeds or stones. Other refracting media may have similar imperfections. The 
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harm done by such defects depends on their position in the optical system. An inclusion near an image plane, 
as ina field lens or im the plane-parallel plate on which a reticle is formed, will appear as a bothersome out- 
of-focus object in a visual system, or may give a false signal in an infrared system. The same inclusion in 
an objective lens may have negligible effect on the performance. Tolerances on such imperfections should be 
set with the specific use of the part in mind. 


17,5 ENVIRONMENTAL CHARACTERISTICS 


17.5.1 Optical system requirements. Withing recent years, requirements for the performance of optical 
systems under extreme environmental conditions, ‘such as in airborned equipment or under exposure to desert, 
jungle and artic conditions, and also the necessity of using available refracting materials other than ordi- 
nary optical glass outside the visible spectrum, have made it necessary for the designer to be conscious of 

the thermal, mechanical and chemical characteristics of the materials he proposes to use. The-most'im- 
portant of these are the following: aes 


(1) Softening characteristics - cold flow. A lens or window obviously should hold 
its Shape, including the figure of its refracting surfaces, under storage and service 
conditions. The softening temperature of the material should bé high-enough to 
ensure that this will be the case. A few materials exhibit the phenomenon of cold 
flow, a tendency to deform even at ordinary temperatures. 


(2) Resistance to thermal shock. Materials vary in their ability to undergo rapid 
changes in temperature without fracture. Some media, unless precautions are 
taken, are likely to crack during ordinary grinding and polishing. Others can 
withstand the changes involved in exposure on the exterior of supersonic airframes. 
The larger the piece of material, the more subject it is to damage from this cause. 


(3) Coefficient of thermal expansion. This characteristic, while related to the abil- 
ity of a material to withstand thermal shock, is also important if the instrument must 
withstand a wide range of temperatures. The coefficient matérial should be matched 
with that of the cell in which it is to be held or to which it is to be cemented. 


(4) Specific gravity. Especially in airborne equipment, weight is an important 

factor. Hence knowledge of the specific gravity of the material is useful. However,. - 
the significance of the specific gravity depends on the effect of the optical charac- . 
teristics of the design.of the system, If, for example, a material of higher density 
permits using a single lens instead of two, there still may be a weight advantage 

with the dense material. : 


(5): Hardness. The hardness of the material is important both during fabrication 
and in service. A very hard material, such as fuzed quartz, is difficult and time- 
consuming to grind. On the other hand, a very soft material is likely to develop 
scratches or sleeks during polishing. Soft materials should be avoided in locations 
where they will-be exposed to surface abrasion, as in exposed domes in airborne 
equipment. 


(6) Surface deterioration. Polished optical surfaces may deteriorate from a 
number of causes, the susceptibility depending on the material. Staining due to 
the action of atmospheric moisture and carbon diozide is known.as weathering. 
Closely related to weathering is susceptibility to tarnish or etching by weak acids, 
which may frequently occur in the atmospheres encountered. In hot, humid cli- 
mates mold may grow on the surface, leaving marks which cannot be removed 
except by re-polishing. 


(7) Devitrification. Some glassy materials have a tendency to devitrify, and the 
tiny crystals formed make the glass diffusing. Glasses for instruments which 
must be stored for long periods should be chosen with this in mind. 

17.6 REFRACTIVE MATERIALS FOR SPECIFIC WAVELENGTH RANGES 

17.6.1 Classifications. _ It is convenient to discuss materials under the following classifications: 


(a) for the visible region including the near ultraviolet and the near infrared, 
from about 0.36 to about 2.20u. 
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| 

(b) for the ultraviolet region at wavelengths shorter'than 0.36 . 
if 

(c) forthe infrared at wavelengths longer than 2. aye 


17.6.2 Applicable materials for visible spectrum. Most optical design work is done in the visible spec- 
trum and more types of media have been developed for it than for the others. These may be classified as 
ordinary optical glasses (including rare earth glasses), crystals (natural or synthetic), and plastics. Some 
of the media used mainly for the other wavelength ranges are transparent in this region and could be used 
here, but their disadvantages make them unattractive as compared with optical glass. 


| . ae 
17.6. 2.1 Optical glass. The properties of the ordinary optical glagses are well catalogued, and the designer 


should obtain the catalogs of several manufacturers for reference. ' These lists vary widely in the amount of 
information provided. The most elaborate lists gives indices of refraction for a number of wavelengths ~ 
distributed through the visible region, the Abbe or v-value, and several partial dispersions and dispersion - 
ratios, along with information on specific gravity, weathering characteristics, amount'of internal imperfec-. 
tions, and thermal characteristics. There is much similarity between the glasses of various manufacturers. 


However, if a catalog does not give the desired information on a characteristic which is critical for a special: 


application, it is well to inquire of the manufacturer rather than to take data from another manufacturer's ‘- 
catalog. ' 
17.6,2,.1.1 Figure 17. i shows the range of index values and v-valies within which most of the commercially 
available glasses fall. However, manufacturers’ lists vary widely in the variety offered. The available 
varieties are adequate for most purposes. If the importance of the [project warrants the expense, melts of 
glasses with properties intermediate between those listed can sometimes be arranged for. 

| : 
17.6.2.1.2 As pointed out elsewhere in this handbook, complete chromatic correction of a simple system 
puts a condition on the partial dispersion ratios of the glasses involved, as wellas onthe v-values. Thus, 
in a doublet, to bring light of three wavelengths to a single focus, the y values of the two glasses should 
differ, but the partial dispersion ratios should be equal. Unfortunately the partial dispersion ratio for most 
glasses (and other substances as well) is practically a function of the v-value, so this requirement cannot 
be met. However, a few manufacturers offer a small number of glasses which depart from the rule suffi- . 
ciently to be useful. . 
1 i 
! t 


' t 


I I 
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Figure 17,1- The range of commercially available glass, with respect to index and v values, 
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17.6.2,1.3 Although one foreign manufacturer's catalog has recently begun listing index values for the wave- 
lengths 0. 365p ‘in the ultraviolet and 1.014 in the near infrared, most manufacturers give only values in 
the visible region and to 0.405. in the ultraviolet. In selecting glass types for the ultraviolet or the infrared 
without resorting to actual measurement it is necessary to resort to some sort of extrapolation. Kingslake 
and Conrady* measured the indices of 17 glasses at various wavelengths from 0.365» to 2.54 . .An.approx~ 
imate value of the index of another glass can usually be derived by interpolation between the values for glasses 
with similar ny and v in Kingslake and Conrady's list. A number of formulae for demonstrating the 
refractive index as a function of wavelength have been proposed, the constants of the formula being determined 
from the indices of the glass in the visible region. A fairly recent formula has been proposed by Herzberger?* 


17.6.2.2 Crystals. Crystals, natural or synthetic, are rarely used for this wavelength region. The prin- 
cipal application is in the reduction, or elimination, of secondary spectrum in apochromatic systems. Fluo- 
rite (CaF) has been used for many years for this purpose since it has an index n_ = 1.434, anda v =95,4, 
The partial dispersion ratio D = 


. 2p Be 

PS a = 0.293 a 
which is equal to that of an ordinary glass with V= 57 to 59. Synthetic crystals, with diameters up to-7.5 
inches are available. Synthetic alum crystals (KAI (so, ),g- 12H,0 ) has also been used. For this 
material .n = 1.456, v= 58.2, = 0.315. Since alum is highly water soluble, the material cannot 
be used in exposed locations. It has usually been made the central member of a cemented triplet. 


17.6.2.3 Plastics. In recent years there has been considerable interest in some of the synthetic resins . 
which can be made transparent and colorless. These materials have a number of attractive features, fore- 
most of which are its lightweight, and the possibility of fabricating elaborate forms quite inexpensively by 


' casting. ; 3 


17.6.2.3.1 Specific gravities of typical optical plastics are 1.05 to 1.19, compared with 2, 48 for crown glass 
and 3. 41 for dense flint. The weight savings are obvious. . 


17. 6.2.3.2 Since the optical elements can be fabricated by casting or molding (processes which are not 
practical with glass for any, except crude optical.elements) it is possible to aspherize mold inserts in order 
to aspherize lenses, and to cast optical elements complete with mounting flanges, or other mechanically con- 
venient additions. 7 


17.6.2. 3.3 Counterbalancing these advantages, available plastics have a number of disadvantages which so 
far have worked against their use in any but very simple and non-critical systems. They are quite soft, and — 
seratch easily. Many attempts have been made to improve this defect, such as coating the lenses with harder 
materials, but low scratch resistance remains an important defect. They are quite subject to change of 

index with humidity, and to significant change of index and surface figure with temperature. They also deform 
easily under mechanical force, and some tend to turn yellow with age. : 


17. 6.2.3.4 The principal injection-molding materials now used are acrylics, with 1) =1.49, ¥ =58, and 
styrenes with np =1.59, and y =31. Allyl-diglycol carbonate is used for casting. 


17, 6.2.3.5 Cast spectacle lenses have some popularity because they are light weight, but the principle defect 
preventing their wider acceptance is that they scratch easily. : 


17.6. 2.3.6 Large cast blocks are used in unit-power, tank periscopes to shorten the optical path through: the 
periscope, but the end prisms, which ideally should be cast in a single piece with the block, are still made of 
glass. 


‘ 17.6..2.3.7 Acrylic lenses have been used in large numbers in simple one and two lens slide viewers, and in 


inexpensive camera viewfinders. Their quality is adequate for these applications, and their lightness and 
cheapness are attractive. An additional advantage in the view finders is the aspherization of one lens surface 
to obtain the elimination of barrel distortion. Injection-molded acrylics are also widely used as singlet men- 
iscus objective lenses in box cameras. One camera manufacturer has introduced a plastic £/8 triplet. It is 
possible that more applications of this sort will be made as fabrication processes are developed ‘and improved. 


* R. Kingslake and H. G. Conrady, J. Opt. Soc. Am. 27; 257 (1937). 
** M. Herzberger, J.Opt. Am. 32; 70 (1942). 
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17.6.3 Materials suitable for wavelengths longer than 2.21 . 


17.6.3.1 For application reasons, optical systems in the infrared have been designed mainly for three wave- 
length regions: the region near 11 , for use with image converter tubes and infrared photography; the 
region from 2 to 3 , for use with lead sulphide cells; and the region near 4.2u . (Some applications have 
called for coverage of longer ranges.) Current activity shows an interest in longer wavelengths. As noted 
above, ordinary optical glasses are satisfactory for the region near; lu . However, they begin to absorb 
strongly at about 2.52 , and their usefulness in the 2 to 3 micron region depends on the requirements of the 
application, and on the thicknesses needed. For longer wavelengths, other materials must be used. 


1 
17.6.3.2 The search for satisfactory infrared transmitting materials has been active and is continuing 
vigorously. The situation is complicated by the fact that many of the applications, for airborne equipment 
and especially for windows for such equipment, require’ excellent mechanical characteristics, and large 
pieces of material. ‘ 
| ‘ 
17. 6.3.3 The properties of approximately fifty materials which are of potential usefulness in the infrared, .. 
and which constitute nearly all such materials which had been investigated up to the end of 1958, have been: 
gathered and tabulated by Ballard et al* and the designer should provide himself with a copy of this refe- 
renee, It lists for each material, to the extent to which information was available at the time of publica- _ 
tion, the composition, molecular or atomic weight, specific gravity, crystal class, transmission, reflec- | 
tion loss, refractive index, dispersion, dielectric constant, melting temperature, thermal conductivity, ° 
therraal expansion, specific heat, hardness, solubility and elastic moduli. The transmission is usually 
presented as a curve showing external transmittance as a function of wavelength. Refractive index as a 
function of wavelength is given in tabular form. The dispersion (which is, of course, implicitly contained 
in the refractive index table) is for many substances plotted as a curve showing the derivative of index with 
respect to wavelength as a function of wavelength. One chapter is devoted to tables each listing the sub- 
stances arranged in order with respect to a single characteristic such as thermal conductivity or coeffi- 
cient of linear expansion, thus permitting easy comparison. The last chapter is devoted to a brief discus- 
sion of glasses and plaStics. 


17.6. 4 Materials guitable for wavelengths shorter than 0. 361 . os in ultraviolet optics is much less 
active than in.infrared, and the existing applications for the most part impose much less stringent require- 
ments on non-optical characteristics of the materials, and in size of pieces required. A modest number of : 
suitable materials is available, some of them synthetic crystals. Important ones are listed in Table 17.1. 


together with some of their properties. Index and dispersion in the visible region are given to show the 
general optical position of the material. Literature references to ultraviolet index and transmission inform- 


ation are included. | 
: Max. Piece 
Material Cutoff Diameter | Remarks 
25p 7.5 in. Highly water 


Sodium Chloride 
soluble 






















Potassium Bromide 7.5 in 


















Potassium Iodide 7.5 in. 
Lithium Fluoride 6.0 in. 
Calcium Fluoride 6.0 in. 
Fused Quartz 


several in. 
Barium Fluoride ; 





° : | | 
Table 17.1- Materials suitable for ultverthlet beyond 0.36 y. : 


1 


17.7 REFLECTING MATERIALS 


17.7.1 Thin films, Nearly all reflecting surfaces in optical instrumentation are made by forming thin 
films, usually by evaporation but sometimes by chemical means, on glass or some other appropriate sub- 
strate. Most frequently simple metal films are used. For special purposes, multilayer films are 
sometimes provided, which give enhanced reflectance in a particular wavelength region, or may servé as 


* Stanley S. Ballard, Kathryn A. McCarthy, William L. Wolfe: Optical Materials for Infrared Instrumenta- 
tion; IRIA Report #2389-11-S, L'. of Michigan, Ann Arbor, 1959." 
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filters, reflecting in one region and transmitting in others. 


17.7.2 First surface versus second surface coatings. Depending on the application, the radiation may be 
incident on the surface either on the side in contact with the glass, or in the side exposed to the air 
ona vacuum. The latter use is commonly called a "first-surface" reflection; the former, "second surface." 
When used as a second surface reflector the film can be protected by such means as plating and painting. 

For use as a first surface reflector, any-protecting coating must be transparent. A film of silicon monoxide 
is frequently employed. Such a film is so thin as to have very little effect on the reflectance in the visible 
and in the infrared out to 9 or 10u . However, the thickness required for protection of the.surface is suffi- 
ciently large to produce interference effects which may decrease the reflectance at various ultraviolet wave- _ 


lengths. 


17.7.3 Simple metal coatings. The situation with respect to simple metal coatings has been summarized 
by Haas*. Aluminum, silver, gold, copper, and rhodium are considered to be the most important mirror 
metals. The only material that has a high reflectance in all useful regions, the ultraviolet, visible and. 


. infrared, is aluminum. The reflectance of all other metals drops rapidly in the visible or ‘ultraviolet. In 


the near infrared between 1 and 2u the average reflectance of silver, gold, copper, and aluminum is higher 
than 95% but the reflectance of aluminum is about 2% to 3% lower than that of the other three materials. In 
the far infrared at 10p all four metals have a reflectance of 98% to 99% and even rhodium reflects about 96%. 
Today, the most frequently used high reflecting coating for first surface mirrors is vacuum deposited alumi- 
num. It adheres better to glass and other substrates than the other high reflecting materials, it does not 
tarnish in normal air, and it is very easy to evaporate. Obviously, aluminum coatings are especially 
important for astronomical mirrors and reflection gratings where high reflectance in the ultraviolet is 
required. Figure 17.2 of Haas (loc cit) shows the reflectance of freshly deposited films of Ag, Al, Au, Cu 
and Rh as functions of the wavelength from 0.22 to 10. . For second-surface reflectors in the visible and 
near infrared silver is frequently used. As a second-surface reflector it can be adequately protected by 
copper-plating and painting. 
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Figure 17. 2- Reflectance of freshly deposited films of Ag, Al, Au, Cu, and Rh as function of 
wavelength from 0, 22 to 10p, (From dour. Optical Soc. America, G. Haas 945; 945, 1955) 


* Haas, George: Filmed Surfaces for Reflecting Optics; JOS 945-945, November, 1955. 
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17.7.4 Reference. The subject of reflective and anti-reflective coatings is treated extensively in Sections 
20 and 21 of this handbook, 


17.8 AVAILABILITY; COST, EASE OF WORKING 


17.8.1 General. Materials with attractive optical properties are pametaed unsuited to particular applica~ 
tions because of unavailability, either in quantity or in size of pieces required, because of high cost, or 
because of the difficulty of working the material satisfactorily. Even in cases in which the cost itself is not 
an objection, the designer of military instruments should as far as possible avoid the use of materials which 
would be in critical supply, or cause excessive demands on manpower in times of national emergency. 

| 
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18 ATMOSPHERIC OPTICS 


18.1 INTRODUCTION 


The use of optical instruments, and one may include the eye in this definition for the present purpose, is limited 
by the transmission of the atmosphere. As will be developed in the following section, the degree to which the . 
usefulness of an instrument is limited by the atmosphere is roughly related to the aperture. Under specialized 
conditions however, aperture is of no consequence since image information content is reduced to zero by-scat- 
tering. 


Two generalized types ‘of optical systems may be considered with regard to atmospheric effects. First is the 
information gathering type of system which depends upon image formation for fulfillment of its purpose. Second 
are photometric devices which have as their purpose only the detection of amount of radiant energy. Except for 
highly. specialized instrumentation, most optical systems in which atmospheric contributions are significant are 
of the first class. This discussion will deal only with instruments intended for the former purpose. . : 


18.2 EXTINCTION 


18.2.1 Types of transparency losses contributing to extinction. 


18.2.1,1 The light of the stars, planets and sun is observed to be weakened as it penetrates the earth's atmos- 
phere. The investigation of this effect, termed the Astronomical Extinction, is one method which has been used 
in investigating the scattering properties of the atmosphere. Further information has been obtained by measur- 
ing the distribution of light in the daylight sky. Both of these types of measurement are of course repeated under 
laboratory conditions with artificial light sources, and are then useful in the study of extinction produced by 
media such as rain and fog. The extinction in the clear sky has three contributing components: 


(1) Absorption by air molecules. 
(2) Rayleigh scattering by air molecules. 
(3) Scattering by dust and haze. 


The scattered component observed from the clear sky is due to factors 2 and 3 only while the first factor in-. 
cludes the continuous Chappuis bands of Ozone that cover'a substantial section of the visual spectrum. Also 
included in the first factor are the molecular absorption bands of Oxygen, Water Vapor, Carbon Dioxide etc. 
These later bands are of particular interest to those dealing with Infra-Red optical systems. The so-called 
atmospheric "windows" are merely areas without such absorption. The design of Infra-Red systems is con- 
sidered a highly specialized application, and further discussion of this type of atmospheric absorption will there- 
fore not be included here. Atmospheric transmission as a function of wavelength is presented in the International — 
Critical Tables. 


8.2.1.2 Extinction can be measured by observing the intensity I of a light source as seen through a volume 
with scattering particles. If I, is the intensity of the same light source seen through the same volume with- 
out scattering particles, the ratio is: 


VW, = et* (1) 


where 1 is the path length through the particulate medium and x is the extinction coefficient. Even witha 
very dilute smoke, for example, a considerable intensity of scattered light I, may easily be detected at right 
angles to the direction of transmission. A certain amount of true absorption “does of course occur, and this 
represents the actual disappearance of light -- the energy of which is lost as heat. (The kinetic energy is 
transformed into heat motion of the molecules of the absorbing material.) The term «x may therefore be con- 
sidered as consisting of two components, a (absorption) and s (scattering). The lateral scattering of a beam 
of light as it passes through a cloud or aerosol may be easily demonstrated. This phenomenon is closely 
associated with both diffraction and reflection. The light scattered at right angles to a primary beam is found 
to be partially plane polarized. The reason that the scattered component normal to the primary beam is not 
completely polarized is because of multiple scattering where light is scattered several times and therefore 
yields a non-constant plane of polarization. The integrated effect is therefore one of partial polarization. The 
polarization produced in the scattered component has been used as the basis of a compass designed by Pfund. 
The fact that the maximum polarization is observed perpendicular to the incident sunlight allows the approxi- 
mate direction of the sun to be measured even though the sun itself be invisible. This information coupled with 
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time data allows direction to be computed in areas where magnetic data are unreliable. | 

18.2.1.3 The transmissivity of the atmosphere for information-gathering optical systems is an inverse function 
of the extinction and is limited by particulate scattering such as that caused by haze, clouds and fog, and dusts. 
The subsequent discussion covers the extinction and, more particularly, scattering by these media. 


18.2.2 Particulate scattering. 


18.2.4.1 Two of the three factors which contribute to the extinction i in the clear sky are concerned only with — 
scattering: 


(1) Rayleigh scattering by air molecules. 
(2) Scattering by dust and haze. 


| 2 . 
In the unclear or turbid sky, additional scattering is produced by rain, clouds or fog. If one disregards ab- 
sorption by air molecules, the extinction may be regarded as a function of the above TWO listed causes. 


18.2.2,2 The first quantitative evaluation of the laws governing the scattering of light" iy, small particles was 
made by Lord Rayleigh in 1871. His mathematical investigation yielded a general law for the intensity of scat- 
tered light. The law derived is generally applicable to particles of any index of refraction different from that 
of the dispersing medium. The one restriction on the application of a law is that the particle size must be 
greatly smaller than the wavelength of light. 

18,2.2.3 As might be almost intuitively arrived at, the intensity of the scattering is foun to be directly pro- 
portional to the incident intensity and also directly proportional to the square of the volume of the scattering 
particle that is typical of the scattering medium so long as the maximum particle dimension is small: with 
respect to a wavelength. 


18.2,2,4 A most interesting result of the work of sia intends is that the degree of scattering is dependent upon 

wavelength. Thus, for a given size of particle, long waves are scattered less than short ones, because the 

particles present obstructions to the light waves which are smaller compared to the longer wavelengths than 

to the shorter ones. The general expression is given as: 
I, = a |  @) 

where k is a constant of proportionality and I, the intensity of the scattered component. For example, red 


light at 2 wavelength of 0.72 microns has a wavelength 1.8 times as great as that of violet light at 0.40 microns.. : 


The law predicts: 


Is, = (1.8)* Ig. = 10 Is. 


¥ 
: | i 

assunting that the particles doing the scattering are small compared to either wavelength. As was pointed out 
previously, if the particulate scattering is due to large particles, the wavelength dependence does not follow 
the law expressed in equation (2). The relative intensity of the scattered component (I,) as a function of 
wavelength is shown in Figure 18.1. 


18.2.2.5 It is becausé of this wavelength dependence that so-called "haze" filters are used. The scattered. 
blue light in the sky may be removed by use of a minus-blue filter so that the sky will appear darker in photo- 
graphs. Indeed, a dark red filter -- corresponding to the wavelength of least scattering -- will show the clear 
sky as nearly black. Much here of course depends upon the definition of "clear" sky.. When the particulate 

size is such that it is no longer small with respect to the wavelengths involved, white light scattering will occur. 
This is the result of ordinary diffuse reflection from the surface of the particles. When:transparent large par-. 
ticles are considered, more complex results are obtained. In general however, the final result is that white 
light is scattered as white light and not to a greater extent at the shorter wavelengths. 


18.2.2.6 Haze, together with dusts, forms the atmospheric contaminant referred to as the "aerosol". The 
aerosol consists of airborne particles of microscopic and sub-microscopic size. This aerosol contributes to 
‘scattering and therefore to the extinction. I : ; 
18.2.2.7 The scattering pattern for atmospheric haze cannot be arrived at analytically with the ‘same accuracy 
as the extinction law given previously. This is due to the fact that secondary scattering occurs, Therefore, 
the skylight cannot be simply separated into a factor due to molecular scattering and one’ due to haze. 

: eu 


I I 
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Figure 18.1~- Relative intensity vs wavelength. 


18.2,2.8 There are two special sources which contribute to the world-wide aerosol. These are volcanic erup- 
tions and forest fires. The eruption of Krakatoa in 1883 was the cause of beautiful sunsets in most parts of the 
world. A large eruption at Iceland in 1783 caused a particularly red sun to be observed. A more recent erup- 
tion of Katmai in 1912 was of special interest since it allowed measurements of particle size to be made. The 
particles of haze were from 1.0 to 1.2 microns in diameter.- Dust particles of the size 0.34 to 0, 44 microns 
diameter were also found and measured. 


18.2.2.9 Summer heat haze is a special case. It covers large portions of the earth's surface which are free 
from dust, fires, or even human habitation. For example, a more or less dense haze hangs over jungle areas 
in Colombia and the Amazon basin the year around. In the summer months, the heat haze covers most of the 
continental United States except the desert areas of the Southwest. This haze is of such a density that the open 
country is almost as hazy as the cities. This heat haze has nothing to do with so-called smog, fog, smoke or 
even moisture. It is just as dense near the ground, where the relative humidity may be 40 per cent, as near 
the inversion layer 10,000 feet up, where the humidity may be near 100 per cent. This blue summer haze 
looks so much like the man-made "Los Angeles” smog that it may almost be considered a "natural" smog. The 
most usual explanation given for this phenomenon is one based on the production of the"natural’smog by organic 
emanations from plants. These plants release vast quantities of material into the air. Most of the aromatic 
substances emitted by plants are hydrocarbons, many of them essential oils. Also, many plants contain ter- 
penes, which after evaporation produce the pungent odors of the deserts and pine forests. Since such summer 
heat haze is not found over water areas, this explanation is logical. 


18.2.2.10 Consider the blue light of a clear sky as seen at sunset. Observing directly overhead, the light 
scattered will be partially plane-polarized with a maximum perpendicular to the incident sunlight. ‘The rea- 
son that completely polarized light is not observed is due to multiple scattering -- scattered light that is scat~ 
tered a second, third time etc. before reaching the observer. The observation of a red sunset is attributed 
to the scattering of light by fine dust and smoke particles in the earth's atmosphere near the surface. Since 
the amount of atmosphere traversed by the sunlight is much greater at sunset due to the low angle, the dust 
path to the observer is greatly increased with the result that blue and violet have been scattered and the sun 
appears in the remaining colors. A by-product of the sunset effect is that, due to the low total illumination 
reaching an observer from the sun and the relatively large amount still present from sky light, the spectral 
shift in illumination is toward that quality of light yielded by the sky. Under these circumstances, the sky 
overhead is still blue. The shift is therefore toward the blue end of the spectrum. Due to the so-called "blue 
myopia" various vision difficulties may be encountered at this time of day even though the total illumination 
level is quite adequate. The optical instrument designer must consider the use of a spectral balancing filter in 
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visual instruments to be used at dusk. The obvious problem of total light level vs: detectability requires com- 
promise which must be decided upon the merits of each particular application. : 


18.2.2.11 The drops of rain, clouds, and fog are much larger than the particles that go to make up dusts and 
haze. A cloud or fog may contain a proportion of very small droplets, but the diameters of the drops that form 
.the largest portion of the cloud or fog are those that dominate the extinction characteristics of the medium. 
These particle diameters range from 10 to 40 microns. 


18.2,.2,12 One extremely important fact to be drawn from this, as may be concluded from the mathematical 
discussion, is that the extinction contribution of clouds, fog and rain where particle sizes are from 10 to 40 
microns or larger is virtually constant throughout the ultraviolet, visual, and near infrared regions. Exactly 
where one may establish the maximum of the extinction curve will fall is difficult to predict. - Measurements 
throughout the 0.4 to 5.5 micron range have been made by many observers. The extinction remains constant 
within + 10 per cent. The efficacy of special filters, for example, under these conditions is not real if pene- 


tration is considered. A more complex case exists where cloud cover is not complete, and it is desired only: 


to obtain the best contrast condition against this broken cover. In "typical rain, the droplet size is of course . 
again much larger than in the case of fogs and clouds. Again, the extinction is essentially constant throughout . 


the spectrum. It is for this reason that special color filters are of little or no value in the penetration of clouds, 


rain or fogs wherein the particle size is of the order of from 10 to.40 microns. A slight gain is obtained by the 
use of filters in visual instruments which peak the response to fit the response curve of the eye. Likewise, the 
response of a given photographic material or photo-cathode substance may be matched in order to give some 
smali penetration advantage. Filters are of a definite advantage whenever the particle size is small with re- 
spect to the wavelength. 


18,3 EXTINCTION AND VISUAL INSTRUMENTS 


18.3.1. Imposed limitations on visual instruments. 


18.3.1.1 The main limitation produced by extinction exists in two degrees. First, if the transparency is very 
low (extinction coefficient high) no art exists whereby penetration in the visual spectrum may be achieved. This 
is the case in dense fogs, clouds and rain. Since it is impossible to design for this case, the best compromise 
must be made for the second condition, namely; when transparency is reduced by smaller concentrations of 
aerosol or water droplet dispersions. We will consider instruments of limited aperture and power. Such in- 
struments will not be seriously hampered by poor seeing” conditions (such as will be discussed subsequently), 
but will be limited by extinction. ' 


| I 
18.3.1.2 Visual optical systems having apertures of up to two inches and magnifications up to 10 diameters are 
not greatly affected by differences in air density, inhomogeneity, turbulence etc. when used at elevation angles 
in excess of 15 degrees. Larger systems are more seriously affected, nearly proportional to their aperture. 


18.3.2 Filters. : 2 ‘ 


18.3.2.1 The main thing which can be done in visual optical instrument design to optimize performance under 
less than ideal atmospheric conditions is the addition of a series of suitable filters. The purpose of the instru- 
ment will of course govern the choice of filter combinations made available. 


18.3.2.2 The color filter which will prove most advantageous depends upon the object being viewed and upon 

the background. For ground objects, where the background and subject are both subjected to the same scatter- 
ing effects,. filter choice will depend upon the color of the object. For light or dark objects against the sky, the 
filter choice will depend upon the brightness of the target and the color of the sky. 


(1) When the target is white and bright against the clear blue sky, a filter (red | 
or yellow) which will make the sky appear relatively darker with respect to 
the object is desired. i ' 





(2) Observation of dark objects against a blue sky presents a more complex 
problem. Some observers maintain that if the blue myopia of the obser- 
ver is compensated, best results are obtained with a blue filter. Others, 
and the writer is one of them, fail to observe any improvement in visi- 
bility of dark objects against the blue sky with any filter, and subsequently 
suggest that a "clear" condition is best under these circumstances, The 
same is true of the compromise required in the observation of mixed white 
and dark objects against the clear blue sky. For visual purposes the "clear" 


condition is best or nearly so. 
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(3) While a white target is usually lighter than a clear blue sky background, it 
may easily be darker than a white sky background, In thjs instance it is 
found that color filters are of little or no help. If the target is colored, the 
choice of filter to obtain the best result is that which darkens the target more 
than the background, 


18. 3.2.3 As we have noted, a great proportion of scattered light is partially polarized perpendicular to 
the incident radiation causing the scattering. The use of polarizing filters may allow an increase in contrast 
under special conditions where the scattered component may thusly be at least partially eliminated. 


18.3.2.4 At the risk of redundancy, it will be pointed out once again that when large particle media are produc- 
ing scattering, no filter will appreciably increase penetration. In the case of true haze, where the particle size _ 
is small, removal of the scattered light is practical by filtration. A minus-blue filter, or even a red filter may 
be used under these circumstances to improve clarity. : : : 


18.3.3 Light gathering power. 


18.3.3.1 One chief result of high background illumination is reduced contrast when bright objects are to be - ~ 
viewed, Also, intervening particles cause scattering which further reduces contrast. The later cause’ of con- 
trast reduction applies to both bright and dark objects viewed against a comparatively bright background. If the 
visual consequences of this loss of contrast are to be minimized, it is necessary that further contrast loss' not be 
produced by having an exit pupil smaller than the pupil of the eye, It is found to be advantageous, therefore, to 
accomplish effective aperture reduction by means of neutral density filters rather than by reduction in aperture. 
by means of adjustable or fixed aperture stops. The use of such neutral density filters has a further advantage, 
not directly connected with atmospheric optics, in that the resolving power of the instrument is not reduced as 

it might well be if the aperture were reduced by physical limitation of diameter. 


18.4 EXTINCTION AND PHOTOGRAPHIC INSTRUMENTS 


18.4,1 Effect of instrument orientation. Photographic instruments, for the present purpose, will be placed in 

two groups -- those used looking up, such as missile tracking cameras, ballistic cameras etc, and those look- 
ing down, such as aerial cameras, satellite borne cameras etc. The atmospheric effects due to extinction co- 
efficient variations are quite different in the two cases. Some generalizations can be made which apply to both 
groups, but the two are better treated separately. : g ae 


18.4.2 Photographic instruments "looking up”. 


48. 4.2.1 Missile and satellite tracking cameras and telescopes always have the sky as a background, Depend- 
ing upon the conditions of a particular firing or satellite pass, the sky may be either clear or cloudy, bright or 
dark. Due to a gain in performance at greater scale, missile tracking and satellite surveillance cameras are 
usually of great focal length. Satellite acquisition cameras, on the other hand, are of high optical speed and 
short focal length. 


18.4.2.2 As would be expected, the contrast between the target and the sky background is a function of the dis- 
tance from the camera to the target. Horizontal and vertical components of this distance however, are not of 
equal importance in the reduction of contrast. For a dark target on a clear day (blue sky background) subject 
contrast is decreased more by an increase in altitude than by an increase in horizontal range. For a bright 
target on a clear day the opposite is true. . 


8.4.2.3 As is the case for visual instruments, the greatest gain in performance is obtained through the use of 
suitable filters, The type of filter to be used with an optical system "looking up" depends upon the relative con- 
trast of the object and the background. 


(1) Filters for photography of white targets against a blue clear sky require effective 
darkening of the sky background and heightening of the relative brightness of the 
target. For a spectrally non-selective white target, the use of a red filter (Wratten 
25 or 29) ordinarily gives excellent contrast results. A blue filter will give poor 
results in this situation since this will effectively reduce contrast. A yellow filter 
will yield satisfactory results under these conditions, but the red filter will be 
superior provided that the filter factor or effective density is not so great as to 
reduce the available illumination below operable limits. 
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(2) Filters for photography of dark targets against a blue clear sky require effective 
darkening of the target and heightening of the relative brightness of the background, 
This can be achieved by the use of a blue filter (Wratten 47). The photographic ma- 
terial does not suffer from the blue myopia of the visual observer. Also, photo- 
graphic contrast in blue is essentially the same as|for other colors --:in fact for 
certain color materials more tone scales are available from the blue sensitive layer 
than from any other -~ so that the contrast rendition can be excellent under these 
circumstances if a blue filter is used. If the target is in an orientation 180 degrees 
opposed to the sun, and if the sun is very low on the horizon, a yellow or red filter 
may actually be better than the blue, due to the blue deficiency of the sunlight which 
must pass through a greatly extended atmospheric path. In the case of a satellite 
that is effectively outside the earth's atmosphere however the choice of filters is 
more complex, since the scattering path length for light reaching the optical system 
from the target is nearly the same as the scattering path length of the light from the 
sun (here the atmospheric path length only is consiflered. 
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(3) When photography is done on either white or gray objects against a sky background 
which is whitened by scattering, filters are found to be of little if any assistance, 
If the target is colored, the choice of filters should be such as to insure the darken- 
ing of the target more than the background. For example, a blue filter would be used 
with yellow or red targets. i ' 


18.4.3 Photographic instruments "looking down". 
EE Om INE COWnT 


18.4,3.1 It is well known that photographs taken with large and small lenses of similar quality have nearly the 
same microscopic contrast in the presence of haze, but have ground resolution modules approximately propor- 
tional to focal length. There are many other factors to be considered, such as the quality of the lens, the lens 
mounting, the type and speed of the shutter, the filter used if any, etc. In general however, if all these factors ° 
are equal or nearly so, and if the laboratory performance resolution wise (in lines per millimeter) remains-in- 
dependent of focal length as is usually the case with present day aerial lenses, then the focal length is the most 
important factor in obtaining a given desired ground resolution. 


18,4,3,2 The only extinction or scattering phenomenon which can be partially eliminated by means of filters in 
the case of photographic instruments "looking down" is haze. Minus-blue filters are commonly employed for 
this purpose. Since most ground objects have extremely low contrast ratios (of the order of log 0.1 and there- 
abouts) the elimination of haze effects is extremely important. Red filters have a better haze elimination char~ 
acteristic in the case of true haze, but these have a tendency to cause natural greenery to appear too black for 
satisfactory interpretation. The usual compromise has been to select a yellow or orange filter for the purpose 
of haze minification. : . 


18,5 "SEEING" 


18.5.1 Atmospheric factors affecting "seeing". 


8.5.1.1 "Seeing," as differentiated from transparency, (reciprocal extinction) is concerned with those factors 
which limit the information content of images by causing a lack of bulk homogeneity in the optical medium pre- 
ceding the optical system. ' 


| 
18,5.1.2 At least two basic causes for differences in refractive index of air may be demonstrated. First, there 
is the "suryp" analogy, in which the density -- and thus the refractive index -- is changed by local differences 
in temperature throughout the air mass. A second method of producing differences in refractive index is by the 
condensation and rarification of air by sonic means. When a sound wave moves through air, the air mass in- | 
stantaneously consists of a series of sections of air having in turn increased and decreased densities -- and thus 
increased and decreased refractive index. These two causes of inhomogeneity in air are the basic causes of 
"seeing" difficulties. ' ‘ 
| 
8.5.1.3 Any observer who has made observations with a medium size or larger telescope is aware that the per- 
formance of his instrument is seriously limited by the astronomical "seeing". Images of stars are much larger 
than is the case if the image diameter were to be limited by the diffraction of the telescope objective alone. 
Lunar and planetary detail is badly smeared when the seeing is poor. For example, the average seeing disc of 
the Hale telescope of 200 inch diameter is about 2.5 seconds of arc while theory indicates that the resolution 
should be on the order of 0.04 seconds of arc. The optical quality of the telescope is not at fault. The difference 
is due to the quality of the’seeing."" And, it must be remembered that the location of the 200 inch telescope was 
chosen for the good’seeingconditions existing on Mt. Palomar. ‘ : 
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18,5.1.4 The total amount of light received from a bright star by a telescope of moderate size fluctuates 

in an irregular fashion, and in a manner which can be shown to be due not to any intrinsic fluctuations in-bright- 
ness of the star, but to the fact that the starlight must pass through the atmosphere of the earth wherein there 
are regions of density irregularity. A 12 inch aperture telescope, for example, will exhibit variations in inten- 
sity of 4 10 per cent of the average value: The frequency of variation may change from several seconds per 
cycle up to thousands of cycles per second. 


18.5.1.5 Two types of effect are attributable to differences in the air mass preceeding the objective. The first 
consists of oscillation or image motion. This is due to the movement of relatively large air masses at compara- 
tively low velocities. The second is scintillation. Scintillation is the fluctuation in the light of stars known to be 
caused by motion across the telescope objective of a complex pattern of light and dark bands known as shadow 
bands or the shadow pattern. . 


18.5.2 Oscillation, 


18.5.2.1 The change in position of an image in the focal plane of an objective system due to atmospheric dis- 
turbance is known as oscillation. This image defect does not of necessity destroy visual resolution. There is 
a good likelyhood that photographic resolution will be seriously curtailed if substantial amounts of oscillation" 
are present however, since the photographic plate is inherently an integrating device and does not by-itself _ 
compensate for shifts in position of a high quality image. 


18.5.2.2 On a simplified basis, oscillation may be thought of as being caused by the passage of various lens 
shaped or prism shaped "chunks" or modules of atmosphere in front of the objective. If each air module is of 
a size greater than the diameter of the telescope objective, a comparatively good image will be seen whenever 
the entire objective diameter is covered by a single homogeneous module. Since such air modules occur in 
various layers at different altitudes and move with different velocities, it is obvious that seeing becomes a 
very complex thing that is difficult of analysis. , 


18.5.2.3 Ina real situation, several cross-currents of air may contain air modules of various sizes. When, 
in accordance with the laws of chance, the optical path through a diameter covering the objective is equal to 
within the tolerance of one quarter wavelength of light, an excellent image will be found in the focal plane of 
the telescope. 4 


18.5.2.4 In the case of relatively slow moving air masses which give rise to oscillation, some sort of com- 
pensation is practical, Photometric guided tracking instruments have been developed to compensate for 
oscillation. These instruments detect the angular movement of the image of an astronomical object, and 
move the photographic plate or the image so that the effective position of the image on the plate is constant, 
and a good photographic image is produced, 


18.5.2.5 The larger the telescope, the less the probability that the air mass over it will be homogeneous within 
a quarter wavelength path difference at any given time. Thus follows the hard fact that smaller telescopes may 
frequently give better resolution than larger ones even though their theoretical resolving power is not nearly so 
great. ee 


18,5.2.6 Even when the air modules passing over the objective are of sufficient size so that theoretical or 
nearly theoretical resolution may be obtained, the image motion caused by the shifting air masses is such that 
long period photography may fail to yield anything approaching what may be seen visually. Very short exposure 
photography has been tried in efforts to circumvent this difficulty. Also, guidance of the photographic plate 
and/or the image forming beam have been tried to yield better photographic results. Both of these methods 
have yielded some success. Excellent planetary photographs have been taken recently with the 60 inch aper- 
ture reflector on Mount Wilson after the adaptation of a seeing compensator at the photographic focus. This 
device moves the final image in accordance with the image shift so that a non-moving image on the plate is the 
result. Short exposures using telescopes of large aperture have also given promising results in planetary 
photographs. : 


18.5.3 Scintillation, 


18.5.3.1 ‘Those fluctuations in the light of a star that are not due to any inherent change in brightness of the object 

but instead to the motion across the telescope objective of a complex pattern of lights and darks, known as the 
shadow bands or shadow pattern are called scintillation. This shadow pattern is caused by the passage of star- 
light through atmospheric irregularities which must occur at a considerable height. These irregularities dif- 
fract the light and cause rarification: and reinforcement of the wavefront at various points along the ground, A 
fairly complete theory of the relationships between the atmospheric irregularities and the pattern of lights and 
darks produced in the shadow pattern has been developed. 
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18.5.3.2 It is common knowledge that the theoretical diffraction pattern can only be observed with telescopes 
of small aperture and under good conditions of'seeing.” With instruments of moderate size -- 36 inches and up- 
wards -- such theoretical resolution is rarely if ever achieved, Using the 36 inch aperture example, the theo- 
retical resolution limit would be less than 0.15 seconds of arc. In practice, however, the starlight is usually 
spread over a disk of from 2.0 to 5.0 seconds of arc in diameter. This is called the’Seeing disk." This"'seeing 
disk"is simply the circle of confusion for the rays reaching the focus (physical optics disregarded for the mom- 
ent), and its diameter is a measure of the lack of parallelism of the rays when they arrive at the objective from 
the star, We may thus choose to consider the’seeing disk’ks the summation of the diffraction patterns formed 
by each element of the objective and the air column over it. These elementary diffraction patterns are in rapid 
oscillatory movement both along and at right angles to the optical axis of the telescope. If the aperture of the 
large telescope is stopped down to the aperture which would yield the theoretical limit of resolution equal to the,’ 
actual resolution of the large system, the usual diffraction rings will become clearly visible and sharply de- 
fined, The amplitude of brightness scintillation will be noted to havejincreased roughly inversely to the ratio 
of new to old diameters, This leads to the conclusion that the”seeing disk formation is a phenomenon largely 
independent of brightness scintillation. It seems probable that the'seeing disk'arises from refraction of the * 
rays in their passage through our atmosphere, while brightness scintillation is mainly a diffraction effect a- 
rising from the presence of much smaller reinforcement and rarification irregularities within the beam. 


18.6 THERMAL EFFECTS 
18.6.1 Types, 


18.6.1.1 Differences in refractive index due to fluctuations in density which are in turn due to thermal effects 
play a considerable role in the limitation of vision and photography through optical instruments used for ground 
level observations. This so-called "ground seeing" frequently limits'what can be seen even with low power in- 
struments. In some instances these effects seriously reduce the information which can be gathered by such a 
small aperture optical system as the human eye. : ‘ . 

| f 
8.6.1.2 Also, thermal effects in and around larger optical systems are frequently’ the limiting factor in the 
performance of these systems. Thus, tube currents and dome currents in astronomical and missile tracking 
telescopes may reduce the performance of the instrument by a factor of two or more if measures are not taken 
to circumvent the degradation. | : 

| es) | i 
18.6.1.3 The "mirage" or atmospheric striae noticed over the desert floor is an example of what may occur when 
an air mass is heated by radiation and conduction. In desert areas, even low power telescopic systems of small 
aperture are very limited in use at low elevation angles. A pair of 7 x 50 binoculars will show much image de- 
gradation due to this heat shimmer. 
18.6.2 Tube currents, ' 
. | 
48.6.2.1 Insofar as the final image is concerned, it matters little whether the density discontinuity occurs with- 
out or within the tube of the optical instrument itself. Any telescope tube exposed to thermal radiation or tem- 
perature differences of any kind will have variations in density of the air within itself, When these differences 
become large enough, air flow will occur between the dense and rare areas setting up tube currents. Typically, 
the air just inside the outside covering of the tube is heated or cooled most rapidly, and a laminar convection 


current forms wherein air circulates from the perifery to the center.’ If the tube is an open one, the warmed 
air -- considering that the tube is being heated by the surroundings -- passes out the end of the tube. Provided 
the tube is sufficiently larger than the free aperture of the optical system, the air which flows out the end will 
disturb that remaining in the tube but little. This argument has been presented in favor of open tubes. Unfortu- 
nately the issue is not nearly so clear cut. The (assumed) warm air flowing out from the opening of a tube will, 
since it must obey the gas laws, rise after exiting from the tube. Unfortunately, the path in which it must rise 
is directly in front of the direction of pointing of the instrument, and while the warm air from the top of the 

tube causes no difficulty in this regard, that from the bottom flows directly past that area.which it is desired 

to protect from any density differences. | 


18.6.2,2 A solution which answers the objections to both the closed and open tube arrangements js found in the 
evacuation of the light path volume. The degree of vacuum need not be high in order to accomplish a substan- 
tial increase in performance, A striking experiment may be readily performed to illustrate this fact. Ifa 
relatively small telescope of three or four inch aperture is set up for knife-edge test by autocollimation, near- 
ly complete degradation of the image forming qualities of the instrument may be produced by heating the tube - 
of the instrument with a small flame. If the tube is then evacuated to a pressure of 1 PSIA the image quality 
will be restored to near that present before the heat was applied. It is assumed that the objective is suffi- 
ciently thick as to withstand the pressure differential without optical deformation or that a thick optical window 
has been placed near the objective. i 
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18.6.2.3 The minimization of thermal heating of any tube is desirable from a tube deformation and image quality 
standpoint. It is good design practice to require some air space beyond the actual optical clearance lines’ in 
most optical instruments. A layer of insulation inside the tube also tends to even out the thermal effects so 
that, while heating will still occur, the unevenness of the heating will not augment thermal disturbances. 


18.6.2.4 Most of the energy reaching the earth from the sun is contained within the spectral region between 
0.36 and 2.0 microns, The use of highly reflective paints is desirable when thermal effects from radiation 

are to be reduced. The once prevalent idea that solar heating came mostly from the infrared and that there- 
fore only good infrared reflectivity was required of an instrument paint is quite wrong. The total energy (in- ~ 
solation) from the sun may be as high as 0.028 calories per square centimeter per second. Over 90 per cent 

of this energy is in the wavelength region below two microns, and nearly 80 per cent is in the region below one 
micron. So, while good infrared reflectivity is desirable in an instrument white, good visual reflectivity is) . 
certainly equally required. 


18.6.3 Dome currents. 


18.6.3.1 As is the case with telescope tubes, observatory and other housing domes have currents associated 
with their construction and situation. Particularly in the case of domes opened in the daytime for use, currents 
may be of such magnitude as to render the housed instrument nearly useless. ; 


18.6.3.2 Painting and insulation are commonly resorted to minimize the effects of thermal heating of the dome. 
Again, a highly reflective white paint with a reflectivity which matches the solar spectrum as well as possible 
is desired. Insulation produces a thermal lag which, unless coupled with temperature control as noted later, 
may actually impair performance rather than improve it. 


18.6.3.3 Dome currents may be nearly eliminated if the air inside of the dome is maintained at the same tem- 
perature as the air outside. This is an isothermal situation not unlike that in the isothermal jacket of an accur- 
ate calorimeter. Since, under conditions of solar radiation, the interior of the dome will usually be consider - 
ably warmer than the outside air, it is necessary to provide refrigeration if the desired state of isothermal 
conditions is to be obtained. At times however -- such as sunrise -- the interior temperature will be much 
below that of the outside, so that heating capability is also required. It is not sufficient to grossly heat or 

cool the air within the dome. It is essential that the mixing of air be complete and that inhomogeneities do , 

not exist in the air mass within the dome itself. 


18.6.3.4 Next to air temperature control, the best practice is to allow the dome air to arrive at some approxi- 
mation of equilibrium with the outside air before the housed instrument is to be used. Before observations 
begin, astronomers open the dome for some period of time to allow the dome, telescope and associated equipment 
to come toa steady thermal state. 


18,7 ATMOSPHERIC CONTAMINANTS 


48.7.1 Sources and effects. 


18.7.1.1 In addition to the natural products which go up to make the aerosol -- water, dust, smoke etc. -- there 
are man-made atmospheric contaminants which may produce very undesirable effects on seeing and transpar- 
ency. For example, industrial smog may limit aerial photography. Certainly the sky light from large cities has 
greatly reduced the effectiveness of the observatories located near them. Here. the man-made effect is two fold. 
Industrial smog scatters the light which is a by-product of the city so that both transparency and contrast are re- 
duced in that area. 


18.7.1,2 Atmospheric contamination by radioactive particles and dusts dispersed by explosions can be viewed as 
a potential source of seeing degradation if the quantity ever reaches sufficient levels to produce light scattering 
and even perhaps a very low level of direct radiation. As things now stand, astronomers are counting single pho- 
tons in the course of measurements on some stars. In these circumstances it is obvious that background light 
must be kept at an absolute minimum. 


18.7.1.3 The increasing amount of carbon dioxide in the atmosphere has undoubtedly increased the "green- 
house" effect present in the atmosphere. While this can have no noticeable effect on visible observations, 
the increase in infrared absorption may cause detectable variations in the performance of infrared systems. 
Also, if the increase is sufficient, local heating in areas of high carbon dioxide concentration may cause see- 
ing deterioration due to thermal gradients. 
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18.8 EFFECT OF ATMOSPHERIC OPTICS ON INSTRUMENT DESIGN 


(1) A knowledge of atmospheric optics is important to the optical instrument designer 
so that he may take advantage of suitable filters, paints and housings in the overall 
instrument design. : 

(2) The designer who knows that seeing conditions limit the performance of a telescope 
more than does the theoretical resolving power will not specify aperture on the basis 
of theoretical resolution without first considering the actual conditions of use of the 


instrument. ' 


(8) The design of an optical instrument must go beyond the physical boundaries of the 
device, it must include at least an approximation of the air column which forms 
just as much a part of the instrument as does the objective lens. When the limi- 
tations placed on performance of high quality optical systems by atmospheric optics 
are considered in the design phase, a more satisfactory instrument cannot help but . 
result. 
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19. OPTICS FOR MISSILE TRACKING 


19,1 INTRODUCTION 


19.1.1 Functions. The main function of optical missile tracking instrumentation is to determine, with preci- 
sion, the location and trajectory of missiles and satellites. A second important function is to observe the 
physical appearance and orientation of the space object, and its alterations over short periods of time. In ad- 
dition, the instrumentation must provide a permanent record of the object's flight for study and later analysis 
of the trajectory. 


19.1.2 Problems. 


19,1.2.1 As can be seen from the preceeding paragraph, the problems of tracking and recording the object's 
flight are closely related to those in astronomy, particularly to those encountered in the observation of planets 
and planetary detail. However, in missile tracking, additional problems are encountered, since the objects to 
be observed are not precisely known with respect to location and trajectory. ‘In the proper solution to the prob- 
lems involved, many contradictory requirements exist, and the correct choice must be made among these re- 
quirements for a design necessary to fulfill any particular specification. These requirements are listed as 


follows: 


(1) The field of view must be wide enough so that the missile image is picked up. 

(2) The relative aperture must be high enough to see and record the image under 
the prevailing lighting and atmospheric conditions. 

(3) The physical aperture must be large enough so that the Rayleigh limit does not 
apply to the detail desired. : 

(4) The focal length must be long enough to have sufficient detail appear in the final 
image. 

(5) The recorded images must properly follow one another fast enough to determine 
the trajectory, and/or to disclose the physical condition of the missile. 


19.1.2.2 A few remarks are in order concerning these points. The requirement for wide field (1) is so con- 
tradictory to all the rest that separate instrumentation in the form of tracking telescopes are needed for pick- 
ing up the object. In almost all cases, two tracking telescopes are used,.as shown in Figure 19.1, one for 
azimuth and one for elevation and each with its own operator. The function of these operators is to keep the 





Figure 19.1- Tracking telescopes used with ROT1. 
(Courtesy of Perkin Elmer Corp.) 
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space object close enough to the cross lines so that it will be within the much narrower field angle of the main 
optical system. This main optical system is completely photographic in nature, so that the final information 

is recorded on film. Also recorded on the same film, are certain necessary data, particularly an accurate 
time signal, so that the data from at least two separated stations may be correlated to determine the trajectory 
of the object by means of triangulation. If errors are to be minimized, a third station may be employed, and 
suitable data reduction and evaluation means, by high speed computers, a to obtain the trajectory of the ob- 
ject to a high degree of accuracy. 


19.1.3 Scope. In this section, the main optical photographic system, which may be either refractive or reflec- 
tive, wi. the basis of the discussion. In addition, emphasis will also be given to those particular optical 
devices which have been used to obtain desirable properties. The relative merits of refractive and reflective 
systems will not be gone into here, except to say that for large aperture systems, the arguments are all in 
favor of the reflective system. In the region of smaller physical apertures, i.e., up to 12 inches diameter, 
the advantages of greater stability, greater depth of focus, and superior diffraction pattern of the refractive 
system may overcome the much lower size, weight and freedom from color aberrations of the reflective sys- 
tems. At larger apertures, however, the balance is so decidedly reversed that the reflective systems have. - 
enjoyed an almost complete monopoly in the first half of the twentieth century in the field of astronomy. More . 
advanced designs are now being proposed and constructed in which combined reflective and refractive systems 
will be of increasing importance, as will be seen from some of the systems described herein. ' 


19.2 REFRACTIVE SYSTEMS 


19.2.1 Correction of secondary aberrations. The problems of designing purely refractive systems, of high 
performance over a relatively small field angle, has been treated extensively in Section 1 of this volume, as 
has the necessity of correcting for primary spherical aberration, coma, and axial color. Off-axis aberrations, 
such as astigmatism, distortion, and lateral color, are usually of less importance for a narrow field angle, 
although they must not be entirely neglected. However, when the focal lengths become large, i.e., in excess 
of 12 inches, and the relative apertures are of the value of £/8 or lower, great consideration must be given to 
the correction of the so-called secondary aberrations, the most important of which are cree spectrum, 
zonal spherical aberration, and sphero-chromatism. 


‘19.2.2 Secondary spectrum. The methods of handling this troublesome aberration have ‘been discussed i in 
Section ll. For therelatively largeapertures we are concerned with in this discussion, the three- 
glass method leads to fairly high curvatures and impractically thick crown elements. is is also true in’. © 
combining ordinary crown glass with the crown-flints, where the difference in the Abbe constants is, relatively 
small. It is hoped that glass will eventually be manufactured which will help to alleviate this troublesome 
aberration. Some years ago, the writer of this section was able to achieve a fairly decent paper design, for 
secondary color correction, by combining dense barium crown glass with one of the Eastman glasses (EK-320) 
which gave a higher Abbe spread. However, success was frustrated by the inability to obtain the latter glass, 
at that time the only available of its type, in better than low-grade c quality. Presently, however, manufac~ 
turers are claiming better quality for their lanthanum equivalents, and the situation may change. In addition, 
other designers are now finding that the later KZF glasses of Schott show considerable promise in this regard 
and it is imperative therefore, that the designer keep abreast of the ee glass types. 


19.2.3 Use of the air space. We turn now to a discussion of the ee ‘remaining secondary aberrations namely, 
zonal spherical aberration and sphero-chromatism, together with a qualitative explanation as to how these 
aberrations may be minimized or eliminated. With the very long focal lengths involved ‘in the missile tracking 
problem, either of these can be large enough to ruin the image on the axis. Therefore,'the solution to the con- 
trol of these aberrations is through the judicious use of the air spaces in the interior of ithe optical design. 
While these aberrations are of particularly high importance in the design of missile optics, the same consider- 
ations apply for other applications throughout the entire field of optics, and a thorough discussion of the correc- 
tive properties of the air space is very much in order. | ; 


19.2.4 Zonal spherical aberration. ; 


19.2.4.1 In order to understand how the air space may be used to correct for sont aberration, a short dis— 

cussion on the nature and origin of the zonal bulge is in order. The ‘spherical aberration of a single surface 

is given by the expression : 
| : 

Sph = ay? + agy4 + agy6 +..... iv sey () 

| . | 

where y is the height of the ray above the axis at the surface, and the a's are constant and all of the same 

sign. The first term is the primary or "Seidel" term and the remaining ones are of so-called higher order. 
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19.2.4.2 If we now plot the spherical aberration of a single refracting surface, it will look like the solid line 

in Figure 19,2. The dotted line is the Seidel contribution and since the latter is restricted to the first term in 
equation (1) it will be a pure parabola. The interval between the solid and dotted lines is due to the presence 
of higher order terms. 


49.2.4.3 Now consider how the zonal bulge originates in so simple an optical design as the corrected doublet. 
Such a doublet (crown leading) is shown in Figure 19,3. Surfaces 1 and 3 are undercorrecting and relatively 
weak in curvature as compared to surface 2 which is overcorrecting. It is to be expected that 1 and 3 sur- 
faces will have largely Seidel contributions, while the contribution of the second surface will be relatively rich 
in higher order terms. If we bend the doublet so that the marginal aberration is zero, we show the sum of the 
spherical aberration of the undercorrecting surfaces 1 and 3 in Figure 19.4 (a), and that of the overcorrecting 
surface 2 in (b). The requirement for corrected marginal aberration dictates that OM, = OM 2. ‘However, 
the preponderance of Seidel aberration in Figure 19.4 (a) results in a near parabola for the curve, while. the 
presence of higher orders in Figure 19,4 (b) gives a more extreme type of curve as shown, with a milder para- 
pola (dotted extension) plus higher orders. Adding abscissas such as along the line XX to give the final result 
shown in Figure 19.4 (c) reveals a spherical aberration curve with characteristic zonal bulge, with a maximum 
of undercorrection at approximately 0.7 of full aperture. Pees 


19.2.4.4 Figure 19,5 shows a single positive lens with a marginal ray M and a zonal ray Z. This lens has a 
large amount of spherical undercorrection and thus the M ray crosses the axis at Fy, andthe Zray at Fz, - 
The two rays intersect at the point P. If we set the entrance height of the Z ray at 70 percent of that of the 
Mray, this ratio is very nearly maintained when the rays leave the lens. However, this percentage ratio 
gradually increases towards the right and finally reaches 100 percent at the point P, actually reversing beyond 
this point. If we consider this lens as the first of the doublet shown in Figure 19.3 the negative element of the 
doublet is located so that the zonal ray Z traverses it at very nearly the original 70 percent height. However, 
if we allow an air space to exist between the elements as shown in Figure 19.6, the negative overcorrecting 
element is located at a position where the Z ray is at a height in excess of the original 70 percent value as 
related to the marginal ray. It thus is acted upon by the negative lens at a point higher than its original 
assigned value in the aperture, and receives a trifle more overcorrection than it would have received were 

it a height of 70 percent of the marginal ray. This overcorrection of the zonal ray can be adjusted to reduce 
or completely eliminate the zonal bulge, or even reverse it, if desired. This control of the zonal bulge ob- 
viously depends upon the amount of undercorrected spherical aberration produced by the positive lens and of 





Figure 19,2- A plot of spherical aberration of a Figure 19. 3- Corrected doublet-surfaces 1 
single refracting surface. and 3 undercorrecting, surface 
2 overcorrecting. 
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Figure 19, 4- Plots of spherical aberration for the lens in Figure 19,3, 
with marginal aberration equal to zero, 


the size of the air space. 


19.2.5 Sphero-chromatism. i 


19,2,5,1 If the cemented doublet in Figure 19,3 is designed to eliminate spherical aberration for a wavelength 
in the middle of the spectrum, e.g., sodium D, we will discover that the C (red) rays will show considerable 
undercorrected spherical aberration, while the F (blue) rays will exhibit overcorrected spherical aberration. 
Jf the doublet is color-corrected to bring the paraxial C and F rays together, the spherical aberration curves 
will appear as in Figure 19,7 (a). Also, a better overall color correction will result if the paraxial rays are 
allowed to be slightly undercorrected, so that the two curves will intersect at approximately the 0.7 zone, or 
even a little higher as shown in Figure 19.7(b). The cause of this change in spherical aberration with wave- 
length will be made clear by the following discussion. | 


19,2.5.2 The refracting power of the doublet is very nearly the same for red (C), yellow! (D), and blue (F). 
However, this refracting power is the sum of those of the positive and negative elements. If the lens is 
spherically corrected for yellow (D), the positive and negative elements will have certain refracting powers. 
For red (C) light, the individual refracting powers will be decreased (the sum remaining 'the same) because 
of the lower index of refraction. Conversely, for blue (F) light the elements’ refracting powers will be in- 
creased. The nature of these changes are such, as to have the doublet spherically undercorrected for red 
(C) light and overcorrected for blue (F) light. 
i i 
19.2.5.3. The air space can be used to correct this aberration. In Figure 19.8, white light entering a ‘positive 
single element is refracted by the lens so that the F ray is bent more than the C ray. If the negative over- 
correcting element is placed in contact with the positive element, no benefit is achieved. | However, if the air 
Space is present as illustrated in Figure 19,9, the F ray strikes the negative element at a) lower height than the 
C ray and thus is subject to less overcorrection by this element. In this way, the naturally spherical under- 
correction for red (C) and overcorrection for blue (F) can be neutralized or even reversed by increasing the 
air space. The amount of the correcting effect depends on the size of the air space and the angular interval . 
between the (C) and the (F) ray upon emerging from the positive element. This angle depends upon the re- 
fracting power of the element and the dispersion of the glass. \ : 


| 
tl 
| 
| 
| | 
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Figure 19, 5- Single positive lens used in doublet of Figure Figure 19, 6 ~ Clark lens, illustrating air 
19.3. spacing to.increase over- © 
correction of zonal ray. 


c F 
(b) 
Figure 19, 7- The doublet used in Figure 19.2 corrected for soherical 
aberration and color. 


(a) 





Figure 19.8- Refraction of monochromatic light Figure 19. 9- Refraction and correction of 
by the positive element of the doublet monochromatic light by the 
shown in Figure 19.3. Clark lens shown in Figure 


19.6. 
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19.2.5.4 The air spaced doublet shown in Figures 19,6 and 19.9 is generally known as the|Clark lens, produced 
by Alvan Clark and his successors in the last half of the nineteenth century in the form of large aperture astro- 
nomical refractors of exceptional performance. However, there are several objectionsito the Clark lens. It 
is extremely difficult to correct both for zonal spherical and for sphero-chromatism with one and the same air 
space. Further, while in a cemented or contacted doublet the highly curved contact face is of low power, the 
separation into two elements means that the original contact face has become two strong opposing surfaces of 
high power. The result is that the axial adjustment and centration become quite critical and the lens become 
difficult to mount, adjust and maintain. These objections can be overcome by splitting the positive element 
into two parts and attaching one of these to the negative element as shown in Figure 19.10. Excellent perform- 
ance with this combination can be achieved up to much higher apertures than is possible with either cemented 
or contracted doublets. See Section 11. The splitting up ofthe positive power into two elements 
means that all of the curves can be made quite mild, and additional degrees of freedom are available to the de- 
signer. The designer may choose the relative powers of the two positive components and, also, can investi- 
gate the possibility of making these components of different glass types, particularly, with respect to the dis- 
persion factor. * : 3 ae 


I 


etd | 
Figure 19.10-Modification of the Clark:lens. 


19.2.5.5 The lens form shown in Figure 19,11 has incorporated these principles into a simple and effective de- 
sign used on one of the smailer theodolites. The actual construction has been used for a 40 inch f/6 lens and 


for a 24 inch £/5.6 lens. The front lens grouping incorporates the = principles discussed in the preceed- , 


| 
| 
| 
i 
| 


Film Plane 


eesti : 


‘ | 
Figure 19,11- Optical layout, 24" high resolution lens. i 
: \ . 
JOSA Vol. 42,7 pg. 451, S. Rosin. 
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ing paragraph. The rear negative doublet neutralizes the Petzval curvature and astigmatism of the front group 
so that high resolution is maintained over a 70 mm. film format. The spherical aberration curves for all vis- 


ible colors are straight lines perpendicular to the axis, without any zonal bulge whatsoever (see Figure 19.12). 


This may be contrasted with the more usual type of curve such as shown in Figure 19. 7b. 


D cr 


Aperture 


Axial Intercept 


Figure 19.12- Spherical aberration curve for 
design shown in Figure 19.9. 


19.3 REFLECTIVE SYSTEMS 


19.3.1 Evolution of the reflective system. 


19.3.1.1 The science of astronomy, based on the telescope as it is, discovered early in the twentieth century 
that the refractive objective had reached the limit of its development. To carry the physical apertures.to ever 
higher values required the use of the reflective system, of which the principal converging elementisthere> 
flecting mirror. In this section, a few examples of advanced reflective designs will be given, but in order to 
properly orient the reader, and to enable him to effect his own designs for particular requirements, a short 
history of the evolution of reflecting systems and a discussion of some of their fundamental properties -will be 


given. 


19.3.1.2- The simplest of ali of reflective systems is the concave mirror as shown in Figure 19,13. Rays from 
a distant object are converged by the mirror to a focus (F). If a film were placed at (F), an image at this’ : 
point, which is located on the axis half-way between the instantaneous center of curvature (C) at the axis of the 








Figure 19.13- A concave mirror. 
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mirror and the vertex (V) of the mirror itself would be obtained. The simplest of all such mirrors is a por- 
tion of a sphere. However, a spherical mirror gives a very poor image at (F), since it is afflicted with a 
large amount of spherical aberration. This may be verified by ray trace, or by reference to the Seidel ex- 
pression for spherical aberration. In order to sharpen the image at (F) in Figure 19,13, an aspheric surface 
for the reflector must be used, and this surface will be a paraboloid with its focus at (F). 
I 
19.3.1.3. The great astronomical instruments of the first half of the twentieth century fall into two main classes; 


the simple paraboloids, the greatest of which is the giant 200 inch diameter mirror at Mt. Palomar, and the 
Schmidt telescope. : 


19.3.2 The Newton system. ' 


19,3.2,1 There is one serious mechanical disadvantage to the basic arrangement of Figure 19.13, If an eyepiece. 


for visual observation, or a photographic plate is positioned at F, the center of the beam would be seriously 
interrupted. To overcome this difficulty, Newton, as early as the seventeenth century; proposed a plane mir-. 


ror (M), to be positioned as shown in Figure 19.14, to bring the focus outside the beam where observation could ° : 


be made. If a photographic motion picture film is placed at (F) in Figure'19,14, the recording apparatus can be | 
made as large as necessary. A number of successful missile tracking devices have been constructed in accord- 
ance with this arrangement. It will be noted that the beam is partially obscured by the mirror (M). All reflec-' 
tive systems, except for the unimportant off-axis parabola, are characterized by this hole in the pupil, whether 
it is caused by a photographic plate or a mirror. : : 
| f : . 
19,3.2.2 While it is true that a paraboloidal mirror forms a perfect image on the axis of the system, there re- 
main important limitations. As has been discussed, physical optics and the finite wavelength of light impose a 
limitation on the resolving power of all optical systems. A good rule for this limitation is the simple equation 
| 4 
4.5 i 
R= >, | ; 2) 
| : 
where R is the resolving power in seconds of arc, and a is the mirror aperture in inches. 





Figure 19,14~ Newtonian mirror arrangement. 


19.3.2.3 Another serious limitation on the properties of the paraboloid, is the presence of field aberrations, 
particularly coma. Indeed, the size of the useful field of view of a paraboloid, where the resolution over the 
field is in accordance with equation (2), can be given by 


ve [i] As : | i . (3) 
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where v is the size of the field in inches, f is the focal length of the mirror, and h is the diameter of the 
mirror. The ratio £ is the f number of the mirror. Thus an {/5 mirror has a useful field of view of one 


inch, and an £/10 mirror has a useful field of four inches. The Mt. Palomar 200 inch diameter mirror works 
at £/3.3, so that its useful field of view is only 0.4 inch. However, over this 0.4 inch field, the Mt. Palomar 
paraboloid can theoretically resolve better than 0.025 seconds, which for a focal length of 660 inches, would 
amount to 0.00008 inch. 


19.3.3 The Cassegrain system. 


19.3.3.1 Another class of reflecting system is the two mirror Cassegrain arrangement.* This system is ex- 
tremely popular in missile tracking instruments and is shown in Figure 19,15, Rays from a distant object 
strike a concave mirror (M1) and are reflected towards a focus at (F,). Before the rays are converged, a 
second mirror (Mz), which is convex, interrupts the beam and reflects it to a second focus at (Fz). The po- 
sition of (Fz) outside the system puts it in an extremely convenient and favorable position for image record- 
ing. The hole in the mirror (Mj), is in the region which is blocked out of the original bundle by the physical 
presence of the convex mirror (Mq).. The convex mirror is supported by a mechanical spider, or is ceménted 
to a flat glass plate. In all cases, the mirror (Mz) magnifies the image considerably, since the distance from 
(F, ) to (Mz) is considerably less than from (Mz) to (F2). A favorite value for this ratio is 4x, although this 
figure may vary considerably. This factor lengthens the focal length over that of the mirror (M1) by the same 
amount, and similarly increases the focal ratio or f/#. Thus, the Cassegrain arrangement is very suitable 
-for systems of long focal length and relatively low iHumination. , 





Figure 19, 15- Cassegrainian Mirror arrangement. 


19.3.3.2 However, there is always the requirement that the image at (F,) be sharp, that is to say, free from 
spherical aberration. There are an infinite number of combinations of the two surfaces which will achieve 
this. For example, the mirror (M,) can be spherical, in which case (Mg) is a complex, higher order curve. 
Conversely, the mirror (Mz) can be spherical, in which case the mirror (M4) will be of a complex nature. or, 
in its favorite form, (M ) is a paraboloid with focus at (F1), and (Mg) is a hyperboloid with foci at (F,) and 
(Fz). Which of these combinations is the best? In most cases, the arrangement which gives freedom from 
coma will be the most desirable. 


— : 
* 
While the system originally proposed by Cassegrain consisted of a paraboloidal primary with an hyperboloidal secondary , 


accepted usage today has broadened the term "Cassegrain" to apply to any system consisting of a concave primary and a 
convex secondary. 
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19.3.3.3 A power equation may be set up for (M,) with 
“x = ayy? + by y4 +e, yO +e... Le, (4) 
and the equation cut off after the first two terms. For all surfaces 


a, = Y2r,, (5) 
where r, is the instantaneous radius at the vertex of (Mj). Then let b, assume a continuous set of values 
in the equation ' t : 


-x = y2/2r, + b, y4 | : (6) 


and for by = 0, the surface is a paraboloid. For by = 1/8 Ty 3 ! the surface is spherical,’ provided the 
semi-diameter of the mirror is not too large a fraction of the radius Ty - a 


19.3.3.4 A similar equation can be set up for the mirror (M,) with , 
-x = y*/2r, + bay* ae ‘ (7) 


where ro is determined by the positions of the paraxial arrangement (F, ), (Fy), and (My), and bg is de- 
termined by requiring the marginal ray to pass through (Fz). The form of the mirror (Mf) for any given 
value of b, can then be found. The calculation is difficult and can best be effected on an electronic calcula- 
tor if available. Then one paraxial and one marginal ray can be traced for each combination (the paraxial ray 
can be the same for all the combinations) and the departure from the, sine condition can be determined. In this 
procedure, it will be found that the combination most nearly free from coma is not too far from the paraboloid- 
hyperboloid arrangement, in cases where the magnification of (Mg) is not too different from 4x. If complete 
freedom from coma is desired by the designer, some departure from this combination may be indicated. How- 
ever, in all designs known to the author, the paraboloid - hyperboloid form is used, except for extremely low 
aperture systems, where the spherical aberration is unimportant, and two spheres may be employed. 

: I | 
19.3.3.5 Up to this point, the simple mirror arrangements have been discussed chiefly in the form of the para- 
boloid and the Cassagrain two mirror system. No color aberrations ‘are involved in purely reflective systems. 
After spherical aberration is corrected, the paraboloid affords no more degrees of freedom to correct coma. 
In the Cassagrainian arrangement, the proper choice of form allows both spherical abertation and coma to be. 
controlled. However, no mention has been made of the remaining aberrations, namely astigmatism, field 
curvature and distortion. These aberrations are handled in precisely the same way as in refractive systems. 
There is one important difference, relating to the Petzval field curvature. 


19.3.3.6 It will be recalled that in refractive systems with a large excess of positive power, the Petzval cur- 
vature is concave towards the incident light. The reverse is true in reflective optics. A converging element 
(concave mirror) has associated with it a heavy Petzval curvature convex towards the incident light. This 
affords the possibility of combining converging reflective and refractive systems to achiéve a flat field, as 
Shall be discussed later. If r is the radius of the mirror, and ¢ (= 1/r) its curvature; the contribution to 
Petzval curvature of any reflecting surface is given by | 


P = 2Ne | (8) 


si | 
where N is the index of refraction of the medium in contact with the mirror. For a single concave mirror, 
the Petzval surface is concentric with the mirror surface as shown in Figure 19,16, 


| 
| 
19.4 CATADIOPTRIC SYSTEMS 


19.4.1 Introduction. Now consider the second class of reflective systems, which includeithe Schmidt arrange- 
ment and some of its variations and developments. There were two fundamental principles discussed in pre- 
vious sections of this handbook relating to the change in aberration with a shift in the stop position. In brief, 
these principles are, | 


(1) The change in the Seidel coma coefficient, due toa change in the position of the 
stop, is proportional to the spherical coefficient, multiplied by the shift in the . 
stop position. 


| 
(2) The change in the Seidel astigmatic coefficient is proportional to the coma co- 
efficient, multiplied by the shift in the stop position. : ' 
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Figure 19.16- Curved focal surface, concave ‘ 
mirror. 


Avery important principle, relating to aspheric surfaces may then be added, 


(3) Any change in form, without a change in the vertex radius, has no effect on 
the off-axis Seidel coefficients for an optical surface located at the stop 
position. 


The third principle has far reaching consequences in the design of optical systems, since it allows the optical 
designer to correct spherical aberration by aspherizing the surface at the stop position. At this point, it will 
only have a mild effect on axial color (no effect at all in the case of reflecting systems), and no effect on coma, 
astigmatism, field curvature, distortion, and lateral color. It is not to be implied that the optical designer 
need limit the aspherizing of elements to the stop position, since the effects of such a procedure are subject to 
calculation, but the use of such surfaces in positions other than the stop brings them into the general juggling 
procedure characteristic of optical design. 


19.4.2 The Schmidt system. 


19.4.2.1 With respect to the contributions of Schmidt to optical science, it will be recalled that the single para- 
poloidal reflector had no spherical aberration but an extremely large amount of coma. In accordance with prin- 
ciple 1, the stop can be anywhere, without changing this coma, since the spherical aberration of the paraboloid 
is zero. If the stop is considered to be at the mirror, which would be the case if there are no artificial dia- 
phragms in front of it, and the form of the mirror is allowed to change to something else, principle 3 states 
that the off-axis aberrations, including coma, will be unaffected. Indeed all concave mirrors of equal vertex 
radius, be they paraboloid, sphere, hyperboloid or off-beat curve will have equal amounts of coma, astigma- 
tism and field curvature. The Seidel coefficient for astigmatism is equal to the refracting power as it is in 

the case of all thin systems at the stop. For the simple mirror, this is equal to 2c. 


19.4.2.2 Now consider the apparently strange consequence of principle 3, and also consider principles 1 and 


’ 2, The optical designer might say that perhaps the large amounts of off-axis aberrations can be reduced by 


shifting the stop position. The designer will be frustrated in the case of the paraboloid, since there is no 
change in coma due to the absence of spherical aberration. He will probably choose the sphere, since as an 
accomplished technician he knows there will be less difficulty in making the sphere, than is the case with the 
hyperboloid or off-beat curve. If the designer allows the stop to recede from the sphere, he will notice a de- 
crease in both coma and astigmatism, until the center of curvature of the mirror is reached. At the center of 
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curvature, these aberrations will vanish and the configuration will be as shown in Figure 19.17. 





Figure 19.17- Schmidt arrangement, correction 
plate not shown. : 


19.4.2.3 At this stage, the design is free of coma and astigmatism, ‘but still contains a large amount of field 
curvature, which must be tolerated, and a considerable amount of spherical aberration.’ Principle 3 will allow 
for the correction of the latter, by placing a plane parallel refracting plate at the stop at c in Figure 19, 17, and 
deforming one surface to correct the spherical aberration. Since the spherical mirror undercorrects the mar- 
ginal ray, the edge of the plate must have a slight negative power to neutralize it, as compared to the center. 
In practice, it is common to impart a tiny central positive power to the plate, resulting in a parallel zonal sec- 
tion as shown in Figure 19.18, and a reduced negative marginal region, thus shortening the overall focal length 
by avery small amount. With the parallel zonal section approximately 0.8 of the distance from the center to 
the margin, the plate imparts the minimum axial color to the beam. i 


19,4.2.4 It is fairly certain that Schmidt did not follow this rather involved reasoning to conceive his system. 
It is quite obvious that for a stop placed at the center of curvature of. a spherical mirror, the coma and astig- 
matism must be zero, since the chief rays strike the mirror normally and can define a new axis just as valid 
as the central axis. There can be no coma or astigmatic difference on the axis of an optical system. However, 
the more involved reasoning first given is capable of further extension and application as shown below in the 
case of the oblate spheroid. 7 
| 
19,4.2.5 The Schmidt telescope has the very great advantage over the paraboloid of enormously extending the 
field of view over which the image remains sharp. The largest made to date is located on Mt. Palomar, and 
has a 48 inch diameter aperture with an ability to take sharp pictures over an area 14 inches square. The 
plates must assume the shape of the field curvature. The focal ratio is F/2, 5 with a focal length of 120.9 
inches. However, the Schmidt suffers from other defects. Since it has its corrector at'the center of the 
curvature of the mirror, the system must be twice as long as its focal length. Also, to prevent vignetting, 
the primary mirror must be considerably larger than the aperture. In the Mt. Palomar instrument, the 
spherical mirror is 72 inches in diameter, | 
i ' : 

19.4,2,6’ If only moderate extension of the field of view is desired, the Schmidt type arrangement, with an 
oblate spherical primary, can achieve this in a much shorter structure than the Schmidt with a spherical pri- 
mary. In the following equations, 

x= # y?2, (9) 
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-t ,2 1 
a= aoyt+ ge yt, (10) 
oyu: “Sb. ye 2 4 i 
x oa Y + a3 y 7 (11) 


Equation (9) is the equation of the paraboloid, equation (10) represents a sphere (expansion of its equation to 
two terms), and equation (11) represents a surface twice as heavily curved away from the paraboloid as the 
sphere. Any surface in which the coefficient of the y4 term is in excess of 1/8r3 is called an oblate spher- 
oid and equation (11) defines one such surface. 


Schmidt with parallel central section. 


® 


@ 


Schmidt with parallel zonal section. 


Figure 19.18- Schmidt plate with parallel central 
* section, (a); and parallel zonal sec- 
tion, (b). 


19.4,2,7 The Seidel theory of aberrations as applied to aspheric surfaces states that if equation (9) defines, 

as it does, a surface with no spheric ration, and equation (10) defines a surface with a certain amount, 
then equation (11) is a surface with twice the spherical aberration of that defined in equation (10). Referring 
back to principle 1, it will be récalled that spherical aberration is needed in order to correct coma by shifting 
the stop, and that it is possible to correct the coma of the sphere by shifting the stop from the mirror to the 
center. If now, the designer starts with a surface in accordance with equation (11) having twice the spherical 
aberration of the sphere, we need to shift the stop only back to the focus to correct the coma, shortening the. 
instrument to half of the Schmidt. The correction plate will now have to be made to correct the doubled spher- 
ical aberration. i 


19.4.2.8 The situation with respect to astigmatism is not so fortunate. Since the stop-at-mirror coma is ~ 
identical for equation (10) and (11), principle 2 states that shifting the stop back to the focus will correct only 
half of the astigmatism. For maximum field the stop may be shifted a little further, thus reducing the astig- 
matism, but allowing the coma of opposite sign to creep back in, until a desirable compromise is reached. 
The Schmidt principle is capable of a number of variations which will not be discussed further. 


19.4.3 The Ross-Baker system. - 


19.4.3.1 Efforts to extend the field of view of the paraboloid have met with some degree of success. Ross 

constructed some lenses spaced close to the focal plane in accordance with the arrangement in Figure 19,19, 

A color corrected doublet, placed at R as shown in Figure 19,19, is given sufficient power so that its positive 

Petzval field curvature contribution will just neutralize that of the mirror M. Its bending and spacing from 

F offer two degrees of freedom, which are used for the correction of coma and astigmatism. Unfortunately, 

it proved impossible to prevent R from reintroducing undercorrected spherical aberration into the system so 

that the images tended to be soft. However the field of view of the paraboloid was greatly extended by this man- 
uver. 
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19.4.3.2 James G. Baker has proposed the addition of a Schmidt corrector plate to the Ross system as shown 
in Figure 19,20, The combination of M and R in Figure19.20is designed for correction of coma and astig- 
matism for a stop position at S. Then insertion of the Schmidt plate takes out the residual spherical aberra- 
tion. An analysis of this system shows that before the insertion of the Schmidt plate, the residual spherical 
aberration amounted to a substantial fraction of that of a spherical mirror. However, the amount of depth 
needed to be hollowed out of the Schmidt was only a few wavelengths of light. This illustrates the tremendous 
leverage exerted on the rays by systems of this type, and the demanding exactitude required for their con- 
struction. Baker proposed this system, which gives definition over a field of view an!order of magnitude 
larger than that of the paraboloid, as a means of correcting simple paraboloids already in existence by the 
addition of R and S. <A similar requirement makes this system desirable for missile recording. The com- 
plete system can be used for photographic tracking, while the removal of the refracting elements § and R 
allows conversion of the system for the detection of targets in the medium infra-red and in the ultraviolet, 
where the glass would be opaque. ' 





NOT TO SCALE NOT TO SCALE 
The size ratio of element R to element M The size ratio of element R to element M 
is approximately 5 to 1 is approximately 5tol 
: 
: | 
Figure 19,19- Ross arrangement. Figure 19. 20- Baker arrangement. 


i 


19.4.4 Modification of the Ross-Baker arrangement. 


19.4.4.1 The author of this section has proposed, in an exchange of letters with Dr. Baker, the elimination of 
the correcting plate S and transferring its function to the mirror iM, thus deforming the paraboloid. The 
combination of deformed paraboloid, and Ross lens R would have the disadvantage of making the mirror un- 
usable by itself. However, it would have the adyantage of eliminating the only large refracting element and 
enabling the system to be'carried to higher physical dimensions. 


19.5 APPLIED SYSTEMS 
19.5.1 Satellite tracking camera. 


19,5.1.1 The principles on which the design of the more complex optical systems used in missile and satellite 
tracking are based, are illustrated in the Figure 19,21, The design is a classical Schmidt system with just a 
few variations. For the purpose intended, this camera was designed for high light gathering power and large 
field, particularly in one direction, preferably the direction of satellite path. The physical aperture of the 
system is 20 inches, and with a focal length of approximately the same value, the system operates at {/1. To 
prevent vignetting the primary spherical mirror is 31 inches in diameter. 


19.5.1.2 It will be noted that the aperture of the system is very close to the center of ¢urvature of the primary 
mirror, but the single correcting plate, which normally is located there, is split up into a color corrected 
triplet for the purpose of eliminating the small amount of residual axial color in the single Schmidt plate. The 
four inner surfaces of this system are aspheric. i 


| 
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Figure 19. 21-Section view of a satellite-tracking camera. (Courtesy of Perkin Elmer Corp.) 


19.5.1.3 It is presumed that, because of the high relative aperture of this system (f/1) the curvature of the 
Schmidt plate required would be more extreme than usual, leading to more axial color than’ the designer could 
tolerate. ‘The splitting up of the single plate into three, with the central glass different from the outside, and 
the distribution of the Schmidt curvature among four surfaces would tend to alleviate this situation. 


19.5.1.4 It will be noted from Figure 19.21, that the film is transported over a spherically curved gate, which 
matches the curved focal plane of the image. The curvature in the plane at right angles must necessarily be 
zero, because of the mechanical impossibility of bending the moving film into a compound curve. Consequently 
the field coverage in this direction is limited to only 5 degrees, while in the direction of film travel it 
reaches the amazing value of 31 degrees. It was found, that at the edges of this extreme field the focal 
surface departs slightly from a spherical shape. so that the film runners are not quite circular. The 
combination of careful design and excellent execution resulted in a system wherein 80 percent of the point 
energy anywhere in the field is within a circle 0.001 inch in diameter. This instrument was conceived for 

the purpose of tracking the U. S. Vanguard satellite, and the first instrument arrived just in time to be used 
for the original Sputniks. : 


19.5.2 ROTI Mark II (Recording optical tracking instrument). 


19,5.2.1 This instrument and the Igor were made to similar specifications but each has features worth discuss- 
ing. The original requirements envisioned a versatile instrument capable of a series of fixed focal lengths 
ranging up to 500 inches in value. Another requirement was that the instrument could be adapted for infrared 
which necessitates the choice of a paraboloid for the primary mirror. 


19.5.2.2 It would be thought that some form of the reflector-corrector system of Baker (Figure 19. 20) would 
be indicated and such is indeed the case. However, the corrector feature is introduced in a rather unique 
fashion. 


19.5.2.3 Referring to Figure 19,22, light enters from the left, passes through the window and strikes the pri- 
mary mirror, a paraboloid of 100 inch focal length and 24 inch aperture. After reflection by two Newtonian 
mirrors as shown, the rays are brought to a focus at the reticle. Just before this point a pair of sliding wedges 
introduce a variable amount of glass into the path. By adjustment of these wedges, the instrument focus can 
vary between 3000 yards and infinity, the focus being automatically controlled by range data determined from 
the associated radar equipment. 
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19.5.2.4 As is known from the previous discussion, the primary image is heavily afflicted with coma, and the 
astigmatism is only partially corrected by placement of the stop at the window. The doublet lens, placed be- 
hind the focal plane, serves three functions. First it acts as a Ross lens to neutralize the coma resulting from 
the paraboloid; second, it is a collector lens to turn the rays into the reimaging Biotar system; finally it imparts 
an initial magnification (2x) to the image at the prime focus. 


19.5.2.5 The five imaging systems can be inserted into the system at will. These have magnifications ranging 
from 1x to 5x in unit power steps. With the doublet lenses working at 2:1, the Biotar type imaging lenses work 
at magnifications of 1/2, 1... . 2-1/2x. 


19.5.2.6 Where is the Schmidt type correcting surface characteristic of the reflector corrector design? Nor- 
mally, it would be at approximately the location of the window. However a conjugate stop position exists in 

this system, namely the midpoint of the Biotar imaging lens. The aspheric correction required is put’on the.two 
innermost surfaces of this lens, those adjacent to the aforementioned stop position. This aspheric correction is 
for the purpose of eliminating the zonal spherical aberration only, since the primary spherical is taken.care of 
in the design of the refractive elements. KZF Schott glass is employed in the system to reduce eonatteresly the 
secondary spectrum. : 


19,.5.2.7 After passing through the imaging lens, the rays traverse filters, colored or neutral as eae. The 
latter are automatically controlled by photoelectric means. The final focal plane is at the gate of the 70 mm 
camera, with a 2-1/4 inch square field of view. 


19.5.2.8 Recapitulating, the five systems give a range of focal lengths from 100 inches F/4 to 500 inches B/ 20 
(approximate figures, not allowing for the occlusion by the first Newtonian mirror). When enough light is a- 
vailable, the 500 inch focal length reaches into extremely long distances for the target missile, and the writer 
believes this has proved the most used focal length. Tracking is effected by means of two operators, one for 
azimuth and one for elevation, with appropriate telescopes. An elaborate electrical control system is-very 
effective in the accuracy of tracking. A photograph of ROTI is shown in Figure 19.1. 


19.5.3 Igor. 


19.5.3.1 This instrument is somewhat smaller than ROTI but serves essentially the same purpose, i.e., the 
observation of missiles in flight to extreme distances. The original specifications envisaged some situations 
where a 70 mm camera (2-1/4" x 2-1/4”) was to take pictures under some circumstances at the prime focus 
(P)} as shown in Figure 19.23. Consequently the image at this point had to have coniplete correction for all 
aberrations over its 2-1/4 inch by 2-1/4 inch format. The combination of Schmidt Plate (S), primary mirror 
(M), Newtonian mirrors (N1) and (N2), and Ross lens (R) as shown in Figure 19,23 accomplished this purpose, 
very well. Removal of (S) and (R) allows for infrared and ultraviolet measurements if desired. Focussing of 
the system from infinity to 3000 yards is effected by motion of the Ross lens (R) towards the mirror (N1). The 
total travel to cover this range is 3/16 inch. 


19.5.3.2 The system works at F/5 with a clear aperture of 18 inches, so that the focal length of the system at 
prime focus is 90 inches. The focal length of the paraboloid itself is 118 inches, reduced to the required 90 
inches by the Ross lens. A collector lens 7 (P) and a re-imaging system at (1) enables final imagery on a 70 
mm camera at (F). 


19.5.3.3 For a change to longer focal lengths and magnified images a system of Barlow lenses is employed. 

A Barlow lens is illustrated in Figure 19,24. Suppose rays are converging to a prime focus at P. A negative 
lens B is inserted into the path and diverges the rays to a more distant focus at F. The image is magnified by 
the ratio BF/BP. 


19.5.3.4 Referring to Figure19.23, the ix system of collector and re-imaging lenses are removed and one of 
the Barlows, By (2x), Bg (4x) or Bs (5. ‘tx) is inserted, transferring the final image to the camera at 
({F) under the particular desired magnification. The highest available magnification corresponds to 2 focal 
Jength in excess of 500 inches. , ; 


19.5.3.5 The variable density filter arrangement at (D) is comprised of two oppositely rotating continuously 
varying density filters, slightly inclined to each other and to the axis, to eliminate multiple reflections. Two 
are needed to keep the field uniform. As in ROTI, the image is quite good over the field of view in all powers. 


19.5.4 S.M.T. (Small Missile Telecamera). 


19.5.4.1 The requirements for this instrument are similar to those for the satellite tracking camera except 
that a relatively small field of view is required, namely that of a 70 mm camera. High light gathering power 
(low F/#) is indicated for the tracking of small, high velocity missiles. The focal length | of the system is 100 
inches with a 30 inch aperture, so that the syetem is working at F/3.3, and the field is 1° 18'. This system 
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Figure 19. 24- A Barlow lens. 
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Figure 19.25- S.M. T. Optical arrangement. 
(Courtesy of Perkin Elmer Corp.) 
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is similar to the Cassegrain arrangement in that two mirrors are 


hole in the primary as shown in Figure 19, 25. 
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involved, with the final image behind the 


19,5.4.2 Light enters from the left and strikes the spherical mirror (M), after passing through the Schmidt 
plate (S). The convergent beam is interrupted by the mirror (Mg), which is actually a lens with its rear sur- 
face reflecting (often known as a Mangin mirror). The beam thus|reflected a second time traverses the lenses 
placed in the central hole in the primary before reaching the film plane at (F). ‘ 


19.5.4.3 This arrangement delivers an excellent flat field over it 2-1/4 inch x 2-1/. 4 inch field. The Mangin 
mirror and hole lenses afford enough degrees of freedom to correct for the coma andjastigmatism of the . 
shortened Schmidt arrangement, as well as to balance out the color aberrations they themselves bring in. The 
missile trajectory is predicted beforehand and the instrument is aimed from stellar observations made with a 


calibration camera. 


19.5.4.4 It will be noted that heavy emphasis has been given to the optical arrangemet 


nt of these complex in- 


struments and their illustration of the optical principles discussed earlier. No space is available here for the 
description of their complex mechanical, electrical and electronic 


modern technology. 
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20 APPLICATIONS OF THIN FILM COATINGS 
20.1 INTRODUCTION: 


20.1.1 General uses of thin films. Quite frequently optical components are coated with thin layers of vari- 
ous solid materials for the purpose of altering either their physical or optical properties. As an example of 
the former purpose, aluminum mirrors are often coated with a thin layer of silicon monoxide in order to in- 
crease their resistance to abrasion and chemical attack. The addition of this layer alters the spectral reflec- ~ 
tivity of the mirror, although this is not the primary purpose of such a coating. More frequently, however, 
thin film coatings are used for the primary purpose of altering the spectral reflection and transmission of 
optical components. Sometimes a thin film coating consists of only one layer deposited upon a suitable sub- 
strate. In other cases, many layers, often as many as forty or fifty, are used to produce a given optical ._ 
filter. Hence this type of filter is called a multilayer filter, or simply a multilayer. In Section 20, the term 
multilayer is used as a generic term for such thin film coatings, even though the “multilayer” coating may... 
consist of a single-layer antireflection coating on a glass surface. i 


20.1.2 Typical applications. 


20,1.2.1 Antireflection coatings. Whenever light traverses an interface between two media of different re- 
fractive index, such as an air-glass interface of a lens, some of the light is reflected. Often the spacing of * 
optical elements is such that these reflections are manifested in the image plane as "flare images". Before 
the advent of antireflection coatings, many otherwise acceptable lens configurations were rejected because 
they produced these flare images. The coating of optical surfaces with antireflection coatings has practically 
eliminated this problem. It is important that antireflection coatings be applied to infrared optical components, 
such as lenses or domes, which contain germanium, silicon, or other materials with a high refractive index. 
The loss of light at uncoated surfaces would be prohibitive otherwise. Antireflection coatings are discussed 
in more detail in Section 20.3. 


20.1.2.2 Achromatic beam splitters. Many optical devices, such as interferometers, range finders, optical 
gunsights, utilize beam splitters which divide a light beam and divert it into two directions. Thin metal films 
have been used as beam splitters for many years, but they are inefficient because the metal absorbs part of 
the light. More recently, multilayer beam splitters have been developed which are much more efficient, be- 
cause they contain only non-absorbing materials. Less than one percent of the light is absorbed in a typical 
multilayer beam splitter; the remaining 99% of the light is either reflected or transmitted. The properties 

of multilayer beam splitters are expounded in Section 20.7. 


20.1.2.3 Color filters and band-pass filters. Multilayer filters are used to transmit (or "pass") a broad 
band of wavelengths in one spectral region, but attenuate in other regions. For example, a multilayer filter 
is available which transmits more than 90% in the blue but has a transmission of less than 0.5% in the green 
andred. This multilayer filter is superior to the conventional glass or dyed~gelatin absorption filters, which 
have a much lower transmission in the blue. Similar types of band-pass filters have been developed for the ™ 
ultraviolet and infrared spectral regions. The spectral transmission of some typical multilayer filters is 
shown in Figures 20.86, 20.91 and 20.92; a general discussion is given in Sections 20.5.2 and 20.6.2. 


20.1.2.4 Color-selective beam splitters. Figure 20.1 shows a multilayer which is used as a color-selective 
beam splitter. In this example, the beam splitter transmits blue light, but reflects the green and red. Such 
beam splitters are useful as color separation devices in color photography and color television. This type 

of beam splitter is often called a dichroic mirror; its properties are explained in Section 20.7.2. 


20.1.2.5 Narrow pass-band (interference) filters. Multilayer filters are used to transmit a narrow band of 
wavelengths. For reasons which are described in 20. 10.2.2, these narrow-band filters are called interfer- 
ence filters, although in a technical sense all multilayer filters are interference filters, because they depend 
upon the interference of light reflected from the various films. One type of interference filter which is manu- 
factured commercially in large quantities has a pass band which is from ten to twenty millimicrons wide in 
the visible spectral region. Custom-made filters have been produced which have a pass band as narrow as 
0.1 mu. A filter of this type has been used to isolate one of the sodium D lines at 589.0 mp from its neigh- 
bor at 589.6 mz. Such filters have many potential uses in the field of spectro-chemical analysis and are 
discussed in more detail in Section 20. 10. 


20.1.2.6 Semi-transparent mirrors. Multilayer mirrors have been produced which not only have a high 
reflectivity, but also transmit almost all of the light which is not reflected with a small absorption loss. A 
typical multilayer mirror might reflect 95% of the incident light and transmit 4.5%, the remaining 0.5% 
being absorbed or scattered. These multilayer mirrors have a much lower (absorption) loss than the con- 
ventional semi-transparent films of silver or aluminum and are useful for coating the plates of a Fabry-Perot 
interferometer or the ends of an optical maser. The spectral reflectivity of a semi-transparent metal mirror 
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Figure 20.3-Nomenclature used in designating the thickness, refractive index, and angle of refraction 9 
in each of the layers. For sake of clarity, the reflections which take place at each interface 
are not shown. ‘ 
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is usually quite "flat," whereas the reflectivity of a typical multilayer mirror changes quite rapidly with wave- 
length. Further information is presented in Section 20,8. : 
20.1.2.7 Heat control filters. One type of a multilayer mirror, called a cold mirror, is used to reflect the 
visible light and transmit the infrared. Figure 20.2 shows a typical use of a cold mirror as a reflector behind 
a light source in a film projector. The cold mirror reflects the visible light towards'the film, but permits the 
heat in the infrared to pass out the back. This system is even more efficient if a heat reflector is inserted 
between the arc and the film. This reflector, which has a high transmission in the visible spectral region but 
a high reflectivity in the infrared, reflects the heat away from the film but permits the visible light to pass 
through to the film with little attenuation. Another type of heat control filter is the cover glass which is 

placed over solar cells which are used to power a space vehicle. 'These cover glasses are designed to re~ 
flect the radiant energy at wavelengths longer than 1.2 #. The radiant energy from the sun in the wavelength 
range from 1.2 4 to 2.5.4 does not generate power, but only increases the temperature of the solar cell, . 
thereby decreasing its efficiency. Heat control filters are discussed briefly in Sections 20.5.3 and 20.6.2. — 


20.1.2.8 High-reflectivity mirrors. By overcoating aluminum and other metals with dielectric films, it is 
possible to obtain a reflectivity as high as 99.5%. The spectral reflectivity of a typical overcoated mirror is: 
shown in Section 20,8. =! mae 


20.1.2.9 Polarizers. Multilayers can be used to produce linearly polarized light. They are particularly 


useful in the infrared, where conventional polarizers which utilize birefringence cannot be used because most .' 


optical materials are optically isotropic. This application of multilayers is not discussed in Section 20; the . 
reader can refer to Heavens! for further details. : 


20.1.2.10 Reflection filters. A multilayer has been developed which has a high reflectivity in certain spec- 
tral regions, but absorbs strongly in other regions. Such a mirror has been used to absorb the visible light 
and reflect the infrared. . It should be noted that the type of reflection filter we are discussing here is differ- 
ent from the heat reflector described in 20.1.2.7, Both types of multilayer filter reflect the infrared, but 
the former absorbs the visible light, whereas the latter transmits the visible. This type of filter is not dis-. 
cussed in Section 20; further information is given in Heavens 2. 


20.1.3 Nomenclature 
| ; 
20.1.3.1 General considerations. In Section 20, we consider only the case where the thin films are optically 
homogeneous; that is, the optical constants of a given layer do not vary along the direction of the propagation 
of the light, which is shown as the Z-direction in Figure 20.3. At the present time, almost all commercially 
manufactured multilayer filters are composed of films which are homogeneous. However, multilayer coatings 
which contain optically inhomogeneous films have some very interesting properties and it is possible that they 
will come into more extensive use in the future. A simple antireflection coating which contains an optically 
inhomogeneous film, sometimes called a "graded film", is described by Strong? . ; 


20.1.3.2 The multilayer stack. An idealized multilayer stack is shown in Figure 20.3. It consists of a 
total of £ layers deposited upon a substrate which has an optical constant p = mg - jk, . Each of 
the layers has a physical thickness t; and optical constant H,; = ny - j k, | where n;_ is the 
refractive index and kj is the absorption coefficient. It shouldbe noted that the absorption coefficient 
(represented by a lower case "k") is related to the parameter "K" in Section 21.2 by the relationship 

ky =-ny, K, .» The light is incident at an angle $ from a non-absorbing incident medium of refractive 
index ng - Since the layer boundaries are parallel, the angle of refraction inthe i layer, 9% , © 
is determined simply from Snell's law, if the layers are non-absorbing. Thus each layer in the stack is 
specified by three parameters, namely tj., nj , and kj . These quantities, along with no , ng , and 
Kgs, completely specify the optical properties of the multilayer. Given these quantities and > itisa 
straightforward, although tedious, task to calculate the reflectivity R and transmission T ofa multi- 
layer as a function of the wavelength A of the incident light. Methods of computing’ R and T are pre- 
sented in Sections 20.1.5, 21.2.8, and 21. 2.12. 


20.1.3.3 The wave number. The retardation of phase of the if layer is defined * as 

| 
db, = Qron;y ty | . 

where o@ is the wave number of the incident light, o = 1/A. The wave number is proportional to the 
' : 
| 

” Ss iis related to the parameter B, defined in Equation 21 - (47)by the relationship 255= Bye 
| 


(1) All references are listed separately at the end of this section. 
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frequency of the light- In computing the spectral transmission of a multilayer filter, there are many advan- 
tages to using some parameter, suchas 9, which is proportional to frequency rather than wavelength. One 
advantage is that many spectral transmission curves have even symmetry about some point, when plotted on 

a frequency scale, whereas the curves are quite asymmetrical when plotted versus wavelength. This is illus- 
trated by Figures 20.32 and 20.34, which show the reflectivity of the same coatings. It is evident that the 
curves plotted versus frequency, as in Figure 20.34, have even symmetry about the center, whereas the 
wavelength plot of Figure 20.32 is quite asymmetrical. Another advantage of using frequency as a variable 

is that very often maxima and minima in the reflectivity curve are spaced at equal intervals on a frequency 
scale, whereas on a wavelength scale they are spread out in the long wavelength region and compressed to~ . 
gether in the short wavelength region. This is illustrated in reflectivity curve shown in Figure 20.59. The 
maxima and minima near 500 mH are so close together that they cannot be plotted accurately, whereas they 
would be spaced at equal intervals if plotted versus o. In many cases in Section 20 we use as a variable 

a dimensionless quantity, ¢ = Ao /%, which is proportional to frequency. The disadvantage of using 

o asa variable rather t » lies in our educational system; most persons are unfamiliar with wave . 
number. Most of us have been educated to think in terms of wavelength and thus we associate "green light” 


- with a wavelength of 540 mu rather than with a wave number of 18519 cm! . A useful factor to remember 


in converting wavelength into wave number is that 
ip = 1000mp = 10,000A_ is equivalent to 10,000 em™ - 


Thus using the fact that "ten thousand angstroms ‘equals’ ten thousand wave numbers", and the fact that the 
wave number is inversely proportional to wavelength, we see that : 


5000A is equivalentto 20,000 cm 
2500A is equivalentto 40,000 emt 
and so on. 


20.1.3.4 The QWOT. Not infrequently multilayers are composed entirely of dielectric (non-absorbing) ma- 
terials. In this case it is.convenient to refer to the thickness of the layers in terms of their optical thickness, 
which ig defined as the product of the geometrical thickness, tj , and the refractive index, nj» Refer- 
ence is frequently made to the quarter-wave optical thickness, QWOT, which is defined as ‘ 


QWOT = 4n, ty - ; , QQ) 


Since nj is a dimensionless quantity and t; has the dimensions of length, the QWOT also has the di- 
mensions of length and is usually expressed in units of microns or millimicrons. . Thus, if a layer has a 
QWOT of 550 mp, this means that one-quarter wavelength of light at 550 my has the same length as the opti- 
cal thickness of the layer, as illustrated in Figure 20. 4 (a). Sometimes one refers to a film of quarter-wave 
optical thickness simply as a "quarter wave". A note is interpolated to delineate clearly exactly what is 

drawn in diagrams such as in Figures 20. 4, 20.55, 20. 107, and others. This represents a comparison of the - 
optical thickness of the film with the wavelength in vacuo of the incident light. To elucidate this point, at a 
given instant of time, the electric vector E ofa light wave propagating in a homogeneous film of refractive 
index n can be represented by 


2 
E =. Ey cos (25 2) 


where z is the coordinate shown in Figure 20.3. The wavelength A' in the foregoing equation has a 
"primed" superscript as a reminder that A' is the wavelength in that medium, of index n. A' is re- 
lated to the wavelength A in vacuum by 

ats & 

n 

and consequently A' changes when the wave enters a medium of different refractive index, as is shown in 
Figure 20.4b- Thus Figure 20. 4b represents the actual E field in the film and vacuum at a given instant of 
time and the thickness of the film is represented by its actual physical thickness. Another approach, which 
is extensively used in Section 20, is to compare the optical thickness of the film with the wavelength in vacuo. 
This is accomplished by writing equation as 


20 
E = Ey cos \, 12] - 


The quantity nz is the optical thickness. The film shown in Figure 20. 4a is drawn thicker in proportional 
to its optical thickness, but this is compensated for by the fact that the wavelength which is shown is not the 
wavelength in the film, but the vacuum wavelength. , 
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20.1.3.5 mt and "L" layers. Quite often multilayers are composed of films which are all of quarter-wave 
optical thickness, or some multiple thereof. In this case it is convenient to use a shorthand notation to 

‘ specify the design. The letters "H" and "L" are used to specify films of high and low refractive index, re- 
spectively, which have the same QWOT. For example, the design of the double-layer coating shown in 
Figure 20.5 is designated as 


glass HH Lair, 


where "My = 1.70 and My = 1.38. The optical thickness of the film next to the glass is two quarter 
waves, or a single half wave. Similarly, the design of the double-layer coating shown in Figure 20, 37 is 


silicon H L air, | 


where ny. = 2.40 and ny = 1,38. 
20.1.3.6 The reflectivity and transmission. In Section 20 setosenae is made to computed values of the re-" 


flectivity, R, andthe transmission, T. R and T are synonymous with the "reflection coefficient", and .. 


the "transmission coefficient" which are defined in terms of a time average of the Poynting vector, asis .°' 
specified in Equations 45 and 45a in Section 21.2.6. In Section 20 the terms "reflectance" and "transmittance" 
are reserved for measured, rather than computed, values." 


20.1,3.7 Non-normal incidence. When light is incident upon a canieltaydi at oblique incidence, both R and 
T must be computed separately in each plane of polarization. Thus one refers to Rp and Tp inthe "p" 
plane of polarization when the electric vector is parallel to the plane of incidence and to) Rg and T, in 
the ''s" plane of polarization when the electric vector is perpendicular to the plane of incidence. In general, 
if unpolarized light is incident upon a multilayer at non-normal incidence, both the reflected and transmitted 
light is partially plane-polarized. If the incident light is elliptically polarized, then the degree of elliptical 
polarization of both the reflected and transmitted light is altered. This is because not only the reflection and 
transmission are different in the two planes of polarization, but also-because the phase shift upon reflection 
is different for the two planes of polarization. If the light which is obliquely incident upon a multilayer is 
initially unpolarized and if the light detector, such as the human eye or a photographic plate, is not sensitive 
to the polarization of the light, then the polarizing effect of the multilayer can be Heel In this case we 
simply refer to the average reflectivity, Ra, , andthe average trahsmission, Tay . 


1 a 
Ray = §(Rp+R,), Tay = 1 in, + Ty) i (3) 


20.1.4 Analogies. 


20.1.4.1 Electrical transmission lines. It is useful to note the interesting analogy between the propagation 
of light through a thin film and the propagation of radio waves in an electrical transmission line. The propa- 
gation equation for the thin film is identical with the transmission line equation if one identifies the electric 
vector and magnetic vector in the thin film with the electrical voltage and current in the transmission line. 
The optical thickness* of the thin film is analogous to the "electrical length" of the transmission line, while 
the refractive index of the thin film is analogous to the "characteristic admittance" of a section of trans- 
mission line. A dielectric thin film corresponds to a "lossless" transmission line. The refractive index of 
the substrate and incident medium are analogous to the load admittance and the "characteristic admittance of 
the generator". The equations for the "optical admittance" of a thin film are identical to the equations for 
admittance of a transmission line. Graphical devices which have been invented for computing the voltage 
standing ratio of an electrical transmission line, such as the Smith Chart and the Admittance Chart, are 
used for computing the reflectivity of a stack of thin films#:5.6 , This analogy cannot be extended too far, 
however. Shunt transmissions lines and lumped constant elements such as resistors, capacitors, and in- 
ductors can be added to an electrical transmission line. - No exact analogous devices exist in thin film optics, 
although at certain wavelengths 2 thin gold or silver film can be represented as an inductance and an inconel 
film as a pure resistance. 

+ 20.1.4.2 Similarities with geometrical optics. There are some similarities between problems in multi- 
layer filters and lens design. In both cases, it is a straightforward task to compute the performance of a 
given system, once the design has been specified. The design of a multilayer filters is given by specifying 
the thickness and optical constants of each layer, and the substrate and incident medium! The design of a 
Jens is specified by the physical dimensions of each optical component and its refractive index. In both 
cases, it is quite difficult to synthesize a design. In order to synthesize a multilayer filter design, it is 

! 
* 
Note that the electrical length of a transmission line does not change with admittance as the optical thickness 
of a film changes with index . \ i 
~ i t 

| I 
| ' 
| 
| 
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Figure 20. 5-An illustration of the vector addition of amplitude method of computing the reflectivity of 
antireflection coating. (Vectors are not drawn exactly to scale. ) : 
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| 
necessary to choose the thickness and optical constants of each layer so that the filter has a prescribed spec- 
tral transmission or reflectivity. In synthesizing a lens, one must choose the curvature of the surfaces, 
spacing and refractive index of the optical elements so that the lens has a prescribed amount of aberration at 
various points in the image plane. In both lens design and multilayer filters, only approximate methods have 
been developed to accomplish this synthesis. : 


20.1.4.2.2 There are several differences between multilayer filters and lenses. The first difference is that 
the parameters which specify the design of a lens are given to a high degree of precision. The physical di- 
mensions and the refractive indices of the optical components are usually specified to an accuracy of a few 
thousandths of a percent. In thin film optics, however, it is usually difficult to control the thickness of 


individual layers to a precision of better than one percent. The refractive index of thin films can vary widely, 


because the optical constants of thin film materials depend not only upon the thickness of the layer, but also 
quite markedly upon the conditions in the vacuum when the film is evaporated. For example, the refractive 
index of the material "silicon monoxide" can vary from 1.40 to 1.90 depending upon the partial pressure of. 
oxygen during the evaporation.7,8 | ; : 


20,1,4.2.3 Another difference is that the design of a lens is usually patent, whereas the design of a multi- . . 
layer can be kept secret quite easily. Even if the design of a lens were not specified, one could disassemble 
a lens and measure the refractive index and dimensions of its components. In order to ascertain the design 
of a multilayer filter, however, it would be necessary to "peel off" each of the layers, ‘which might be as _ 
thin as a few hundred angstroms. This is practically impossible to accomplish. The amount of material in 
a layer which has a QWOT of 500 mu is about thirty micrograms per Square centimeter. Hence, it is quité 
difficult to perform a chemical analysis to determine the composition of the layers. Because of these facts, 
one finds quite frequently that the designs of multilayer filters and the materials which'are used in their 
manufacture are kept secret for proprietary reasons. This secrecy has been a detriment to the progress 

in this field. | 


| 

| | 
20.1.5.1 Vector addition of amplitudes. This is an approximate method which is most useful for stacks 
which contain a small number of layers. It essentially neglects the multiple reflections which take place 
between various interfaces and hence is most accurate when the difference between the refractive indices 
of adjacent layers is small, As an example of the application of this method, consider the problem of com- 
puting reflectivity of the double-layer antireflection coating shown in Figure 20.5 . The incident light re- | 
flects from each of the three interfaces. The amplitude of the wave which is reflected at each interface is. 
proportional to the Fresnel amplitude coefficient ‘ ! 

| 


yy = (n io” Ni) (ny ny.) 7) : : (4) 
: i 

where Ni,,)' and n,_ refer to the refractive index on each side of the interface. |However, these 
waves are not in phase and hence their amplitudes must be added vectorially. The difference in phase 
between the wave reflected from interfaces A and B is 2 5, , and similarly for the other interface. 
In the example in Figure 20.5 , the r,; are -0.16, -0.104, and 0.059, respectively for interfaces A, 
B, and C. From Equation 20-(1) we readily determine that 2, . is 63° and 2, is 126° when A,/A = 
0.35, Extending this procedure to other values of Ag/A, we can construct the vector diagrams which 
are shown in Figure 20.5 . When A,/A = 1.0, the vectors are colinear and hence. the r; canbe 
added algebretically. In Figure 21.8 the reflectivity computed by the vector method is compared with the 
results of the more exact matrix method described in the next ae 


20.1.5 Methods of computing R and T* 


20.1.5.2 The characteristic matrix. 1.12 _ ; 
aaa aoe eee | \ : 
T . 
20.1.5.2.1 The electric field E and the magnetic field H at one boundary of a film are related to the 
fields E' and H' at the other boundary by two linear simultaneous algebretic equations. These equations 
can be written in matrix form: | . 


os Oe | 8 


| 

where the matrix M_ for a non-absorbing film at normal incidence is 
i j 

cos 5; jon 

My, = (6) 


jon; sin 6; 





. The derivations of the equations which are cited in this section for computing R and T are given in section 21.4 
or in references 9 and 10. \ | ' 
i \ : 
20-8 ; 
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: E E' ; 
andwhere j = v-i and H and gr represent column vectors. As is shown in Section 21.4, 
Equation 20-(5) can readily be extended to more @ one layer and thus this can be regarded as a recursion 


relationship. The reflectivity of a multilayer is computed by first writing down the matrix M, for each 
layer according to Equation 20-(6). Then the matrix product is computed, as for example in Equation 21-(129) 
in Section 21.4. For example, if a stack consists of three layers, the matrix product M is 


M = M, * Mg * Mg (7) 
where the symbol * denotes a matrix multiplication. The matrix product M has in general four elements: 
A j B * : : 
M = * (8) 
jc D : . 
The four variables, A, B, C, and D, are all real variables if all the films are non-absorbing. : However, 


only three of the variables are independent, since the determinate of the matrix M is unity and herice © 
AeD + BeC = i. The reflectivity R is computed from eo BE 


(x -u)? + (¥-v)? 
fe ee (9) 
(x+u)? + (v¥+v)? 





where 
K =n, Ata, Kk, B U = ., D 
oO oO s s . (10) 
Y = non, B v-=c-k, D 3 
Af the substrate is non-absorbing, i.e. K, = 0, conservation of energy requires that R+T = 1 
and in this case T can be written: : 
T = = a2 : (11) 
x 
2+ A? —2 +p? —S + Goat B? Ng Bg 


Qs no Do Bs 


20.1.5.2.2 Whenever the optical thickness of any layer is A/2, rr, 3A/2, 2A, etc. the 6 of that 
layer is 180°,'360°, 540°, etc. and the characteristic matrix for that layer reduces to the unit matrix:. 


mete To | . com 


However, the unit matrix has no effect upon the matrix product and hence this "half-wave" film does not 
contribute to the reflectivity of the multilayer stack at that wavelength. In other words, any "half-wave" 
layer acts asthough it is absent from stack - that is, it is an absentee layer (see Section 21.2.14). Asan 
example, consider the five-layer stack which is shown in Figure 20.6 . It is specified that at some wave- 
length, A, , optical thickness of Jayers #1 and #4 is’ af 2. Thenat A, layers #1 and #4 are ab- 
sentee, and the reflectivity of the five layer stack is equivalent to the reflectivity of the three-layer stack 
shown in Figure 20.6 , which is.the five-layer stack with layers #1 and #4 removed. 


20.1.6 The computation of R_ and T at non-normal incidence. 


20.1.6.1 Extension of the normal-incidence equations. Equations 20-(4), 20-(6), 20-(10) and 20-(11), 
strictly apply to normal incidence. However, they can be extended to include a non-absorbing multilayer 
stack at non-normal incidence. This is accomplished as follows: B 


Step 1. Giventhe angle $ inthe incident medium, the angle of refraction, 9; , is 
computed from Snell's law. 


Step 2. The ''s" plane of polarization is considered first. The refractive index of the layer, 
nj , as it appears explicitly in Equations 20-(4) and 20-(6) is replaced by an 
effective index, 


“ne = my cos - (13) 
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‘igure 20.7 - The effective index ( given by Eqs. 20.13 or 20, 15 ) for the " p "tand "s"' planes of 
polarization, as a function of the angle of incidence in air, , ‘ 
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Figure 20.8 The effective thickness (normalized to 1.00 at normal incidence) as a function of the angle of 
incidence in air. , 
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| 


This substitution does not apply to the n,; which appears in Equation 20-(1). The indices n, and ng 
are replaced by the effective indices ny cos$¢ and Mg cos X , respectively. 


| 
Step 3. The optical thickness of each layer is replaced by an effective thickness, 
| t 


(a, t. ) ete = nm, t; cos 9, . : (14) 


Step 4. Having executed steps 1, 2, and 3, Rg and T, are computed, using either the 
vector addition of amplitude method or the matrix method. 


Step 5. The "'p" plane of polarization is considered next. Rather than [Equation 20-(13), we 
use for the effective index: : 
Ne = n, /cosO, . (15) 


Again, Equation 20-(15) does not apply to the n, in Equation 20-(1). The indices n o and n a are re- 


placed by the effective indices n a /cos? and Ds feos xX, respectively. 
2 i 


‘ Step 6. Having made the substitutions indicated in steps 3 and 5, R, and T_ are com- 
puted, using either the vector method or the matrix method. P 
I 


20,1,6,.2 Use of the effective index. 
20.1,6,2.1 Figure 20.7 shows the plot of the effective index as afunction of 
index n, = 1,00. As ¢ approaches 90°, the effective index approaches the limiting value of 


a | oa 
and : | 1 
Deore = n? / vnj2- Ho? / - (17) 


for the "s" and 'p" planes of polarization, respectively. From Figure 20.7 we see that the effective index 
of a material with a large refractive index, such as germanium, changes by less than three percent between, 


= 0 and ¢ = 90°. The materials with a lower index show z much larger change. “ 
| 


20.1.6.2.2 Figure 20.8 shows the fractional change in the effective thickness, cos 9, , as a function 
of $ for various values of the index ny . As one might expect, the change in the effective thickness 
between $ = O and 90° is much greater for low-index materials than for high-index materials. 


20.1.6.2.3 Since the effective thickness at oblique incidence is always less than at normal incidence, this 
means that the reflectivity and transmission peaks of multilayer filters shift to shorter wavelengths as ¢ 
increases. Although the author does not know of a rigorous proof of the statement made |in the foregoing 
‘sentence. he has never found any exception to it in his work with multilayer filters. . 


| 
i b 
20.1,6.3 Matched layers. 


20.1,6.3.1 By definition, two or more layers in a multilayer stack are matched when there ig a prescribed 
ratio between the optical thickness, n, t; » and hence between the a of those layers. 


20,1.6.3.2 Asan example, consider the three-layer stack which is shown in Figure 20.9. For the purpose 
of this illustration, we shall arbitrarily define a matched condition to be: 


my ty = mg tg : mg tg = 1:2: 2.5. : _ (18) 


Equation 20-(18) states that when the optical thickness of the second layer is twice that of the first layer and 
the ng tg, of layer three is 2.5 times n, t, - I€ this film combination is tipped at an angle of 60°, then 
the optical thickness of each layer must be replaced by its effective thickness. Since the refractive index for 
each layer is different, the percentage change in the effective thickness is different. Referring to Figure 20.8 
we see that the optical thickness of layer one is multiplied 0.93, ae two by 0.78, andilayer three by 0. 86. 
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This means that at 60° incidence, the ratio of the thickness of the layers is no longer (1 : 2:2. 5, but is 
| : 
[ot | = [ ey ty) [ny ty 


where the brackets [ ] indicate "effective thickness". This means that the layers, are no longer matched 


at 60° incidence, or for any other non-zero angle, for that matter.’ Hf all of the layers|were composed of high 
refractive index materials, the deviation of the optical thickness ratios from the matched condition prescribed 
in Equation 20-(18) would be much smaller. ' ' . 


0.977 : 1.56 : 2.14 
= li: 160 : 2.19 (9) 


20.1.6.4 Layers matched at oblique incidence. 


20.1.6.4.1 From the discussion in the foregoing subsection, we see that if the layers were deliberately made 


thicker in proportion to sec 6; then the layers are matched at non-normal incidence for a particular value |.’ - 


of $. Inthe foregoing example, if the n, t, of the layers were in the ratio of 


n, t, = my tp : ng tg = 1.024 : 2.57 : 2.92 : (20) 


then at an incidence angle of 60° the layers will be matched with the prescribed ratio stated in Equation 20-(18). 
: f : 


20.1,6.4.2 It only makes sense to speak of matched layers provided there is more than one layer. In the case ‘ 


Of a single layer ifthe 6, = 2a/A (nm, t, ) of that layer has gome value at normal incidence, say, for 
example, 1.25 radians at some wavelength, y+ Thenas ¢ increases, the effective thickness decreases. 
it is always possible to find some new wavelength Ae, atwhich 6, , is still 1.25iradiangs. If 

no '< ny , then Ag is less than 1 + This shift to shorter wavelengths is clearly illustrated in 
reflectivity curves of single-layer reflecting coatings which are show in Figure 20. 20, : 


20.2 THE MANUFACTURE OF MULTILAYER FILTERS 


20.2.1 Practical considerations. Using the computational methods which were described in 20.1.5, the 
spectral transmission and reflectivity of a given multilayer filter can be computed. However, if this filter- 
is not to be a mere theoretical abstraction, but is to be actually manufactured, then we must keép in mind. 
that there are certain practical problems which are encountered. Just as the lens designer is limited by the 
fact that the optical glasses which are presently manufactured have refractive indices within in a certain 
range, the films of a multilayer filter must be composed of materials which have certain specific values of Pa 
refractive index. ! 


20.2.2 Methods of deposition. 


\ = : 
20, 2,2,1 Progress in optical filming. Multilayer filters are manufactured by depositing solid films of vari- 
our materials on an appropriate substrate. Although there are many methods which are used to deposit these 
films, such as chemical reaction in a vapor or liquid, sputtering, or anodization, the most important and __ 
widely-used methods is evaporation in a vacuum. * Consequently, progress in the production and manufacture 
of multilayer filters has for many years been related to advances in vacuum technology. Although the theory 
of multilayer filters has been known for more than a century, the production of such useful devices as 


antireflection coatings for lenses and silver-dielectric-silver interference filters did not start until the decade : 


of the 1930's, when high~capacity oil diffusion pumps were developed which could evacuate a large volume toa 
pressure of less than 10-7 of atmospheric Pressure. Antireflection coatings for lenses were used extensively 
during the Second World War. After the war, all-dielectric interference filters and multilayer beam splitters 
for use in the visible spectral region became commercially available, In the decade from 1950 to 1960, 

multilayer coatings have been produced for wavelengths as short as 110 my in the ultraviolet!§ and for wave- 
lengths as long as 20 in the infrared, 16 


20.2.2.2 The evaporator. Figure 20.10 shows the essential parts of an evaporator which is used to deposit - 
thin films by evaporation in a vacuum. The circular pieces which are to be coated (i.e.; the substrates) are 
placed in the holes in holder at the top of the chamber. The glass bell jar is sealed to the base plate and the 
entire chamber is evacuated by means of the oil diffusion pump and the mechanical pump to a pressure of 
less than 10-* mm of mercury. The boats which contain the material which is to be evaporated are then 
electrically heated causing the material in the boat to evaporate and deposit in a thin solid film on the 
substrates. No mention has been made here of how the substrates are cleaned so that the films adhere well, 
or how the films are evaporated to a predetermined thickness. These topics are covered in detail in refer- 
ences 17 and 18. | ie f 

‘ 
Methods of depositing thin films are summarized in reference 17. 


| 
20-14 . 
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a REFRACTIVE TRANSMISSION 
MATERIAL INDEX RANGE » 


Hot pressed Mg F, (Irtran 1) 1.37 : 200 mp to 7.5 4 


Calcium fluoride 1.42 180 mp to 6 p 


Barium fluoride : 150 meto1s pB 
Irtran 3 A 1000 muto9 yp 
Fused quartz . 180 mpto 3.5% 
‘Vycor (high-silica glass) 1.46 250 mpto 3.5 p 
Glass 1.51 to 1.70 320 mpto 2.5 p 
Sapphire 1.70 <20 mp to 7.5 4% 
Hot pressed ZnS (irtran 2 } . 2.26 2000 mpto 14 p 
Arsenic trisulfide glass 2,40 800 mpto 12 yp 
Irtran 4 i 1000 mpto 20 B 
Silicon : 1100 mpto8 4p 


Germanium . \< 1900 mp to>22p 





NOTES: 
- » The wavelength of the absorption edge in the ultraviolet depends upon the purity of the quartz. 
2. In general, glasses with a lower refractive index are transparent to shorter wavelengths than 
glasses with a higher index. However, there are exceptions to this rule. Most glasses have a 
strong absorption band in the vicinity of 2.6». Very thin glass plates (i.e. "cover slips") are 
transparent between 2.7 pt and 4. 5y- 


Table 20.1 - Common substrate materials. 
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MATERIAL COMMENTS 





Cryolite 

Chiolite 

Magnesium fluoride 1.38 
Thorium fluoride 1.45, 
Cerium fluoride 1.62 
Silicon monoxide ' | 1.45 to 1.90 
Sodium chloride 1.54 
Zirconium dioxide 2.10 

Zine sulfide 2.30 
Titanium dioxide 2.40 to 2.90 
Cerium dioxide 2.30 
Silicon 

Germanium 


Lead telluride 








NOTES: , | 


L. Both materials are sodium-aluminum fluroide compounds, but differ in the ratio of Na to Al and have 
different crystal structure. Chiolite is preferable in the infrared, because it has less stress than 
eryolite (see section 20. 2.3. 2.4). G 


2. These materials are hard and durable, especially when eee onto a hot substrate. 


3. The long wavelength is limited by the fact that when the optical thickness of the film is a quarter-wave 
at 5p, the film cracks due to the mechanical stress (see 20. 2.3.2.4). | 
| 
4. There are other fluorides and oxides of rare earths which have refractive indices in this range from 
1.60 to 2.0. See reference 22a. | 


5. The refractive index of SiOx (called silicon monoxide) can vary from 1.45 to 1. 90 depending upon the 
partial pressure of oxygen during the evaporation. Films with a refractive index of 1.75 and higher. 
absorb at wavelengths below 500 mp. | ks 


6. Sodium chloride is used in interference filters out to a wavelength of 20». It has. very little stress. 
7. The refractive index of zinc sulfide is dispersive. 23 


{ 
8. The refractive index of TiOg rises sharply in the blue spectral region. 24 
| 


a The higher refractive index of 4. 2 is given in reference 23. _ The lower index is quoted by Dr. A. PL 
Turner of Rochester, N.Y. (private communication}. i 2 


10. The range of transparency is for a film of quarter-wave optical thickness at this wavelength. These 
values are approximate and also depend quite markedly upon the conditions in the vacuum during the 
evaporation of the film. . : 


| 
Table-20. 2 - Commonly used thin film materials. 
| 
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20.2.3 Substrates for multilayer filters. 


20.2.3.1 Optical characteristics. If transmission-type filters are used, the substrate must not absorb in 

the spectral transmission range of the filter. Very often the fact that a substrate material absorbs in certain 
wavelength regions can be used to advantage. For example, suppose a filter is required for the infrared which 
has a high transmission at wavelengths longer than 7.0 » , and a high attenuation at shorter wavelengths. If 

a germanium substrate were used, then the germanium would absorb at wavelengths shorter than 1.8. Thus 
the multilayer which is deposited on the germanium would be required to attenuate between 18pand 7.02. 
On the other hand, if a substrate of silicon were used, which absorbs at wavelengths below 1 » , then the 
multilayer coatings would have to attenuate over a wider range of wavelengths and hence the multilayer coat~ 
ings would be more complex and expensive to fabricate. The infrared transmission of some optical materials 
which can be used as multilayer substrates is shown in Figure 20.11. Ballard, McCarthy,and Wolfe 19 have © 
published transmission data on other materials. The refractive index of the substrate is also important. A 
high-index substrate has high reflection losses at its surfaces if it is not properly coated with antireflection 
coatings. ae 


20.2.3.2 Chemical and physical properties. 


20.2.3.2.1 Certain substrate materials, suchas sapphire and fused quartz are hard, durable, and relatively 
inert to chemical attack. Other materials, notably the rare-earth glasses and some of the alkali halide 
erystals, are rather soft and delicate. Multilayer coatings are deposited on a substrate and then sometimes 
rejected because their optical transmission does not meet specifications. If the substrate is expensive, it 

ig desirable to remove the coating from the substrate and recoat it. It is advantageous to use a substrate 
which is chemically inert, because in this case the coating can be removed with acid or alkali solutions. 
Otherwise, it is necessary to remove the coating mechanically by the more expensive method of optical polish- 
ing. 


20.2.3.2.2 The adhesion of the coatings to the substrate is also important. For example, ‘sapphire isa 
hard and durable substrate, but it has the disadvantage that some thin film materials do not adhere well to 
its surface. 


20.2.3.2.3 The fragility of the substrate is alsoa consideration. Some thin film materials, such as mag- 
nesium fluoride and cerium dioxide, are much harder and more durable when they are evaporated onto a 
substrate which is heated to a relatively high temperature, often as high as 300° C, It-is not an easy task 
to heat a large piece of optical glass to this temperature without fracturing it, whereas a fused quartz sub- 
strate could easily withstand this heating. : 


20.2.3.2.4 The number of available substrate materials is legion and an exhaustive list would be quite’ long. 
Some of the commonly used materials are listed in Table 20. 1. 


20.2.4 Thin film materials. 


20.2.4.1 Optical properties. In most cases, the thickness and refractive index of the films in a multilayer 
filter are chosen from theoretical considerations. In order to translate this design into a practical filter, it 
is necessary to select for each layer a thin film material which can be evaporated to the desired thickness 
and which has a refractive index which is close to the theoretical value. We see from Table 20.2 that in the 
visible spectral region, non-absorbing films are available with a refractive index in the range from 1.35 to 
2.70. Inthe infrared, materials such as silicon, germanium, and lead telluride are available which have a 
considerably higher refractive index. In most cases the film does not have the same refractive index as the 
bulk material. A comprehensive list of thin film coating materials is compiled by Heavens. 22 


20.2.4.2 Physical properties. 


20.2.4.2.1 In some applications it is possible to protect a multilayer by cementing on top of it another trans- 
parent plate. Thus most silver-dielectric-silver FP type filters (described in 20, 10, 3.1) are protected in this 
manner by "sandwiching" the multilayer between two glass plates. If a multilayer is protected, then it is 
possible to use materials in the stack which are "soft", such as antimony trioxide. In other cases, the multi- 
layer must be "hard" to resist scratching and abrasion because it is exposed and subjected to extreme en- 
vironmental conditions. Such a coating is called a "hard coating” or simply a "hard coat”. A commonly used 
means of testing the durability of a multilayer is to see if it can withstand rubbing with a soft rubber eraser. 
Certain coating materials, notably magnesium fluoride, silicon monoxide, cerium dioxide; titanium dioxide, 
germanium, .and silicon, are extremely hard and durable. This does not imply that these materials are the 
only "hard" coatings. .In fact, we must resist the temptation to classify every coating material as either 
“hard@™ or "soft" and remember that there is a continuous variation of the durability between the extremely 
hard materials mentioned in the foregoing sentence and a fragile material such as antimony trioxide. The 
durability of the coating also depends markedly on the conditions in the vacuum during the evaporation. For 
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example, techniques have been developed to evaporate zinc sulfide so that it forms a quite durable layer. The 

durability of a multilayer filter depends not only on the materials, but also on the technical competence of its 

manufacturer. | i 

20.2.4.2.2 Resistance to moisture. Some coating materials, suchas magnesium fluoride and silicon monox- 

ide, can be immersed in water and even in hot saline solutions for some length of time,, with no deleterious 

effects. Other materials, such as cryolite or chiolite, have quite desirable optical properties, but are not 

widely used as antireflection coatings because they are slightly water soluble. Even thi igh some coating 

materials are relatively insoluble, moisture can still destroy a multilayer by destroying the bond between 

the films and the substrate. i 


= I 
20.2.4.2.3 Adhesion to thé substrate. It is important that the multilayer coating adhere strongly to the sub- 
strate. This is especially true of coatings which have a mechanical'stress. Over the years a vast amount of 
lore has been acquired by the manufacturers of thin film coatings as to what film materials adhere wellto ° 
various substrates. The adhesion of a film to a substrate depends quite markedly such parameters as the ~ 
cleanliness of the substrate, its temperature during the evaporation, and the partial pressure of residual 
gases in the vacuum chamber during the evaporation. There is no substitute for experience in acquiring the ° - 
"know-how" of producing durable and adherent coatings, although Holland !® is a source’ of much useful in- ° 
formation. | 


20.2.4.2.4 Mechanical stress 2° Early workers found that after a multilayer filter had been evaporated and 
was moved from the vacuum into the humid air of the laboratory, the entire coating would separate from sub- 
strate or craze with many fine cracks. Further investigation showed that this was due to a mechanical stress 
in the film which is proportional to the thickness of the film.20 This stress can be demonstrated quite easily 
by observing that a thin substrate bends as a film is deposited upon it. The substrate bends concave towards 
the evaporation source if the stress is compressive. It was found that almost all thin film materials have a 
tensive stress; one exception is zinc sulfide, which has a compressive stress of 0.02 (in arbitrary units). 
Magnesium fluoride, on the other hand, has a tensive stress of 0.11 panes 
20.2.4.2.5 Limit on the thickness?° It is clear that this stress is one of the principal factors which limits 
the thickness of films which are deposited by evaporation. When the adhesion of the film to the substrate can 
no longer balance the stress which builds up as the film grows thicker during an evaporation, the film either. 
parts from the substrate or crazes. Films of either magnesium fluoride or cerium dioxide tend to craze when 
their physical thickness exceeds one micron. Thus film materials which have a high stress are limited in , 
their application in the infrared, where the films must be quite thick. Another factor which limits the use of ° 
some films in the infrared is called the clouding effect. This effect is not observed in aifilm which is rela- 
tive thin, say 100 mu in physical thickness, and hence it is transparent. However, as a much thicker film | 
is evaporated, the film becomes cloudy and scatters light like a ground slab of glass. This is presumably 
due to the growth of large crystallites in the film which scatter light. f 

| 4 
20.2.4.2.6 An effective way of avoiding stress is to use thin film materials which have a or no stress, 
such as silicon monoxide or sodium chloride. The latter material could only be used in the laboratory, due 
to its water solubility. Another approach is to deposit a film with compressive stress next to a film with a 
tensive stress, the thicknesses of each layer being chosen so that the total stress of the pair of films is 


zero2» 


20.3 ANTIREFLECTION COATINGS 


In this section we shall consider the problem of reducing the reflectivity of a dielectric substrate by the addi- 
tion of one or more non-absorbing thin films. In order to determine how much the transmission of the sub- 
strate has been improved by the addition of the multilayer coating, we must first considér the reflectivity of 
the uncoated substrate. ; A 


20.3.1 Reflectivity of an uncoated surface. The reflectivity R for a bare dielectric surface at 
normal incidence is given by the Fresnel coefficient, : 


R= 1-T = (ng - n, 2 /(n, +n, 2 i ‘(21) 


. | 
where no is the refractive index of the incident medium (which is:usually air) and n is the refractive 
index of the substrate. If the light is obliquely incident, then Equation 20-(21) still applies if the appropriate 
effective index is used in place of n, and ng - i 


20.3.2 Choice of type of coating. | 
20.3.2.1 Number of layers. In Section 20.3, the spectral meter of antireflection coatings consisting 
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Figure 20.14- Computed spectral reflectivity of 
single layers at normal incidence. - 
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Figure 20,13 - Computed spectral reflectivity of 
single layers at normal incidence. 
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Figure 20.15 - Computed spectral reflectivity of ° 
single layers at normal incidence. 


20-19 





rom p://www.everyspec.com 


MIL-HDBIC-141 APPLICATIONS OF THIN FILM COATINGS 


| ' 
of one, two, or three layers is considered. Coatings consisting of more than three layers can be devised, 
but coatings with less than three layers have proved adequate for most applications; hence coatings with more 
layers are rarely used. In deciding what type of coating to use, ne Ono points are usually considered: 


20.3.2.2 Spectral reflectivity. The type of coating which is selected is often determined by breadth of the 
spectral region, over which the surface is to have 2 low reflectivity. For example, suppose that a lens with 
a large number of elements is used to image a source which emits a considerable amount of radiant energy 
in the narrow wavelength range from 500 my to 550 m# and a negligible amount of radiant energy at other 
wavelengths. The best type of antireflection coating for the glass surfaces of this lens would be the two-layer 
coating which is described in Section 20, 3.4.3.2. This coating has a very low reflectivity over a narrow 
wavelength region and a reflectivity which rises sharply outside of that region. On the other hand, if the 
source were to emit radiation over a much broader spectral region, say from 400 to 800 my, then other 
types of coatings should be considered, such as a single-layer or three-layer coating, which have a low re-_ 
flectivity over a much wider wavelength region. ' : : 


| i : : 
20.3.2.3 Angle of incidence. The reflectivity of all thin film coatings changes with the/angle of incidence 


ofthe light. The type of antireflection coating which is selected might depend upon the angle of incidence of .. 


the light and the amount of convergence in the beam. For example, suppose that a coating is selected for the 
surfaces of the large negative lens which is the first element in a wide-angle camera lens, as shown in Fig- 
ure 20,12. The angle of incidence ¢ on the first surface of this lens can easily be ag high as sixty or 
seventy degrees. Thus if excessive vignetting is to be avoided, the antireflection coating on that surface 
should have a low reflectance at high angles of incidence as well as at normal incidence. 


20.3.2.4 Cost. The cost of an antireflection coating is related to complexity of the equipment necessary to 
evaporate the layers to a prescribed thickness and also to the number of layers in the coating. For example, 
single-layer coatings of magnesium fluoride are quite easy to produce. The thickness of the magnesium 
fluoride layer can be easily determined visually during the coating process by examining the color of the re- 
flected light. There are many facilities which have the capability of ‘depositing these coatings because ‘they 
are quite easy to produce. The production of a three-layer coating requires more}elaborate equipment, 
such as photoelectric monitoring equipment to measure the thickness of the layers and hence the coatings are 
more expensive. 


20.3.3 Single-layer coatings. 
| 
20.3.3.1 Basic equations. : 


20.3.3.1.1 The reflectivity of a dielectric surface coated with a single layer of refractive index n, is, 
| 


a, cos? 6, + ag sin? 6, 





R=1- = (23) 
ag cos? 6, + a, sin? 6, 
where i 
2 : 2 
a, = (mg - ng ) ag = (ny ~ Bo ng /ny ) 
ag = (mp +a, )? : a, = (ny +n, ng/n, )? 


where ny , Mg , and’ 5) have been defined previously in Section 20. 1. 3. 2.The foregoing equation 

can be derived from Equations (6), (9), and (10) in Section 20.1.5.2. From Equation (23) one can see that 
when ny ty = A/2, 3/2, 5A/2, etc., 6, is 180°, 360°, 540°, etc. and hence the layer is an ab- 

sentee layer (defined in 20.1.5. 2.2). In this case, the reflectivity is the same as an uncoated surface and 
Equation (23) reduces to Equation (21). § | ' 


20.3.3.1.2 Whenthe ny t; = /4,° 32/4, 52/4, ete., the reflectivity is either a maximum or a min- 
imum and is given by 
2 ‘ 
n% o- non 
1 o “s % 
Rn = Se . : (24) 
n+ ny ng 


| 
Some curves of the spectral reflectivity of a single layer on a dielectric substrate are shown in Figures 
21.11, 21.12, and 21.13. In Section 20.3, however, we will only consider the case where the reflectivity 


| 
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Figure 20.17- Computed spectral reflectivity at normal incidence of a single-layer antireflection coating. 
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is a minimum, which occurs when 


o 7 3, > n,Q or no < ny <a. (25) 
It is evident from Equation (24) that the reflectivity is zero when’ 


n, = Vn a, i (26) 


20.3.3.2 Coatings for substrates with low refractive index. : \ 


20.3.3.2.1 We will consider single-layer antireflection coatings for substrates which: have a refractive in- 
dex in the range from 1.5 to 1.7, which includes most of the optical materials which are commonly used in 
the visible, near-infrared and near-ultraviolet. Crown glass and fused quartz have a refractive index which 
is close to 1.50, while dense flint glass and sapphire have a refractive index of 1.'70. : 





20.3.3.2.2 In order to obtain a coating which would produce zero reflectivity at a surface between air and’ 
glass of refractive index 1.51 at some particular wavelength, say 550 m#, it is necessary to deposit a film - 
which has an optical thickness of a quarter-wave, three-quarter wave, etc. at 550 m#tiand a refractive index 
given in Equation (26), namely 1.23. No durable coating material has been found which has a refractive in- 
dex of this low a value. Thus a single-layer coating on such a substrate is a compromise between a coating 


which is hard and durable and a coating which has an extremely low, if not zero, reflectivity. Two commonly = 


used low~index films are magnesium fluoride (index 1.38) and cryolite (index 1.35). The cryolite film pro- 
duces a lower reflectivity than the film of magnesium fluoride, because of the lower refractive index of the 
former. This advantage, however, is offset by the superior physical properties of the magnesium fluoride 
film. Cryolite films are soft and slightly water soluble, whereas magnesium fluoride films are quite hard. 
and durable, especially when evaporated onto a hot substrate. | 

| 
20.3.3.2.3 Figures 20.13, 20.14, and 20.15 show the computed spectral reflectivity ¢ of some antireflection 
coatings of both magnesium fluoride and eryolite on substrates of refractive index 1. 51, 1.58, and 1.68.. The 
reflectivity of a single uncoated surface at normal incidence in each of these cases is 4, 12%, 5 05%, and 
6.44%, respectively. The optical thickness of the filmis A, of 4 at Ao = 550 mj. so that the minimum 
reflectivity is in the green region of the spectrum where the eye is most sensitive. Also, 550 mz is in the 
center of the visible spectrum (i.e. 400 my to 700 mi) on a wavelength scale. However, 550 my is not in, 
the center of the visible spectrum on a wave number (frequency) scale and hence the reflectivity in Figures : 
20, 13, 20.14 , and 20.15 is higher at 400 my than at 700 mu. The curves are not symmetrical, about A, 
because they ‘are plotted on a wavelength rather than on a wave number (frequency) scale on the abscissa.” 
The reflectivity of the cryolite coating is lower than the magnesium fluoride throughout the visible spectral 
region. The minimum reflectivity, Ry, , decreases as the index of the substrate progresses from 1.51 
to 1,68, because the condition in Equation (26) becomes closer to being satisfied. 


20.3.3.2.4 The spectral reflectivity curves shown in Figures 20, 13, 20.14, and 20.15 are useful because 
magnesium fluoride films are used so extensively to coat lenses in the visible spectraliregion. However, 
the reflectivity is shown only for a limited spectral region and for a film which has a quarter-wave optical 
thickness at a particular wavelength, namely 550 mu. Suppose that a lens is designed | to transmit radiant 
energy not only in the visible, but also in the near infrared to 950 mu. If a designer wanted to know the re- 

* flectivity of a coated surface at 950 mp, the data in Figures 20,13 ;20.14 , and 20, 15 are of little use to 
him. Of course, he could compute the reflectivity at this wavelength from Equation (23), but it is much 
easier to obtain information from a graphical presentation. Suppose that a lens images radiant energy upon 
a detector which has a maximum response at a wavelength of 700 mu. This means that the antireflection 
coatings should have a minimum reflectivity at 700 mp and hence reflectivity versus wavelength plot de- 
picted in Figures 20.13, 20.14, and 20.15 could not be directly used. ; 


20.3.3.2.5 In order to circumvent the difficulties mentioned in the Javegoire paragraph, it is useful to 
plot the reflectivity as a function of dimensionless parameter, g = Ay fA » Which is proportional to . 
frequency. Here A, is the wavelength at which optical thickness of the film is a quarter-wave. Figures 
20. 16,20, 17 , and 20,18 depict such a plot, for a single layer of magnesium fluoride deposited on substrates 
of refractive index 1.51, 1.58, and 1.68, respectively. The R,,| at non-normal incidence is shown for 
substrates of index 1. 31 and 1.68. More extensive data for eryolite is not shown because it is not widely 
noe as an antireflection coating because of the reasons mentioned in 20.3.3.2.2. When plotted versus 

» the reflectivity has even symmetry about g = 1.0 (at normal incidence). 

i I 

20.3.3.2.6 Several examples are given on how these curves are uged to compute the reflectivity at a wave- 


length A of a single-layer coating which has My ty = AQ {42 


i 
i i 
' 
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Figure 20, 18- Computed spectral reflectivity at various angles of incidence of a single-layer antireflection 
coating. 
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Example (a) A glass substrate of index 1.51 is coated with a single-layer magnesium fluoride antireflection 
coating with a minimum reflectivity at 700 my. What is the reflectivity at 950 mp? 


Solution: A quarter-wave film with Ag = 700mp, hasa minimum R at AQ.- Then at 
ry = 930mh, g = Ao/A * 700/950 = 0.737. From Figure 20.16, at 
g = -737 R = .O17. 


Example (b) For the same coating and substrate, what is the reflectivity at 400 mp? 
Solution: Here g¢ = AJ/A = 700/400 = 1.75, and from Figure 20,16, R = 038. 


20.3.3.2.7 The reflectivity versus "g" curves are periodic and at normal incidence the curve repeats at 

g = 2.0, 4.0, 6.0, etc. This fact can be used to find the reflectivity at values of "e'' outside the range . 
of the graphs. Example: For the thin film coating described in Paragraph 20.3.3.2.6, what is the reflec- 
tivity at 300 mu? Here g = Ap /rva = 700/300 = 2.33. Dueto the periodicity, the reflectivity at . 
g = 2.33 isthe sameasat g = 0.33 and from Figure 20, 16 the reflectivity is 0.035. ae eS 


°20.3.3.3 Coatings for substrates with low refractive index, at non-normal incidence: 


20.3.3.3.1 As is discussed in Section 20.1.6, Equations (23), (24), and (26) can be used at non-normal inci- 
dence, provided that an effective thickness is substituted for the optical thickness and the effective index 
appropriate to each plane of polarization is used. Regardless the angle of incidence, the reflectivity ‘curve 
still has either a maxium or a minimum when the phase of retardation of the layer 6, = 90°, 
‘270°, etc. Because of the reasons cited in 20.1.6.4.2, the minimum in reflectivity curve shifts towards 
shorter wavelengths (i.e. the blue). This shift of the minimum reflectivity to shorter wavelengths is illus- 
trated in Figures 20,19 and 20.20, which depict the spectral reflectivity of a layer of magnesium fluoride, 


(ny ty = Ao 7/4, %, = 550 mE ) on glass substrates of index 1.51 and 1.68 respectively. At non- 
normal incidence, R,, is shown. The minimum reflectivity shifts from 550 mp at ¢ = 0 to 

he = 465mpat % = 45°. This shift can also be determined from the graph of the effective thickness 
versus in Figure 20.8- From this graph we find that (n t )efrective = Bi ti Cos 6, = 0.859 ny ty 
for a film index of 1.38. Given A, of 5350 mp, we determine that Aen = {859} (550) = .472 mp. ~ 
20.3.3.3-2 The effective indices at % = 65° of the substrate, film, and incident medium of a single- 


layer Mg Fo coating on glass, are shown in Table 20.3. Its spectral reflectivity in each plane of 
‘polarization and the Ray, is shown in Figure 20, 21- The optical thickness of the film is made thicker than 
Xo /4 at normal incidence so thatat $ = 65° the minimum reflectivity occurs at A, = .550 mu. It 

is interesting to note that R, attains a maximum rather than a minimum at A,- The reason for this 

is seen in Table ‘20.3 . The effective indices in the "p” plane of polarization do not satisfy the condition 
for a minimum stated in Equation (25). However, the R, curve drops toasharp minimum at A, and 
‘hence the R,, hasa minimum, rather than a maximum, at A, - Figures 20. 16 and 20, 18 show the 
average reflectivity at @ = 45° and @ = 65° of a film of refractive index 1.38 deposited on glass 
of index 1.51 and 1.68, respectively. The optical thickness is -Ag /4 at @ = 0. These curves have. 
even symmetry about their minimum. For example, the curve in Figure 20.16 at > 65° has a mini- 
mumat g = 1.32 and hence the reflectivity is the same at g¢ = 2. 12 and g - 0.52. 


Hou 


20.3.3.3.3 Graphs of the average reflectivity, such as are shown in Figures 20, 16, 20.18 , 20.19 and 

20, 20, are useful in the case where the incident. light is unpolarized and where the detector is not sensitive 
to polarization, as for example a photographic plate. If the incident light is polarized, or if polarization 
has been introduced by other elements of an optical system, such as prisms and beam splitters, then it is 
necessary to compute the reflectivity in each plane of polarization separately, as in Figure 20, 27 - 


20.3.3.3-4 Single-layer antireflection coatings (which satisfy Equation (25)) on glass always decrease the 
average reflectivity to lower values than the uncoated surface. This is illustrated in Figure 20,22 which 
shows a plot of the angle of incidence versus Ray of an uncoated glass surface, and the minimum reflec- 
tivity of the same substrate covered with a single layer of refractive index 1.35. At any angle of incidence, 
whether it be 20° or 80°, the coated surface has a lower Ray than the bare substrate. This subject of - 
antireflection coatings at non-normal incidence is treated in. more detail in references 25 ar? 26. 


20.3.3.4 Coatings for substrates with a higher refractive index. 


20.3.3.4.1 Single-layer antireflection coatings for substrates with a higher refractive index are considered, 
which includes materials which are used principally in the infrared, such as arsenic trisulfide glass (index 
2.40), silicon (index 3.48), and germanium (index 4.045). The refractive index of all of these materials 
changes with wavelength. The foregoing values are representative of some mean values in the infrared and 
even though the calculations do not account for the dispersion in the refractive index, they give some idea 

of what can be acconiplished in the way of antireflection coatings for these materials. 
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Table 20.3 - The effective indices at $ =65° incidence of a single-layer antireflection 
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Figure 20.25 — Computed spectral reflectivity of a single-layer antireflection coating at @ = 0, 45° 
and 65°. 
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20,3.3.4.2 The difference between the coatings for low-index substrates and these higher index materials 

is that in the latter case thin film materials are available which satisfy Equation (26): Thus the antireflection 
Jayer on arsenic trisulfide glass should have a refractive index of (2.40)1/2 = 1. 55, and so on for the other 
substrates. Figures 20.23 and 20, 24 show single layer antireflecting coatings with a: quarter-wave optical © 
thickness of 3.0 #, on substrates of arsenic trisulfide glass and germanium. The reflectivity of the uncoated 
surface is 0.17 and 0.364 respectively. It should be noted that in practice the reflectivity curve in Figure 

20, 24 is higher than shown in the region from 1.5 to 1.8 #, because the absorption constant of the germanium 
is increasing. Figures 20,25 and 20. 26 show a plot of the reflectivity versus "g". In each case the optical 
thickness of the filmsis A, 7/4. These curves can be used to find the reflectivity at various wavelengths 

of a film which has a quarter-wave optical thickness, say at 4.0 1, in the manner described in Section 
20,3.3.2.6. . 


20.3.3.5 Coatings for substrates with a higher refractive index, at non-normal incidence. 


1 
20.3.3.5.1 The behavior at non-normal incidence of coatings for substrates with a low refractive index.’ . 
was discussed in 20.3.3.3. That discussion applies equally well to these coatings for high-index substrates. 
The main difference is that the angle shift of the reflection minima to shorter wavelengths is considerably. * - 
less for the high-index coatings. This is merely a manifestation of the fact that the change in the effective © 
thickness is much less for high-index films than for the low index films, as one can see from Figure20.8 - 


20.3.3.5.2 Figure 20.27 shows the spectral reflectivity at 65° in the two planes of polarization and also the 
Ray of a single Jayer coating on germanium. As in the case of the film shown in Figure 20,21, the effective 
indices of the incident medium, film, and substrate in the "p" plane of polarization do not satisfy Equation (25) 
and hence the reflectivity attains a maximum rather than a minimum. However, in the case of the germanium 
film, R, islessthan Rp, - This means thatat $ = 65° ‘the polarizing effect of this coated plate is 
exactly opposite to that produced by an uncoated dielectric surface, which satisfies the condition that 
R, > Rp , for all values of - @ > 0. This coating on germanium could be used to compensate for the . 
polarization introduced by other uncoated surfaces in an optical system. Figures 20. 25 and 20, 26 show the 
average reflectivity of these coatings at various angles of incidence. Hass27,28 and his co-workers have 
measured the transmittance in the infrared of some antireflected high-index substrates. 

I 


20.3.3.6 Coatings with a higher order of interference. As was pointed out in 20.3.3.1.2, a minimum in the 
reflectivity of a single-layer coating occurs when the optical thickness of the coating is a/4 , BA/4, 5/4, 
m)/4, where the order number "m" is an odd integer. Hitherto we have only shown coatings which show a 
first-order interference minimum, that is, for m = 1. A minimum reflectivity will also occur for high- 
er order interference coatings, such as films which have an optical thickness of three-quarter or five-quar- 
ter waves. Figure 20,28 shows the spectral reflectivity of these thicker films deposited on a glass substrate. 
As one might expect, the reflectivity rises sharply on either side of the minimum at 550 mi. Hence, there is 


little advantage to using such higher order interference coatings, with the following exception.- In an infrared’ - 


optical system which is designed to transmit a narrow band of wavelength, some additional attenuation of 
wavelengths outside of the desired range could be obtained by using higher order interference antireflection 
coatings. Y pe 

i ' ' 
20.3.3.7 Analogy with electrical transmission lines. In this section we have considered the problem of light 
impinging upon a substrate of index n, from an incident medium of index ng - The problem has been to 
select the film of proper optical thickness and refractive index so that the reflectivity jis reduced to zero. 
The analogous problem in transmission line theory to match a load of admittance ng | toa transmission 
line of characteristic admittance ng so that there will be no stahding waves. It is shown in many texts 
on transmission line and microwave theory that a "quarter-wave transformer" or "quarter-wave matching 
line" ig required to do this. The electrical length of the line should be a quarter-wave and the admittance, 
n, , of the line should satisfy Equation (26). ? b 


20.3.4 Double-layer coatings. 


20.3.4.1 Types of coatings. It is often desirable to use double-layer antireflection coatings because in 
certain cases these coatings have a lower reflectivity over a wider: spectral region than do single-layer 
coatings. The following types of coatings will be considered: : 
(1) Double-quarter, single minimum. 
(2) Double-quarter, double minimum. 


(3) Quarter-half. 
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20.3.4.2 Basic equations. 


20.3.4.2.1 It is possible to write an equation for the reflectivity of a double-layer coating, but there is 
little advantage because the equation is lengthy and cumbersome.29 For our purposes, it is preferable to use 
the vector addition of amplitude or the characteristic matrix method to compute the reflectivity. 
20.3.4.2.2 In the special case where the optical thickness of each film is a quarter-wavelength, that is 

ny ty = ng tg = A/4, then 6, = 5, = 90° andthe characteristic matrices Leones (6)) ° 


have non-zero elements only along the antidiagonal. The matrix product (Equations , (8)) becomes: 
A iB 0 jnyt fo jn,-1 
= 3 (29) 
jc D in, 0 jn, 0 


After taking the matrix product and substituting into Equations (9) ‘and (10), we obtain for the minimum (or 
maximum) reflectivity i nea 
\ 
2 
Ny Ng@- ng 02 5 
Reil1l-+-T = pi a ee é : (30) 
Ry Ng 2+ ny ny? : 


Thus for R to be.zero, the condition must be satisfied that: 


1/2 ! : 

n n : 

Ga) Ge) - | 0 
ny n 

The condition for zero reflectivity of a double quarter, single minimum type of coating only involves the 


o 
ratio of the indices of the two films. For example, suppose glass of index 1.51 is coated with a double- 
quarter-wave coating with the following indices: 


1.69 ' (32a) 


ny = 1.38 ny = 
a, oF 1.63 no = 2.03 : (32b) 
In both cases Equation (31) is satisfied and the reflectivity is zeroat A = Ag - However, it can be 


shown that the reflectivity rises quite sharply on either side of the minimum in the case of Equation (32b), 
whereas the spectral range over which the reflectivity has a low value is much larger in the case of Equa- ~ 
tion (32a), ‘and thus Equation (32a) is the better coating to use. Hence it is preferable to use as low index 
materials as possible. . : 7 


i see} ‘ 
If the indices satisfy Equation (31), then this is called a double-quarter, single minimum coating. The 
single minimum means that it has only one reflectivity minimum for a given order of interference. For 
example, the plot of the reflectivity versus A, /A of the double-quarter coating (curve I in Figure 20, 30) 
has one minimum for the first order interference for 0 < ej < 2.0, another minimum in the second 
order for 2.0 < g < 4.0, and soon. : 


20,3,4.2. 3 Another type of coating which contains quarter-wave layers has a maximum R at A, andtwo 
minimum symmetrically spaced about A, ona frequency scale. Such a coating is called a double-quarter 
double minimum coating. A reflectivity curve for a typical coating is shown in Figure 20,35. There are 
several methods of determining the relationship between the indices of the films of such a coating, such as 
the solution of complicated algebretic equations 2%» , 29... 30 or alternatively the use of vector diagrams, 


as done in Figure 20.5. One type of double-quarter double minimum coating is obtained when the indices | 


satisfy the equations 
n= nn, , ng3= ny ng?. (33) 
The foregoing equations can be reduced to 


ny RM. = Ny Rg - (34) 


Equations (33) and (34) are derived by Berning 20. 


20.3.4.2.4 The spectral reflectivity curve of the quarter-half coating is similar to the curve of the double- 

quarter, double minimum coating mentioned in the foregoing paragraph, to the extent|that it has a maximum 

at A, andtwo minimum spaced equally about A, ona frequency scale. The spectral reflectivity curve 

- of such a coating is depicted in Figure 20.30 (curve Ill). It is required that the half-wave layer must have a 
‘ 1 : i : 
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higher refractive index than the substrate. The refractive indices of the two layers can be determined either 
from a vector diagram (i.e. Figure 20.5) by adjusting the lengths of the vectors so that the vector polygon 
should close at some value of 5; and 6, . The length of the vectors is proportional to the Fresnel ampli- 
tude coefficients and hence one can solve for the indices of the layers. The refractive indices can algo be 
found by solving transendental equation .29 | Whatever indices are chosen, the reflectivity when A = 2% 


is determined easily from Equation (24) because the half-wave layer is absentee. ? 


20.3.4.3 Double-layer antireflection coatings for low index substrates. 


20,3.4.3.1 In this subsection, the term low index substrate is used in the same sense as in 20.3.3.2. The 
fact that the lowest index film material which is available has an index of 1.35 means that double quarter, 
double minimum coatings cannot be produced for substrates in this index range. 


20.3,4.3.2 The double quarter curve in Figure 20. 29 is the spectral reflectivity of a double-quarter, 
single minimum coating on glass of refractive index 1.51. The optical thickness of the films is a quarter-. ~ 
wave at 550 my and because the indices satisfy Equation (31), the reflectivity at this wavelength is zero. ~ 
Such a coating could be manufactured using magnesium fluoride as the low index film and silicon monoxide. 
as the high index film. Unfortunately, when the index of the silicon monoxide is this large (see Note. 4 in 
Table 29.2), it has a slight absorption in the blue and hence the films are yellowish in appearance. On the 
same graph is shown for comparison, the reflectivity of a single quarter-wave coating of magnesium fluoride. 
The reflectivity of the double-quarter coating is below the single layer in the green, but rises considerably .. 
above it at 400 mx. Figure 20.30 shows the reflectivity of the double-quarter coating on a frequency scale. 
At certain wavelengths, the reflectivity is greater than that of uncoated substrates. Shown also in Figure 
20.30 is the reflectivity of a double-quarter coating composed of films of indices 1.38 and 1.80. This shows 
what happens to the reflectivity whenthe relationship in Equation (31) are not precisely satisfied. Hass 29 
shows many computed reflectivity curves in which variations have been made in both the thickness and re- 
fractive indices from the optimum condition specified in Equation (31). : 


20,3.4.3.3 Figure 20. 29 shows the spectral reflectivity of a quarter-half coating. As was stated in 
20.3.4.2.4, at Ag (550 my) the half-wave layer is absentee and the reflectivity is the same as the single 
quarter-wave layer of index 1.38, Since the two minimum are equally spaced about the maximum on a fre- 
quency scale, they are unequally spaced on the wavelength scale. Figure 20. 30 shows the spectral reflec- 
tivity of the same configuration, but ona A,/A scale. : 


20.3.4.3.4 The limitation on the film index mentioned 20. 3.4.3.1 means that the reflectivity 

of both the double-quarter and the quarter-half antireflection coatings excéeds the reflectivity of the uncoated 
substrate at some wavelengths, as is shown in Figure 20.30. This is not true of the single-layer low index 
coating, whose reflectivity never exceeds that of the uncoated substrate. The question as to which type of - 
coating to use depends upon the range of wavelengths over which the reflectivity is to have a low value. If 
the range is. narrow, a double-quarter coating might be preferable. However, if the range is quite large, 
then even though.the single-layer coating does not achieve as low a reflectivity as the double-quarter coating 
in certain spectral regions, the better overall performance of the single layer over a wide range of wave- - 
lengths would make it preferable. 


20.3.4.4 Double-layer antireflection coatings for low index substrates at non-normal incidence. At non- 
normal incidence the reflectivity of coatings which have two or more layers is influenced by the fact that 


if the optical thicknesses of the layers are matched at normal incidence, they are no longer matched at any 
other angle. This point is discussed in more detail in 20.1.6.3 and 20.1.6.4. If the layers are matched 

at some angle of incidence, $, then one can compute the reflectivity at A = A, by substituting the 
effective index appropriate to each plane of polarization into Equation (30). In the case of double layer « 
coatings, there are many possible combinations of incident angles and matched or mismatched layers which | 
can be considered and hence a complete analysis of the behavior of the double-layer coatings of non-normal 
incidence would be quite lengthy. As an ilhistration of a typical case, Figure 20,31 shows the spectral re- 
flectivity of a double-quarter coating on glass at 60° incidence. Both layers have a quarter-wave optical 
thickness at normal incidence at 550 mz. The reflectivity minimum has shifted to the blue and notwithstand- 
ing the fact that the optical thickness of the layers is mismatched, the minimum reflectivity is still consider- 
ably lower than the minimum of the single-layer coating. 


20.3.4.5 Double-layer antireflection coatings for high index substrates. 





20.3.4.5.1 In this subsection, the term high index substrate is used in the same sense as in 20.3, 3.4. 1. For 
high-index substrates, coating materials are available which not only satisfy Equations (31), (33), or (34), 
but also the relationship: 


nm, <a, <9, <ny- (35) 
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Figure 20.35 - Computed spectral reflectivity of antireflection coatings at normal incidence. . 
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In this case a wide region of low reflectivity is achieved and the reflectivity does not, exceed the reflectivity 
of the uncoated substrate. This fact is illustrated in Figure 20.34 , which depicts a doubte - 
quarter, single minimum coating on a substrate of arsenic trisulfide glass. : 5 

| 
20.3.4.5.2 With higher index substrates it is possible to use film materials which satisfy Equation (33) and 
hence it is possible to produce double-quarter, double minimum coatings. Figure 20.35 shows the spectral 
reflectivity of such a coating on arsenic trisulfide glass; the indices of the layers satisfy Equations (33) and 
(34). Figure 20,36 shows a double-quarter, double minimum coating on a silicon substrate in which the in- 
dices of the films satisfy Equation (34) to a fair approximation. Figures 20,38 and 20,39 show the spectral 
reflectivity of a double-quarter, double minimum coating on a germanium substrate.’ The indices of the films 
in this coating satisfy Equations (33) and (35). ; 

\ é 
20.3.4.5.3 Figure 20.40 shows the spectral reflectivity of a half-quarter coating onja substrate of arsenic 
trisulfide glass. The layer with the half-wave optical thickness is silicon, which has a higher refractive . 
index than the substrate, The reflectivity rises considerably above that of the uncoated substrate and hence . 


there seems to be little advantage of this type of coating over the double-quarter coatings. 
| 


20.3.4.5.4 Figure 20.41 shows ‘the spectral transmittance of a germanium plate with both sides antireflécted 
. by a two-layer coating.28 With the double-quarter single minimum coating, the ratio of the index of the 
silicon film to the index of the didymium fluoride film closely approximates the ratio'specified in Equation. 


(1). Figure 20,42 shows the transmittance of a silicon plate which has been coated in a similar manner. 2 


The index of the cerium dioxide film and the magnesium fluoride film of this double-quarter double minimum’ * 


coating satisfy Equation (34). The double reflectivity minimum of this type of coating are manifested in the — 
transmission maxima at 1.8 and 2.7. The bump in the curve near 3 }# is due to the water adsorbed on 
the coating. In both cases, the spectral region in which the transmission exceeds 0.9 is wider for these 
double-layer coatings than for a single layer coating. : 


20.3.5 Triple-layer antireflection coatings. 


| . 
20.3.5.1 Types of coatings. The number of types of three-layer antireflection coatings which can’ 
be produced is legion, because there are six parameters which can be varied - three thicknesses and the 
three refractive indices. The discussion is confined to two types of coatings: 


(1) The quarter-half-quarter. 


(2) The triple-quarter, triple minimum. 

1 | 
20.3.5.2 Basic equations. Triple-layer coatings are usually designed by the use of vector diagrams (Sec- 
tion 20.1.5) or with the more sophisticated methods of Section 21,7.4. A few of the many conditions for 
zero reflectivity of three-layer coatings are derived by Berning.29 One of the conditions for a stack of 
three quarter waves to attain a triple reflectivity minimum is: t 


ny ng = Ry ny (36a) 


ny = mo ns - ; . _ (36b) 


20.3.5.3 Triple-layer coatings for substrates with low refractive index. In this subsection, the term low 

" index substrate is used in the same sense as in 29.3.3.2.1. For such substrates, a quarter-half-quarter coat- 
ing is quite effective in reducing the reflectivity to below .005 throughout the entire visible spectral region. 
The computed spectral reflectivity of such a coating on a glass substrate of index 1.51, is shown in Figure 
20.43. The reflectivity of single-layer, double-quarter, and quarter-half coatings are also shown for pur- 
poses of comparison. The reflectivity of the triple-layer coating is well below the reflectivity of the single- 
layer coating over an octave (i.e. from g = 0.6to g = 1.2). However, outside of this region, the 
reflectivity rises to quite large values. Hass$! presents a detailed study of this type of coating and shows 
how the spectral reflectivity is altered as the refractive index and the thickness of each layer is varied. 
Figures 20, 44, 20,45 , 20.46, and 20.47 show the measured spectral reflectance of glass covered with this 


type of triple-layer coating. ; 





20,3.5.4 Triple-layer coatings for substrates with high refractive index. The term high refractive index 





is used in the same sense as in 20.3.3.4.1. For such substrates, it is possible to use coating materials whose 
refractive indices satisfy : 
ne <n, <n, <n, <a. ’ : (37) 


| I : 
Figures 29, 32 and 20. 34° show the spectral reflectivity of a triple layer coating on a substrate of arsenic 
trisulfide glass whose refractive indices satisfy Equations (36) and (37). The reflectivity does not exceed 
! 


| 
20-36 
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.005 over a frequency range of more than two octaves. Silicon monoxide and chiolite could be used as films 
in such a coating. Figure 20.36 shows a coating of similar design on a silicon substrate. 


20.4 THE REFLECTIVITY OF MULTILAYERS WITH PERIODIC STRUCTURE 


20.4.1 The quarter-wave stack. 
20.4.1.1 The basic period. 


20.4.1.1.1 Before delving into the subject of multilayer mirrors, color filters, beam splitters, etc. , it is 
helpful to understand some of the basic concepts relating to the propagation of light in a multilayer stack with 
a periodic structure. 


20.4.1.1.2 The simplest type of stack with a periodic structure is a quarter-wave stack, which consists of 
layers with the same optical thickness, but alternating between two refractive indices, n, and n ree 
diagram of a quarter-wave stack consisting of eight layers is shown in Figure 20.48. Atsome wavelength 
Xo» the optical thickness of each layer is A o/4, that is 2 ae 


ty = A,/4 . (38). 


ny 
for all values of i. The basic period of the quarter-wave stack consists of two layers: HL, using the no- . 
tation of Section 20.1.3.3. The design of the stack depicted in Figure 20.48 can be written: : 


Glass LHLHLHLH Air . 
The foregoing design can also be written: 
Glass (LH)* Air 
or as 
Glass (LH)™ Air, where m = 4 ; 


to emphasize the fact the basic period, LH, is repeated "m" times. 


20.4.1.2 Reflectivity of a typical quarter-wave stack. Figures 20,49 and 20.50 show the computed reflec- 
tivity versus g = Ag 7 of a quarter-wave stack withthe same n, and my, but with different num- 
bers of periods. The following observations are made: z : 


(1) The reflectivity in the range of g within the crosshatched area monotonically in- 
creases, as the number of basic periods, m,. increases from 2 to 5. This region 


is called the high-reflectance zone. 


(2) The reflectivity outside of the high reflectance zone is an oscillating function. By . 
this we mean that for any arbitrary value of g (outside of the high-reflectance zone) 
the reflectivity can either increase or decrease if two addition layers (i.e. LH) are 
added to the stack sothat m increases:to m + 1. 


(3) Inthe region between g = 0 and the edge of the high-reflectance zone, there are 
m - 1 maximumand m - 1 minimum in the reflectivity. 


20.4.1.3 Properties of an infinite stack. It is of interest to consider the limiting case where the number 
of periods, m, becomes infinite. This is called the infinite stack. The statements in 20.4.1. 2 can be 
generalized to include any quarter-wave stack: : : 


‘(1) The reflectivity in the high-reflectance zone approaches 1.0 as m ‘becomes infinite. 
As the number of periods becomes large, the reflectivity curve in the high-reflectance 
zone becomes very flat. Regardless of the number of periods the reflectivity attains 
amaximum value Ry, at the center of the zone at g = 1,0, The width of the 
high-reflectance zone depends only on the index ratio, n, fi ny: : 


(2) The reflectivity curve in the region outside of the high-reflectance zone oscillates 
between maximum and minimum values. The number of oscillations between 
g = .0 and the edge of the high-reflectance zone depends upon the relationship 


between ny, ng, My, and ny, but is proportionalto m for m>> Ll 
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Figure 20. 48 - Diagram of a quarter-wave stack and its transmission line analogue. 
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The reflectivity oscillates between two envelope | curves. The reflectivity maximum 
envelope curve is shown as dashed line —~--~——-- in Figures 20, 49 to 20, 52 - 
Both the maximum and minimum envelope curves are shown in Figure 20. 53. 


(3) The reflectivity of a multilayer ‘with a periodic structure is adequatély described by 
plotting the width of the high-reflectance zone and the maximum and minimum reflec- 
tivity envelopes, as is shown in Figure 20.54. 


20.4.1.4 Width of the high-reflectance zone. The high- -reflectance zone is symmetrical about g = 1.0. 
In the case of a quarter-wave stack, there is a simple expression for the distance Ag from the center of 
high-reflectance zone at g = 1.0 to its edge: 


2 1-n,/ny 
Ag = — arcsin |__—__ , (39) 
T 1+ n,/np 
where the | | denotes an absolute value; the principal value of the arcsin is to be used. The total width oo. : 


of the high-reflectance zone is 2Ag. For example, the quarter stacks shown in Figures 20, 49 and 20..50 
have n, = 1.38 and nj, = 2,30; from Equation (39) we findthat Ag = 0.161. As another ex- 
ample, Gonsider the quarter-wave stacks shown in Figures 20,51 and 20,52. The index ratio, n a/ny 

of these stacks is approximately the same, although the stack in Figure 20,51 is composed of low-index 
layers, while.the latter stack has high-index layers. As one might expect, the width of the high-reflectance 
zone of the two stacks is essentially equal. The index ratio. n alt ny is large for the stack shown in Figure’ 
20. 53 and consequently the high-reflectance zone is quite wide. ° This large index ratio can only be attained 
with materials such as germanium and chiolite in the infrared. 





20.4. 1. 5 Maximum reflectivity of a quarter-wave stack. Constage a more general ty} of quarter-wave 
stack in which the optical thickness of each of the layers is >, but the refractive index, nj,» of 
each of the layers can be different. From ae (5), (7), ae and (10), it follows that the transmission 


Tmin and reflectivity Rya, at g = 1.0, 3.0, 5.0, etc. | 
Rmax = 2 - Tmm = (P+ PT -2)(p opt “aay (40) 
Tin = 4/(P+P 442), : "| (41) 


where the variable P is defined as 





























es : 
n Ny _ a n n, 
P= - Bre A ee . (42) 
ng-3 ME -3 ng 2 ns 1 
when the total number of layers 2 is even and | i 
2 4 
ng ng -2 a, n : : 
P= mame ES —— (43) 
nga Nes ne Mo Bs, : 
: i i 
when £ is odd. oe Equation (41) we see that as the number i ipuay becomes large, P also becomes 
Jargeand p >> pl, p >> 2 and thus 
Trin ~ #P72 - nC) 


Equations 40 to 43 are for a quite general type of quarter-waye stack, and can be easily applied to- 

specific cases. For example, P for the stack in Figure 20. 48 is: 
n 5 n . 

p= {2 oe : (48) 


na ne 


r i 





In the case where the stack has many layers and hence the index ratio ny /ny, n is raised to a large power, 


T nin 8 avery sensitive function of this ratio. 
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20.4.2 Stacks with unequal thickness ratios. 
20.4.2.1 General analysis. 


20.4.2.1.1 Thus far we have considered the reflectivity properties of only a very specialized type of multi- 
layer with a periodic structure, namely the quarter-wave stack, in which the two layers in a basic period 
have equal optical thickness. The high-reflectance zone occurs when the optical thickness of each layer is 
Xo/4. Another way of stating this is to say that the high-reflectance zone occurs when the optical thick- 
ness of an entire period, LH equals A,/2. As is shown schematically in Figure 20,55, the high-reflec- - 
tance zone occurs when a half-wave length fits into a basic period of stack. Consider the more general case 
where the two layers which compose the basic period of the stack do not have equal optical thickness, as for 
example, the stack 3 > 


glass ( HL' ) 6 air 


where the optical thickness of the L' layer is arbitrarily chosen to be 23% greater than the H layer. a 
Does such a stack possess a high-reflectance zone ? The answer is yes. The position of the high-reflec- 
tance zones in any multilayer with a periodic structure can be found with the aid of the rule stated in the | 


following paragraph. _ 


20.4.2.1.2 A necessary but not sufficient condition for a high-reflectance zone to occur at a wavelength Xo 
in a stack with a periodic structure is , 
Dap dp 8 Xo (48) 


2 


where q_ is an integer and the summation is over the basic period of the stack. Stated in other terms, 
the sum of the optical thicknesses of the layers comprising a basic period should equal an intégral number 
of half wavelengths. This fact and the concept of an absentee layer (see Section 20. 1.5.2.2) enables one to 
determine where the pass bands and high-reflectance zones of multilayer with a periodic structure occur. 


20.4.3 Quarter-wave stack. Figure 20. 56 shows the envelope function of the same quarter-wave stack shown 
in Figure 20,50, but over a larger range of g. Equation (46) is satisfied at g = 1.0 and hence this is in 
a high-reflectance zone. When g = 2.0, the optical thickness of the basic period LH is two half-waves 
and Equation (46) is satisfiedfor q = 2. Hencea high-reflectance zone could exist, but does not, be- 
cause each of the layers in the stack is an absentee layer. Thus the reflectivity at g = 2.0 is the same 
as that of uncoated glass, namely .041. When g = 3.0, the total optical thickness of the basic period 
LH ig three half-waves, and another high-reflectance zone occurs. When g = 4.0, the optical thick- 
ness of each layer is two half-waves and consequently all of the layers are absentee. Another high-reflec- 
tance zone occurs at g = 5.0, when the total optical thickness of the basic period LH is five-half waves. 
In the quarter-wave stack, high-refeitance zones occur at g= 1, 3, 5, 7, 9, -+--+ that is at odd in- 
tegers. The high-reflectance zone which occurs at g = 3 is the third harmonic of the high-reflectance 
zone which occurs at g = 1, or to use the terminology of physical optics, this is a third-order inter- 
ference peak. This is analogous to an open-ended organ pipe, which can sustain only odd harmonics. 


20.4.3.1 The 2:1 stack. Let us study the reflectivity properties of the 2:1 stack: ~ 
glass L'L'H’ L'L'H' LU UU Uli ete, 

which can also be written as 
glass (L'L'H')™ air 


where m is an integer. Here we have used the primed superscript, i.e. L' and H', to show that the 
optical thickness of these layers is different from the L and H which were used in the quarter-wave stack 
described in Section 20.4.1. In both cases, the optical thickness of the layers has been chosen so that a - 
first-order interference high-reflectance zone occurs at A, - One must remember that the combination 
L'L' represents a single layer because each L' layer has the same refractive index. Thus the optical 
thickness of the L'L' layer is twice that of the H' layer and hence this is called a 2:1 stack. The 
. spectral reflectivity curve of a 2:1 stack and its maximum reflectivity envelope are shown in Figure 20. 57. 
Applying the rule which was stated in Section 20. 4.2.1, the first-order high-reflectance zone occurs at 
= 1.0 when the total optical thickness of the basic period L'L'H' is Aj, /2, as is shownin Figure 
20.55. The second-order high-reflectance zone occurs at g = 2.0 when the. total optical thickness of 
the basic period is two half-waves of Ao - One might expect another high-reflectance zone at g = 3.0, 
but the optical thickness of the H’ layer is a half-wave and the optical thickness of the L'L' layeris . 
two-half waves. Hence, at g = 3.0, all of the layers are absentee layers and the reflectivity is that of 
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uncoated glass. At g = 4.0 and g = 5.0, the total optical thickness of the basic period equals four 
half-waves and five half-waves, respectively and high-reflectance zones occur. In this example, we have 
chosen L'L'H' as a basic period in which the optical thickness of the low-index layer is twice that of the 
high-index layer. The width of the high-reflectance zone is the same asthe 2:1 stack, HH'L'. As is 
shown in 20.4.6 however, the reflectivity properties at non-normal incidence of the two types of 2:1 stacks 
are quite different. bo 
20.4.3.2 The 3:1 stack. : 
20.4.3.2.1 Asa final illustration, consider the properties of stack with a periodic structure, in which the 
optical thickness ratiois 3:1 : : ; 

glass ( L°L' LH" )™ air. é : 
\ : I my 
The double prime superscripts, H" and L" are used to show that the optical thickness of the L't’ and 
H" layers are different from both the H and L layers in the quarter-wave stack and,the H’ and L' : 
layers of the 2:1 stack. The optical thickness of the H" and the ‘L" layers is chosen so that the total 
optical thickness of the basic period of the stack, L"L'"L'H" equals A,/2, as is shown in Figure 
20,55. Figure 20.58 shows a spectral reflectivity curve and the reflectivity envelope ofa 3:1 stack. A 
first-order high-reflectance zone occurs at g=1.0 and high-reflectance. 
zones also occur at g = 2.0 and g = 3.0 whenthe total optical thickness of the basic periodis | 
two and three half-waves of Ao» Yespectively. However, when g = 4,0 the optical thickness of the 
L'"L"L" layer is three half-waves and the optical thickness of the H layer is a single half-wave. Hence 
all of the layers are absentee layers and the reflectivity at g = 4.0 is the same as uncoated glass. At 
g = 5.0 the total optical thickness of the basic period is five half-waves and hence another high-reflec~ 
tance zone occurs. Thus every fourth high-reflectance zone is missing. Another way of stating this is to 
say that high-reflectance zones occur at the 1, 2, 3, 5, 6, 7, 9, 10; 11th ete. harmonics of the frequency 
of the fundamental. : i 7 
20.4.3.2.2 The reflectivity curves of the multilayers with a periodic structure have been plotted on a fre- 
quency scale. It is possible that many readers are more accustomed to thinking in terms of wavelength, 
and so in Figure 20.59 is depicted the reflectivity versus wavelength of the 3:1 shown in Figure 20. 58 
with A, chosen to be 2.0 2. A first-order reflectivity peak occurs at the fundamental wavelength, 2.0 mu. 
A second-order peak occurs at 1.04, which is one~half the fundamental and a third-order peak occurs at 
0.667 4, which is one-third of the fundamental. A fourth-order peak does not occur at . 2.0/4 = O.5yu- 
because the layers are absentee. A fifth order peak occurs at Ao /5 = 0.400 n, and so on. In com- 
paring Figures 20. 58 and 20,59, we note that ona frequency scale, the width of the first and third order 
reflectivity peaks is the same, whereas this is not true on a wavelength scale. 


20.4.4 The general p:q stack. : ; 


20.4.4.1 General properties. It is patent that the analysis which we have made on the properties of the 
1:1 (i.e. quarter-wave stack), 2:1 and 3:1 stack could be easily extended to any stack in which the ratio 
of the optical thickness of the layers is p:q, where q and p are integers. The following comparisons 
can be made between stacks which have a periodic structure, but different thickness ratios: 

% ! t . 

(1) The high-reflectance zone of the quarter-wave stack has even symmetry about 
g€ = 1.0, 3.0ete. This is not necessarily true for other types of stacks. 

(2). For a stack composed of layers of alternating refractive index n a and nj, the 
width of the high-reflectance zone for any given ratio of ny: Qpy is the largest when 
the optical thickness is equal. In other words, the high-reflectance zone of thé quarter- 
wave stack is wider than high-reflectance zone of ‘au, 3:1, 3:2, etc, stacks, . 

i ' ' 

(3) The width of the high-reflectance zone of a quarter-wave stack is given by a rather sim- 
ple expression (i.e. Equation (39)). No such simple equations exist for other types of 
stacks. For example, the width of the high-reflectance zone of a. 2:1 ‘stack is given by 
the roots of a cubic equation. ; i 

(4) In the spectral region outside of the high-reflectance zones, the number of oscillations 
of the reflectivity increases as the number of periqds (and hence the number of layers). 
. of the stack increases. In any case, the oscillations will lie between the maximum and 
minimum reflectivity envelope of the infinite stack. The shape of this envelope function 
depends upon: 
(a} The ratio of the optical thickness of the layers in a basic period. 
1 
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Figure 20. 59- Computed spectral transmission of an eight-layer 3:1 stack. 
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Figure 20,60-Computed Rp, Rs, and Ray = 1/2 (Rp + Rg ) of an eight-layer quarter-wave stack 


at¢@ = 60° . The optical thickness of the H and L layers is matched 1:1 at ¢ = 60° 
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(b) The index of the two layers, n a and ny, 

(c) The refractive index of the substrate, ‘incident medium, and the refractive 
index and optical thickness of any layers which are added to the either end 
of the basic stack. This topic is discussed in Section 20. 4. 8. - 


(5) Given the indices Nog», Ng, my for any given order of interference the highest 
reflectivity for a given number of layers is obtaihed with a quarter-wave stack. This 
is illustrated in Figure 20,55, where the maximum reflectivity in the first order is 
listed for the quarter-wave, 2:1 and 3:1 stacks with an equal number of layers, with 
the same ng, Np, No, and ng. i : 


20.4.4,.2 As an example of how the concept of absentee layers can be used to find the reflectivity at specific 
wavelengths, consider the ten-layer stack: 
: | 
glass H'H'L’ H'H'L’ H'H'L’ H'A'L' BT) | ; 

‘ I ' te 
in which the optical thickness of the H'H' and L’ layers has been chosen so that a first-order high-re- : 
flectance zone occurs at g = 1.0 as is shown in Figure 20. 55. The problem is to find the reflectivity 
of this stack at g = 1.5. The optical thickness of each of the H'H" layersat gi= 1.5 isa half-_ 
wave and hence each of these layers is absentee. Thus the stack meee to: 

glass L' L’' L' L’ L' air. ; 
| 
However, at g = 1.5 eachofthe L' layers isa quarter-wave in optical thickness and hence each pair 
of L' layers represents a half-wave. Thus four of the L' layers can be removed from the_stack leaving: 


glass L' air. 

| : x 
Thus the reflectivity of this ten-layer stack at g = 1.5 is the same as the reflectivity of a single quarter- 
wave layer on glass and can be readily computed from Equation (30). | 

» | i ' 

20.4.4.3 The treatment given here of the propagation of waves in a medium with a periodic structure has : 
been descriptive and qualitative. A rigorous mathematical treatment is given by Epstein 32, Brillouin 33 , : 
and Seitz 34 , i : : 

t 
20.4.5 Analogies. 


20.4,5.1 Electrical transmission line. It is helpful to give some analogies between the propagation of light 
in a multilayer with a periodic structure and other fields, such as electrical engineering, x-ray crystallo- 
graphy, and solid state physics, Using the concepts which were presented in Section 20.1.4.1, the electrical 
transmission line shown in Figure 20. 48 is the analogue of the quarter-wave stack shown in the same Figure. 
The transmission line consists of eight sections, each of which has an electrical length of a quarter-wave 
and which alternate between a high and low impedance. We recall that the load admittance of the transmission 
line is analogous to the refractive index of the substrate. As one can readily show by using a Smith chart, 
the load impedance is reflected back to the terminals of the preceeding section as a maximum value when the 
electrical length of the line is a quarter-wave. In this case the substitutional impedance at the input termi- 
nals is very large. Consequently there is large impedance mismatch between the characteristic impedance 
of the generator (which is 1.0) and the substitutional impedance of the line. - This meang that the voltage 
standing wave ratio is large and hence the voltage reflection coefficient to close to one. | 


20.4.5.2 Bragg reflection of x-rays. A beam of x-rays travels through a vacuum with the velocity of light. 
This velocity is pertubed slightly when the beam travels through a cloud of electrons, the amount of the per- 
turbation being nearly proportional to the density of the electrons. Ina crystal, there is a high density of 
electrons near each atomic lattice site. Since atoms are regularly spaced in a crystal, |the x-rays travel 
through a periodically stratified medium. Although the change in the velocity is not abrupt, as it is for light 
propagating through a multilayer, nevertheless Bragg reflection of the x-rays is observed when the path 
difference between adjacent reflecting crystal planes is an integral number of wavelengths. This point is 
further amplified by Brillouin.33 ' 


20.4.5.3 The propagation of electrons ina crystal. The propagation of a single electron in a crystal is 


treated quantum mechanically by solving the Schrédinger equation, in which the electron is represented by 
a traveling wave with a deBroglie wavelength, A, -~ -The velocity of the electron is perturbed by the elec- 
trostatic repulsion of electron cloud at each lattice site and consequently the electron moves in a potential 
which varies periodically. Regardless whether one chooses a simple one-dimensional periodical potential 
of Kronig and Penney,or a more sophisticated potential computed non atomic wave functions, the electron 
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Figure 20,61-Rp, Rs, and, Ray = 1/2 (Rp + Rg ) at @ = = by ofa ficticious quarter-wave stack 
with the optical thicknesses of the layers matched A 1 at %o 
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is reflected whenever , /2 equals a multiple of the period of the lattice. An equivalent way of saying this 
is that the edge of the Brillouin zone occurs when the wave-vector KX = tfa, where a is a lattice space 
in a particular direction and K_ is wave-vector (Seitz) 34. This is treated in detail by Brillouin 33 Seitz 34, 
and others. : 

| 
20.4.6 The reflectivity of quarter-wave stacks at non-normal incidence. 

7 

| ‘ i 
20.4,6.1 Layers matched at angle. In considering the reflectivity of quarter-wave stacks at non-normal 
incidence, we must consider separately the case where thickness of the layers is matched (see Section 
20. 1.6.3, for a definition of this term) at normal incidence and the case where the layers are matched at 
a particular angle $  ~. In the latter case, the layers are deliberately mismatched so that at normal inci- 
dence the ratio of the optical thickness of the H and L layer is not 1:1, but the ratio i is 1: lat $5 - 


20.4.6.1.1 As an example of a match at angle, consider the eight-layer quarter-wave stack whose reflec- 
tivity curve is shown in Figure 20.50. The optical thickness of the low-index layer L| has been made 
thicker than the high-index layer H ina ratio ny ty :ny, ty 7 1.0 : 1.19. In this case the layers 
are matched at b, = 60°, Equation (39) can be used to compute the width of the high-reflection zone,. . 
using the effective index appropriate to each plane of polarization. For example, at # = 60°, inthe . 
'p"' plane of polarization the effective index of the L layer is 1. 773 and the effective index of the H layer” 
is 2,483. From Equation (39) we find that the half-width, Ag, ‘of the high-reflectance zone is 0.107. 
Similarly Ag inthe "s" plane of polarization is 0.214, which is larger than the Ag at normal incidence, 
which is 0.161. The high-reflectance zones are shown in Figure 20, 60 as cross thatched! areas. The gen- 


eralizations stated in 20.4.6.1.1 and 20. 4.6.1.2 apply to quarter-wave stacks which matched at a particular © 


angle $%  , andare not confined to the eight-layer stack which has béen used as an example. 


20.4.6.1.2 The width of the high-reflectance zone increases in the "s" plane of polarization and decreases 
in the "p" plane of polarization. If many periods, say thirty or forty, are used in a stack, so that both. Rp 
and R, are close to 1.0 within their high-reflectance zones, the average reflectivity, Ray = 1/2 

(Rp + *Re ) has the shape which is depicted in Figure 20.51. Inthe region between’ g = 1.0 at the 
center of the stack and g , , a high-reflectance zone exists for both planes of polarization and hence Ray 
is close to1.0. At gy , the high-reflectance zone for the "p" plane of polarization ends and Ry 
fluctuates at low values’ outside of this zone. The high-reflectance'zone for the "s" polarization extends to 
&2 and inthis intermediate region between g¢, and £2 Ray attaing a minimum value of 0.50. We ob- 
serve that this shoulder onthe R,, curve is due to the “Gissimnilar width of the high-reflectance zones in 
the two planes of polarization. This shoulder has been somewhat exaggerated for purposes of illustration: 

in Figure 20,61. The reflectivity curve of the eight-layer quarter-wave stack shown in Figure 20.60 does” 
not show this shoulder, because the reflectance R does not drop to zero rapidly enough outside of the 
high-reflectance zone. Jf more periods were added to the stack, then eventually the Ray curve would 
show such a shoulder. : : i 


20.4.6.1.3 Maximum reflectivity. Since the thickness of the isgece is matched at 4 the maximum 
reflectivity at g = 1.0, 3.0, 5.0, etc. can be computed in each plane of polarization from Equations 
(40) to (43), using the effective index appropriate to each plane of polarization. 


20.4.6.2 Layers matched at normal incidence. ' 
. { i 
20.4.6.2.1 Ifa stack which is matched 1:1 at normal incidence is viewed at non-normal fictdeien? the 
position of the high-reflectance zone can be found by substituting effective thicknesses in Equation (46). The 
high-reflectance zone is no longer centered at a wavelength computed from Equation (46) and also the width 


of the zone {in each plane of polarization) is different than at normal incidence. i 


20.4.6.2.2 As an example of the application of Equation (46) toa stack at non-normal incidence: consider 
the 16 layer stack: ; 
Jo 
glass (LH)® air 
in which both the L and H have a QWOT of 600 mp at normal incidence, that is, 
| 
n, t, = 160myu = 600 mu/4. 7 
The transmission curve, shown in Figure 20.62, has a minimum at. 600 mp which is the center of the high- 
reflectance zone. Two cases are considered separately at %@ = ‘65°. 
i 
Case I ny, = 1.90, ny = 2.30. From Figure 20.8 we find that the phere in effec- 
tive thickness is 0.92 for the H layer and 0.891 for the L layer, ‘the latter value being found by linear 
interpolation. 


| 
| 
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Substituting these values for the effective thickness into Equation (46), we obtain. 


x ; 
(92) (150 mu) + (.879) (130 mu) = ge , (47) 
whence 2, = 540m. From Figure 20.62 we see that the minimum T,, at %, = 65° is very 
close to 540 mH . 
CaseIL ny, = 1.38 and ny = 1.68. The change in the effective thickness is found 
from Figure 20, 9 to be 0.754 and 0.842. Solving an equation similar to Equation (47) gives the result that’ 
dy = 480 my. Actually, Figure 20. 62 shows that the wavelength at which T,, is a minimum is shifted 


to shorter wavelengths by about 10 mx . 


20.4.7 Minimization of the angle shift. 


20.4.7.1 The basic problem. The transmission curves of all multilayer filters change with the angle of | 
incidence and usually exhibit a shift to shorter-wavelengths. This angle shift is of little importance if the’: 
multilayer filter is illuminated with collimated light at one angle of incidence. However, serious problems . 
often arise when the light is highly convergent. For example, either of the multilayers shown in Figure 20. 42 
would attenuate the sodium yellow lines (at 589 m}) if used at normal incidence, but they would.be quite in- 
effective at ¢ = 65°. The problem of the angle shift of a multilayer filter is similar to the problem of 

the chromatic aberration of a lens. In either case, the effect is ubiquitous and at best the designer can only 
minimize it. Two methods of minimizing the angle shift are: (1) The use of high-index materials. ‘ (2) ‘The 
use of more of the higher index material in the basic period. ° 


20.4.7.2 The use of high-index materials. From the examples in 20.4.6.2.2, it is patent that the change 
in the effective thickness of each of the layers is much less for high-index layers than for low-index layers. 
Thus the angle shift of the quarter-wave stack with ny = 1.90, ny = 2. 30 is much less than the 
stack with n = 1,38, ny = 1.68, even though the width of the high-reflectance zone at normal 
incidence is the same because the index ratio n L/ ny is the same. From this it follows that if a multi- 
layer with a periodic structure is used as a "cutoff" filter - that is to pass,either in the long-wave or” 
short-wavelengths region - it should contain high index materials if the angle shift is to be minimized. © 
For example, an infrared filter which contains cryolite and germanium has a larger angle shift than a filter 
which contains zine sulfide and germanium, because the refractive index of zinc sulfide is nearly twice as ° 
large as that of cryolite. . : : 


20.4.7.3 The use of more high-index material in a basic period. If only quarter-wave stacks were con- 
sidered, then the discussion would terminate with 20.4.7.2. If, however, the optical thickness of the. 
high-index material is different from the thickness of the low index material, such as occurs in a 2:1 or a 
3:1 stack, then it is possible to reduce the angle shift below that of a quarter-wave stack (using the same 
materials) by using the high-index material in the thicker layer. That is to say, a (LHH)™ stack has 
a lower angle shift than the stack (HLL }™, even though the width of the high-reflectance zone at 
normal incidence of these two stacks is identical. Similarly, the stack ( LHHH )™ has a smaller angle 
shift than the stack (HLLL)™ . These facts are illustrated in Figure 20,43 which shows the spectral 
transmission of the 2:1 stack 





glass (HLL) 8 air 


at normal incidence and at 65°. In this’ stack, the optical thickness of the low-index layer is greater than 
that of the high-index layer. The 2:1 stack whose transmission curve is shown in Figure 20.94 has more 
high-index material in the basic period: 


glass (LHH)® air. 


In Figure 20.94 the Tay at 65° ofthe (LHH) stack (shown as solid line) is compared with the H LL 
stack (dashed line). Although both stacks show a considerable angle shift to the blue, the shift ‘of the LHH 
stack is definitely less. The angle shift of the HLL stack iS considerably greater than the comparable 
quarter-wave stack shown in Figure 20.2 which uses the same refractive indices. Figures 20.79, 20.85, 
and 20.91 show the angle shift of transmission curve of various multilayers. 


20.4.8 Variations on the basic periodic structure. 
20.4.8.1 General considerations. Most of the quarter-wave stacks and other multilayers with a periodic 


structure shown in Figures 20, 48 to 20.44 have been selected primarily as illustrations and should be modi- 
fied. slightly if they are used as practical filters. Additional layers can be added to these stacks for either 
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of two purposes: ; 
(1) To increase the reflectivity in the high reflectance zone. 
; ' 
I : i 
(2) To increase the transmission in the spectral region outside of the high-reflectance 
zone. : 


\ 
If a quarter-wave stack were used as a semi-transparent mirror coating for a Fabry-Perot interferometer, 
then primary objective would be to obtain a high reflectivity over a specific spectral region and little interest 
is paid to the transmission outside of this region. On the other hand, if a quarter-wave stack were used as 
a long-wave pass filter, then it is important to optimize the transmission in the long-wave region. 


20.4.8.2 Increasing the reflectivity. It is evident from Equations (42) and (43) that a quarter-wave stack . 
has ahigher Rmax when a high-index layer is next to both the substrate and the incident medium. The - 
Rmax of this odd-layered stack is greater than the Rina, of an even-layered stack. Thig is illustrated 
in Figure 20.65, shows the computed reflectivity of a six-layer and a seven-layer stack which use the same" 
Ng and ny . Eventhough an additional H layer has been added to the basic psa that its design 
can no longer be represented as (HL)™, the seven-layer stack is still called a.quarter-wave stack, : It 
is evident that a considerable increase in the reflectivity has been achieved by the addition of the extra H 
layer. If an additional L layer were added so that the muitilayer design is, 

I 


glass (HL)* air, ! 


the R would be less that of the seven-layer stack. An increase in the maximum reflectivity is also 
achieved i an odd number of layers are used rather than an even number in the 2:1 and 3:1 stacks shown 
in Figures 20,57 and 20,58 . : 


‘ t t i . 
20.4.8.2.2 The effect on R of a mismatch in layer thickness. Closely allied to the problem of attaining 
the maximum reflectivity is the problem of a mismatch in the thickness of the layers. ; If the optical thick- 
ness of any one of the layers in a quarter-wave stack, or other type of multilayer with a periodic structure, 
deviates by a small amount from 2 ./4, then the reflectivity throughout the entire high-reflectance zone 
falls below the value which would be attained if all the layers were perfectly matched. , For example, sup- 
pose that a quarter~wave stack is manufactured by evaporating each of the layers in a vacuum and that 
in this process errors of a random nature are made in controlling the thickness of each of the layers. 
Consequently, the optical thickness of each of the layers differs from AQ /4 by arandom amount. As - 
long as these errors are not excessive, say greater than ten percent, the region of high-reflectivity about 

Xo which is characteristic of a quarter-wave stack, is still observed. However, ‘the Riax of such 
a multilayer is not as high as it would be for a perfect stack and also the cutoff at the edge of the high-re- * 
flectance zone is not as steep. The fact that rather large errors can be made in controlling the thickness 
of the layers without serious detrimental effects upon the reflectivity is the factor which permits certain 
types of band pass multilayer filters to be manufactured-with relatively crude monitoring equipment to 
control the thickness of the layers. . 
20.4.8.3 Enhancing the transmission in the spectral region outside of the high-reflectance zone. Several 
methods are used to enhance the transmission in the spectral region outside of the high-reflectance zone: 


(1) Additional layers of non-quarter-wave optical thickness can be added to the stack. 
This is discussed in 20. 4. 8, 3, 1. : . | 


(2) It is possible to vary the thickness of each of the. layers by a small amount so that 
the transmission increases outside of high-reflectance zone. Since this method 
improves upon, or refines, an existing multilayer design, it is called the refining 
method. This is covered in 20.4, 8.4. : ! 

20.4.8.3.1 An effective method of enhancing the transmission in the spectral region outside of the high- 

reflectance zone is to add additional layers to the basic stack (which has a periodic structure). For ex- 

ample, one could start with the twelve-layer quarter-wave stack . 


glass (HL)§.air 


and add several layers to either end of the stack: 

glass Ly He (HL)& H3 by, air : 
: . i e 

where the additional layers Ly , Hz , H3 Lg are tagged with subscripts to emphasize the fact 

that they do not necessarily have the same thickness or refractive index as the H and! L layers in the 
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basic stack. As an example of this procedure, suppose that a quarter-wave stack is used as a short-wave 
pass filter which is intended to pass the blue and green, but attenuate in the yellow and red. A seven-layer 
stack of zinc sulfide (n = 2.30) and magnesium fluoride (n = 1,38) is considered: 


glass HLHLHLH air. 


The reflectivity versus frequency curve is shown in Figure 20.65, and has even symmetry about A, - The 
region of high reflectivity extending from g = 0.8 to 1.2 would attenuate the red and yellow, but this 
multilayer would be much more effective as a short-wave pass filter if the reflectivity peaks at g = 1.39. 
and 1.63 could be decreased. This accomplished if a low-index layer of eighth-wave optical thickness is 
added to each end of the stack: ; 


glass = HLHLHLHG = air . 


The spectral transmission of sucha stack with A, = 700 mz is shown in Figure 20.66. The effect of: 
adding the eighth-wave layers is to increase the transmission in the short-wave region. The reflectivity. 
peak at g = 1.39 (at 504 mp in Figure 20. 66) has been decreased from 0.25 to 0.11 and the peak. 

at g = 1.63 (430 mH in Figure 20.66 ) is barely perceptible. The reflectivity in the Long wavelength 
region has actually been increased slightly from .25 to .27. The addition of the eighth-wave layers to the - 
seven-layer stack has decreased Rya,x from .95to.94. Additional layers can be added to this nine~ 
layer stack to increase the transmission even further in the short-wavelength region. Epstein35 elaborates 
on methods of accomplishing this. As an example of how the transmission can be increased in the long-wave 


region, consider the multilayer 
H ‘ 
glass ie LHLHLHL Zz air. 


The spectral transmission of this multilayer is shown in Figure 20.67. The transmission in.the red and 
infrared is quite high but the transmission in the near ultraviolet is considerably lower than that of 

a quarter-wave stack LHLHLHL. This is usually the case, that when the transmission is increased on 
the long-wave side of the high-reflectance zone, it is decreased on the short-wave side, and vice versa. 
In practice, the ultraviolet transmission of the stack shown in Figure 20.67 would be much lower than the 
computed values if zinc sulfide were used as the high-index layer material, since this material absorbs 
strongly below 400 mu. The design of the multilayer shown in Figure 20.67 can also be written as: 

= 4 


H 7 
glass ( 3 L z air. 


This can be regarded as a multilayer with a periodic structure with + L 3 ) aga basic period. 


Equation (46) still applies and consequently a high-reflectance zone can occur when an integral number of 
half-waves fit into the basic period. When the design of the stack can be written in this manner, it can be 
shown that at any wavelength outside of the high-reflectance zone, it is possible to replace the entire stack 
of nine layers by a single layer with a ficticious index ny and ficticious optical thickness 7. That is, 
for the purposes of computing the reflectivity (outside of the high-reflectance zone), the nine-layer stack 
is equivalent to a single-layer of index n} and optical thickness 7. The index n, is calied the 
Herpin equivalent index. Space does not perniit us to describe how the concept of the Herpin equivalent 
index is used to design multilayer combinations which have a high transmission outside of the high-reflec- 
tance zone. For further details, the reader can refer to Weinstein® or Epstein 25 . To cite some addi- 
tional examples, eighth-wave layers of high-index material have been added to the quarter-wave stacks 
shown in Figures 20.73, 20.78, 20.80, 20. 81,and 20. 82 to increase the transmission in the long-wave 
region. The multilayers shown in Figures 20. 82 and 20.83 are quarter-wave stacks modified so that the 
transmission is optimized in the short-wave region. An eighth-wave layer of low index material is added 
to one end of the quarter-wave stack (next to the incident medium), while a layer of optical thickness 

1,28 a, /4 is inserted between the quarter-wave stack and the substrate. i 


20.4.8.4 The refining method. 36 The refining method consists of varying by a small amount the thick- 
ness of each of the layers of a multilayer of specified design, so that the transmission is increased (or 
decreased, as the case may be) at certain specified wavelengths. This method can be used to increase the 
transmission of a quarter-wave stack on either the short-wave or long-wave side of the high-reflectance 
zone. As is mentioned in 20.4.8.1.1, the thickness of each of the layers can be changed by as much as 
10% without seriously affecting the reflectivity in the high-reflectance zone. The refining method is simi- 
lar to the relaxation method which is used to solve complex engineering problems. The computations are 
sufficiently lengthy and tedious that it is necessary to employ an electronic digital computer. As an ex- 
ample of the application of the refining method, suppose it is desired to increase the transmission of a 
quarter-wave stack which transmits in the blue but attenuates longer wavelengths. The computed reflec- 
tivity of a modified quarter-wave stack is shown in Figure 20.68. The effect of using a large number of 
layers is to achieve a high attenuation in the green and red (Tmin. = .001) anda sharp cutoff at 
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500 mL. The reflectivity of the modified quarter-wave stack (DESIGN I) attains a maximum of .33 in this 
region. This multilayer would be much more effective as a blue pass filter if the undesirable peaks in the 
reflectivity at 484 my and 446 mp could be eliminated. This is accomplished by varying the thickness 

of each of the Jayers by a relaxation process. Table 20.4 shows the quarter-wave optical thickness of each 

of the layers of the initial stack (Design 1) and the refined design (Design I). The maximum change in the 
thickness of any of the layers is only 12% and the thickness of most of the layers has been changed by only 
afew percent. This mismatch in the optical thickness of the layers has caused the peak reflectivity to de-~ 
crease from .9990 (in Design I) to .9988 (in Design IX). Also, the steepness of the transition from the © 
high-reflectance zone to the pass region has been slightly decreased. As another example, the curve desig- 
nated as Design II in Figure 20,69 depicts the spectral transmission of a quarter-wave stack composed of ~ 
germanium and silicon monoxide which is used as a long-wave pass filter for the infrared. Table 20, 4 shows 
the thickness of each of the layers (as afraction Ajo /4) of the refined multilayer (Design IV) whose 
transmission curve is also shown in Figure20, 69 . . 


20.5 LONG-WAVE PASS FILTERS Ae 


20.5.1 General properties. From the discussion in 20.4 about the properties of a multilayer with.a peri- 
odie structure, the method of designing éither a long-wave or a short-wave pass filteris fairly obvious. One 
simply chooses a quarter-wave stack or other type of stack with periodic structure, so that the high-reflec- 
tance zone covers the region to be attenuated. It is necessary to choose the materials which are used in — 
the stack and also the number of layers. This can be accomplished after the properties of the multilayer’ 
stack have been specified. In establishing the specifications of a long-pass, short-pass, or a band-pass 


multilayer filter, some of the following properties are considered: 
(1) The optical density in the attenuation region. This is discussed in 20.5.1.1. 


(2) The transmission in the pass region. In 20. 4.8.3 two methods of enhancing trans- 
mission in the pass region are presented. 


(3) The steepness of the cutoff* This is discussed in 20.5.1. 2. 


(4) The change of ‘the transmission with angle, i.e. the angle shift. If a minimum 
amount of angle shift is required, then high-index materials should be used in 
- the stack, as is mentioned in 20.4.7. , : 


(5) The change of transmission with temperature. In certain applications multilayer ~ 
filters are used in environments which are either warmer or cooler than room 
temperature, and the shift of the spectral transmission must be taken into account. 
Multilayer filters are sometimes placed in thermal contact with an infrared detector 
which is cooled with liquid nitrogen. Figure 20.79 shows the shift with temperature 
of the transmission of an infrared filter. 


20.5.1.1 The optical density in the attenuation region increases as the index mismatch between the layers 
of a stack increases and also as the total number of periods increases. In the special case of a quarter-wave 
stack, the maximum attenuation can be computed from Equations (41) through (43). 


20.5.1.2 The sharpness or the steepness of the cutoff * ig also an important parameter. The cutoff is the 
region in which the transmission drops from "high" values in the pass region to "low" values in the attenuation 
region (in the high reflectance zone). The words low and high in the preceeding sentence are enclosed in 
quotation marks because the criterion of what constitutes a low or high transmission is rather arbitrary. 
For example, in the multilayer shown in Figure 20,76 the high value is chosen as 0.70 and the low value as 
.05. Simiilariy, the wavelength at which the transmission has decreased to some arbitrary value is called 
the cutoff wavelength. For example, in Figure 20.79 the wavelength ofthe T = .05 point is chosen as 
the cutoff wavelength. Regardless of what criterion is chosen, the steepness of the cutoff increases as the 
number of periods increases. Let us apply as a criterion of the sharpness of the cutoff the wavelength 
difference AX betweenthe T = 0.9 pointand T = 0.1. Each of the multilayers, whose trans- 
mission curves are shown in Figures 20, 66 and 20,68, contain the same materials, but have a different 
number of periods. The A) for the nine-layer stack (Figure 20.66 ) is 90 mu, whereasthe AA for 
the seventeen-layer stack (Figure 20, 68) is 20 mi. Although the comparison does a slight unjustice to the 
nine-layer stack because its cutoff is at longer wavelengths, nevertheless this serves to illustrate the point 
that the steepness of the cutoff increases at the number of basic periods increases. The order of interfer- 


* 
Some writers use the word "cuton" to denote the onset of the attenuation region and "cutoff" to denote the "cutoff" 
(or stopping) of the attenuation region. In section 20, this distinction is not made. 
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Figure 20.69- Computed spectral transmission of 
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Figure 20.68- Computed spectral reflectivity of 
the multilayers designated as 
Design I (dashed line) and Design 
IL (solid line) in Table 20.4. 
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Figure 20.70- Computed spectral reflectivity of a multilayer consisting of an ensemble to two stacks. 
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ence of the high-reflectance peak influences the steepness of the cutoff. At any given wavelength, a higher~ 
order reflectance peak has a sharper cutoff than a first order peak. The disadvantage of using.a higher-order 
reflectance peak is that the width of the region of high transmission at longer wavelengths is decreased. How- 
ever, if a first-order high-reflectance peak is used to provide the attenuation region, then there are no re- 
gions of high-reflectivity between the long-wave cutoff and infinite wavelength. For example, reflectance 

peak at 500 mj} of the multilayer shown in Figure 20.67 is first order. In this case the computed trans- 
mission of this multilayer is greater than 0,85 mp in the spectral region from 650 m# to wavelengths as 

long as 50 / in the infrared, or for wavelengths in the microwave region for that matter. Of course in prac-~- 
tice the glass substrate and the materials in the multilayer would absorb strongly at wavelengths much short- ° 
er than 50 LH. ‘ . 


20. 5.1.3 Attenuation over a broad speciral region. It was shown in 20. 4.1.4 that the width of the high- 
reflectanee-zone 1s determined by the index ratio of the two materials which constitute the stack and hence, 
the width of the high-reflectance zone is limited by the index of available thin film materials. The optimum . 
width is achieved with a quarter-wave stack which has a large index mismatch, For example, in the region: 
from 300 to 400 mp the non-absorbing thin film materials have an index which does not exceed 2,10, The’ e 
optimum width of the high-reflectance zone is achieved if this high-index material is used in conjunction * 
with a low index material such as cryolite (index 1, 35). Sometimes it is desired to attenuate a spectral 
region which is greater than this optimum width, One obvious solution is to combine two or more such 
stacks, The thickness of the layers in each of the stacks is chosen so that the high-reflectance zone of 

each one covers a different part of the spectral region to be attenuated, Here the term stack has been used 
to denote a group of films which have periodic structure, There are two ways of arranging the stacks so 
that a broad attenuation region is achieved, 


(1) The stacks are.deposited upon the same substrate, that is, they are: piled on top of each 
other. Since this type of multilayer is an ensemble of individual stacks, it will be re- 
ferred to as an ensemble multilayer. ; . 


(2) Each stack is deposited on a different surface. This configuration will be referred to . 
as a composite filter. 


20.5.1.3.1 Ensemble of stacks. As an example of a multilayer which is an ensemble of two individual 
(modified) quarter-wave stacks, consider - 2 
' 

glass (+ H z 6 ¥¢ H > air 
where the index of the L land H_ layers is 1.38 and 2.30, respectively. Using our terminology, the 
group of layers (L/2 H L/2 )® constitutes one stack andthe group (L'/2 Ht L'/2)5, another 
stack. If the optical thickness of the L,H and L',H' layers is chosen in the ratio of 1.38: 1, then 
the high-reflectance zones to the two stacks are contiguous. The reflectivity versus ¢ = Ao /r of 
this combination is depicted in Figure 20.70. The dashed line shows the boundary of the high-reflectance . 
zones of'each stack. The attenuation region covers nearly an octave. In general, two difficulties are en- 
countered in constructing multilayers of this type. First, interference effects often occur between the 
yarious stacks and the ensemble filter acts like a Fabry-Perot type filter (described in 20.10), to the ‘ex- 
tent that narrow transmission bands appear in the attenuation region. Second, such filters are often diffi- 
cult to manufacture. Each of the films in the filter has a small amount of mechanical stress (refer to 
20. 2. 4. 2. 4) and if the number of layers is ‘large, the total stress can build up to the point where the multi- 
layer will no longer adhere to the substrate. Multilayers of this type which have a high-reflectivity over a 
wide spectral region are often called broad-band reflectors. The spectral reflectivity of such a reflector 
is shown as curve B in Figure 20.95. . : : 


20.5.1.3.2 The composite filter. The composite filter consists of two or more individual multilayers 
which are deposited on separate substrates and arranged so that the incident radiant flux passes through 
each one. Because the multilayers are on separate substrates, it is possible to separate them physically 
‘by a distance of many thousands of wavelengths, thus avoiding interference effects between the various 
multilayers. If only two multilayers are used in a composite filter, it is often convenient to deposit each 
multilayer on a side of the substrate, as is shown in Figure 20.71. As an example of this procedure, sup- 
pose a filter is required which attenuates the entire visible spectral region from 400 mz to 700 mex. Since 
a single quarter-wave stack of zinc sulfide and magnesium fluoride has a high-reflectance zone which covers 
approximately one-half of this region, a composite filter composed to two quarter-wave stacks is requisite. 
Each stack is deposited on a side of the glass substrate, as is shown in Figure 20. Tt. The high-reflectance 
zone of multilayer stack "A" extends from A 1 to 22 andthe zone of stack ""B"from Ag to Ay - 
Figure 20.71 shows how the high-reflectance zones are arranged so they not only cover the spectral region 
to-be attenuated but also overlap in the center so that there is no possibility of a transmission leak. Stack 
"A" has a QWOT = 453 mt and stack "Ba QWOT = 594 mu. These values are chosen so that region 
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i : : : 
of attenuation extends from 390 mp to 706 my. Having determined the QWOT- and materials of the two stacks, 
the only remaining problem is to choose the number of periods. This number is determined by the amount of 
attenuation required, the stéepness of the cutoff required at 700 mz, or by economic considerations. The lat~ 
ter point should be considered if the filter is to produce in large numbers; the cost of manufacture depends 
upon the number of layers in the stack. It is noted that the transmission beyond 700 m# would be enhanced 

if eighth-wave layers were added to each stack, so that stacks "A" ahd "B" are similar to the multilayer 
shown in Figure 20.67. The addition of these eighth-wave layers shifts the wavelength of maximum reflec- . 
tivity of each stack, but does not affect the position of the high-reflectance zones. r 
20.5.1.4 Since the multilayers which are composed of dielectric materials have a negligible amount of ab- 
sorption, the transmission properties of these filters, when placed-in tandem, are considerably different 
from absorption-type filters. As an example, suppose that an absorption-type filter consisting of a slab of . 
colored glass has atransmission T of 0.01 at some wavelength, say 610 mp. If an identical filter is 
placed in tandem, then the transmission T,  of-the entire system is reduced to the low value of 


T, = T? = 0.0002. 


‘ ‘ i i 
Next, consider the case of a multilayer filter which is composed of dielectric (non-absorbing) layers, so 
that T = 1 - R. For purposes of comparison, suppose that this multilayer is designed so that it also 
hasa T = .01 at 610 mu. If an identical multilayer is deposited on the opposite side of the same 
transparent.substrate, as is shown in Figure20, 72, then the total transmission T,  ofithe tandem arrange~ 
ment {ts close to 0.005, or more precisely: . : 

(1 - R)A(1 + R) ar ' 


T/2 as R = 1.0 : ' (48) 


The’ reason for this behavior can be seen in Figure 20.72, which shows identical multilayer coatings C and | 
C' deposited on each side of the transparent substrate. Since the substrate is quite thick, interference 
effects can be neglected and the intensity of the beams which emerge:can be added. As is shown in Figure 
20,72, a radiant flux proportionalto T = 1-- R_ penetrates into the medium (i.e. the substrate) be- 
tween the two multilayers. If the reflectivity is close to 1.0, then this flux is trapped and bounces back and 
forth between the two multilayers many times, decreasing in intensity only a small amount at each reflection. 
Eventually all of the flux escapes through interfaces C and C’. If R is close to 1.0, then approximately . 
one half of it escapes through C and one-half through C'. Since Ty is proportional to the radiant flux 
which penetrates C', Tz is decreased by only a factor of two. The total transmission Ty is decreased 
below the value given in Equation (48) if there is a small amount of scattering in the multilayers or if there‘ 
is absorption in either the multilayer or the substrate. Tp can also be decreased by using a wedge-shaped" 
substrates so that the rays "walk off" the ends of the filter. | : \ 


20.5.2 Long-wave pass color filters. From the discussion in 20.5.1 and 20.4.8. 2.1, it is evident that it 

is a straightforward task to’ produce filters for the visible spectral region which pass in the long-wave region. 
However, it should be remembered that in the visible region there are many absorption filters of colored 
glass or organic dyes which rival multilayers in the sharpness of their cutoff, high attenuation in the short- = 
wave region and high transmission at long wavelengths. Not only are these absorption filters often less ex- ‘ 
pensive than a multilayer filter, but they have the additional advantage that they are virtually free from the 
variation of the transmission with the angle of incidence (i.e. the angle shift) which is inherent in multilayer 
filters. However, multilayer filters have the advantage that they can be manufactured to any specification 
so that the cutoff can be positioned at any wavelength, whereas the cutoff of glass and dye absorption filters 
is only at wavelengths which nature has provided. As an example of a long-wave. pass color filter, Figure 
20.73 shows the measured spectral transmittance of a modified quarter-wave stack composed of fifteen 
Jayers of zinc sulfide and magnesium fluoride. Eighth-wave layers of zinc sulfide on either end of the stack 
increase the transmission in the long-wave region. The transmittance of this filter is similar to the com- 
puted curve shown in Figure 20. 67. ! 


T 


It 


20.5.3 The cold mirror. The cold mirror is a multilayer composed of dielectric materials which has a 
high-reflectivity in the visible spectral region. The reflectivity drops abruptly at 700 mj: so that a high 
transmission is achieved in the near infrared. The discussion in 20.1.2. 7 describes briefly how this cold 
mirror can be placed behind a light source in a projection system so that the light in the visible spectral 
region is deflected towards the lens, but the heat, (the radiant energy in the infrared), passes out of the 
system. There are many designs for cold mirrors; they usually consist of an ensemble of stacks, as des-~ 
cribed in 20.5.1.3,1. An effective cold mirror has a smooth reflectivity curve in the visible region so that 
the color of the reflected light is not altered. The sharpness of the cutoff at 700 mit and the amount of trans- 
mission in the infrared are also important. A cold mirror which is used in conjunction with an arc lamp 
should have a sharp cutoff, since a typical arc lamp has a larger portion of its radiant energy concentrated 
in the region between 700 mp and 800 my than does a tungsten filament. Since 85% of the radiant energy of 
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a tungsten incandescent lamp operated at 3350°K is outside of the visible region, a combination of a cold 
mirror and a heat reflector could theoretically reduce the heat six-fold. In practice, a two-fold to three- 
fold reduction is achieved by using a cold mirror and heat reflector in place of an aluminum mirror. Figures 
20, 74 and 20,75 depict the spectral transmittance and reflectance of some cold mirrors which are manufac- 
tured commercially. Both Dimmick 3? and Turner 38.394 describe the use of cold mirrors in projection and 
illumination systems. A basic U.S. patent on the cold mitror has been issued to Koch 39b 


20.5.4 Long-wave pass filters for the infrared. Multilayer filters are used extensively in the infrared as 
components of missiles which have a heat-seeking guidance mechanism, infrared surveillance systems, and 
in the spectrochemical analysis of organic vapors. In the infrared, a limited number of absorption-type fil- 
ters are available and hence multilayer filters are widely used. Infrared multilayers can be composed of the 
game materials which are used in the visible, such as zinc sulfide and chiolite, However, the 

use of certain materials is restricted by the stress in the films (see 20.2.3.2.4). Films of germanium can 
be used at wavelengths longer than 1.3 # and lead telluride beyond 3.9 #. Both of these materials have. high 
refractive index. As is illustrated in Figure 20,53, a stack which has a quite broad high-reflectance zone _ 
is obtained when either of these materials is used in conjunction with a material of low refractive index, such 
as chiolite or silicon monoxide. The spectral width of the attenuation region can be increased by using two:" 
or more stacks, combined.either as a ensemble (20. 5.1.3.1) or as a composite filter (see 20. 5.1.3.2 )e. - 
Figures 20.76 to 20.81 show the spectral transmittance of some long-wave pass filters which are manufac- . 
tured by several commercial firms. It is interesting that the cutoff region of the stack shown in Figure 20. 79 
is provided by a 3:1 stack, which has the advantage of having a lower angle shift than the quarter-wave stack 
(see Section 20.4.7). It might be conjectured that the spike in the transmission at 3. 8p of the multilayer . 
shown in Figure 20. 80 is due to the fact that the edge high-reflectance zone occurs at this wavelength but 

that the transmission remains low because the lead telluride films are absorbing in this region. Using the 
refractive indices in Table Il, from Equation (39) it is found that the ratio Ag /A, = 1.66, where 

Ag and Ay are the wavelengths at the long and short wave edge of the high-reflectance zone. From 
Figure 20.82 we seethat Ag = 6.5, andthus A, = 3.9 4; this conjecture is probably correct. 
The transmission peaks at shorter wavelengths in Figures 20.80 and 20. 81 could be eliminated by deposit- 
ing another long-wave pass multilayer on the opposite side of the substrate, thus forming a composite filter. 


_ The transmission in the long-wave region in both of these filters could be improved if an antireflection coat- 


ing were deposited on the opposite side of the arsenic trisulfide glass substrate. 


20.6 SHORT-WAVE PASS FILTERS 


In Section 20.5.1, we enumerated some of the properties of long-wave pass filters, such as the attenuation, 
sharpness of the cutoff, angle shift, and so ‘on. These general considerations apply equally well to short- ~ 
wave pass filters, with the following important exception: The spectral width of the high-transmission re- 
gion of a quarter-wave stack or other stack with a periodic structure is limited by the fact that at shorter 
wavelengths higher order high-reflectance zones always occur. For example, suppose that the 3:1 stack 
shown in Figure 20.59 is used to attenuate in the 1.8 #2 to 2.2'% region. Additional periods can be added to 
the stack if a higher attenuation in this region is required. The pass region on the short-wave side extends 
from 1.15 to 1.7 2. At 1.15 ~ the second-order high-reflectance peak occurs and the multilayer attenuates 
from 0.9 to 1.15 p. It is evident from Figures 20.56, 20.57, and 20.58 that these higher order attenuation 
regions are not confined to the 3:1 stack, but occur in all stacks which have a periodic structure, regardless 
of the composition of the basic period. A comparison of Figures 20.56, 20.57, and 20,58 shows that the © 
quarter-wave stack has the widest region of high transmission on the short-wave (high-frequency) side of 
the first order high-reflectance zone. The third-order high-reflectance zone occurs at one-third of the 
wavelength of the first order zone. The spectral width of high transmission of the 2:1 stack is somewhat 
smaller; the second-order high-reflectance zone occurs at one-half the wavelength of the first order zone. 
However, we have considered only the case where two layers are used in the basic period of the stack. If 
more than two layers are used in the basic period of a stack with a periodic structure, then a short-wave 
pass spectral region which is even wider than that of a quarter-wave stack can be achieved.4° Regardless 
of whether a quarter-wave, 2:1 or 3:1 stack is used, it is desirable to add some additional layers to the 
stack to enhance the transmission in the short-wave region, as is shown in Figure 20. 66. 


20.6.1 Short-wave pass color filters. Multilayer filters are particularly useful as short-wave pass filters 
in the visible spectral region, because most of the colored glass and dyed gelatin filters have a low trans- 
mission in the pass region and a cutoff which is not sharp. For example, a typical blue glass absorption 
filter which transmits below 480 mu has a peak transmission of 0.38 at 410 mp and a bell-shaped trans- 
mission curve. Also, most absorption filters which transmit the’ blue and near ultraviolet have a leak- 

a transmission band in the red. Figures 20,66, 20,68, and 20,82 show the spectral transmission of 

some short-wave pass filters. The multilayer shown in Figure 20, 82 is a quarter-wave stack with films 
added to enhance the transmission in the short-wave region, as described in 20. 4.8.3.1. 
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20.6.2 Heat reflectors. Section 20.1.2. 7 describes briefly how a multilayer heat reflector deflects the heat 
from a projection lamp away from the film gate. For many years heat absorbing glass has been used to ab- 
sorb the radiant energy in the infrared, but this has the disadvantage that the heat must be removed from the 
glass by air cooling or other means. If this is not done, the glass becomes quite hot and often fractures. 
Multilayer heat reflectors have the advantage that they reflect, rather than absorb, the near infrared and thus 
remain comparatively cool. Figures 20.83, 20.84, 20.85, 20.86, and 20.87 show the spectral transmission 
of some infrared reflectors. The multilayer in Figure 20, 83 is identical to that of Figure 20, 82, with the 
exception that the QWOT of the former has been moved to longer wavelengths. The multilayer shown in Fig- 
ure 20, 84 attenuates far into the infrared, but unfortunately it also attenuates in part of the red spectral 
region. The width of the attenuation region in the infrared of the muitilayer shown in Figure 20, 85 is typical 
of what can be attained with a simple quarter-wave stack. The multilayer shown in Figure 20, 86 not only 
reflects the infrared, but also has a higher order high-reflectance zone in the blue. Although the design of 
the multilayer is unspecified, the fact that the maximum of the red reflection band occurs at twice the wave- 
length of the blue reflection band leads one to suspect that this is a 2:1 stack. It should be pointed out that. - 


the heat reflector does not have to be used in conjunction with a cold mirror, as shown/in Figure 20.82 Some - . 


advantage is gained if only a heat reflector is inserted into the ol at an angle. i 
20.6.2.1 Another type of heat reflector is used in conjunction with the solar energy.cells which are used. in 
satellites and space vehicles. The problem is that only the radiant energy in the range from 0.4 to 1.2 # 
produces appreciable electrical energy. The radiant energy outside of this region merely heats the cell, .. 
thereby decreasing its efficiency. Therefore, solar cells used in space vehicles are usually protected with 

a short-wave pass filter which has a high-reflectivity from 1.2 » out to longer wavelengths. The advantages 
of using these filters are discussed by Thelen.4! It is remarked that heat reflecting mirrors are often 
called hot mirrors. It should be remembered that both the cold mirror (described in Section 20.5: 3) and the 
hot mirror are made of non-absorbing materials. Thus neither of them absorbs an appreciable amount of 
radiant energy and thus they both remain comparatively cool. : i 


20.6.3 Short-wave pass filters for the infrared. One difficulty which is encountered in using a multilayer 
as a short-wave pass filter for the infrared is that the spectral width of the pass region at short wavelengths 
is narrow, especially if high-index materials such as silicon, germbnium, or lead telluride are used in the 
filter. In the latter case, the attenuation region is quite wide, and this width is at the expense of the width 
of the pass region. One way to avoid this difficulty is to use materials in the stack which have smaller ratio 
of refractive index, ng /ny - Another approach is to use a stack which has a basic period which contains 
more than two refractive indices. 40 | f 


20.7.1 A beam splitter is used to divide a wavefront into two portions and direct each portion in a different 
direction. Beam splitters can be arbitrarily divided into two classifications: 


20.7 BEAM SPLITTERS 


(1) Achromatic, or neutral, beam splitters (see Section 20.7.2). 


(2) Color selective beam splitters. These are sometimes called dichroic mirrors 
and are discussed in Section 20.7.3. 4 : 
| 


20.7.1.1 The properties of a beam splitter are usually specified by the average transmission, Tay» and 
average reflectivity, Ray, (defined in 20.1.3.7).. However, as is shown in 20.7.1. 2, it is often important 
toknow Ts; , Tp and R, , R in the two planes of polarization so that the amount of polarization 
produced by the beam splitter can be determined. If the beam splitter is used as a component of an interfer- 
ometer, such as a Michelson or Twyman::-Green, then the variation with wavelength of the phase shift upon 
refléction should be considered, since the position of the fringes in the interferometer depends upon this 
phase shift. The phase shift of a silver film is shown in Figure 21.17 . t ‘ 


+ be 
20.7,1.2 Polarization effects. If Ts and Tp areunequal, orif Re # Ry; then the beam splitter 
has a polarizing effect, which can be quite important. For example, a beam splitter which is used ina : 
Michelson interferometer should divide the beam equally in order toproduce fringes with maximum intensity. 
Thus a beam splitter composed of dielectric films which has an R,, of .50 might look attractive as a beam 
splitter for this purpose. However, it is important to know the R and T in each plane of polarization, since 
the beams interfere separately in each plane of polarization. For example, if a beam splitter for a Michel- 
son interferometer has Ray = 0.50, but R, = 0.10 and Rp = 0.90, then the fringe intensity, 
which is proportional to the product R - T, is quite low. The dissimilarity of the reflectivity in the two 
planes of polarization can also affect other devices. For example, suppose a beam splitter in a glass cube 

is mounted behind the objective lens of a camera, as is shown in Figure 20.88. Such a beam splitter is 
manufactured by evaporating the multilayer coating onto the hypotenuse face of a 45-90-45 glass prism, and 

* then cementing an identical prism onto it. The purpose of the beam splitter is to reflect 20% of the light into 
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Figure 20.83- Measured spectral transmittance 
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ing filter, Courtesy of Bausch 
and Lomb, Inc. 
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Courtesy of Bausch and Lomb, Inc. 


Average Transmission> .57 


“T ® for .400 - . 6002 






. 
a 


Transmission 


625u+ .0ip 
Cut-off Point T=.30 


el ' Rejection Region T <, 001 
q Beyond . 7502 






4 .6 1.8 1.0 1.2 1.4 1.6 1.8 
Wavelength in microns 

Figure 20.84- Measured spectral transmittance 

. of a short-wave pass filtér. 

Courtesy of Eastman Kodak Co. 


20-65 








MIL- HDBK~—141 


8 
7 
Average 
‘Transmission 
+6 >80 Ct 
8 -400p - .600n 
a 
£- 
8 
n 
d. 
& 
"ge -S85ue .0in gb 
oT] Cut-off Point 
T=.30 
24 


4 .5 46 





rom http: 


- Transmittance 





-7 8 .9 4.0 LE 


Wavelength in microns 


Figure 20. 85- 


Measured spectral transmittance 


of a short-wave pass heat reflect- 
ing filter. Courtesy of Eastman 
Kodak Company. 


Transmittance 
a 





LIN 
PTT T Ne. i 
400 500 600 700 800 900 1000 1100 


tv 
E+" ] 





Wavelength in microns 


Figure 20, 87~ 


Measured spectral transmittance 


of a multilayer heat reflecting 
filter. Courtesy of Balzers 
Aktiengesellschaft, Liechtenstein. 


20-66 





‘www.everyspec.com 


O 


-8 
~ a 1.0 
600 700 800 900 1000 1100 1200 


Wavelength in millimicrons 


I 4 i 
: i 


Figure 20.86- Measured spectral transmittance 
i multilayer which reflects the 
blue and near ,infrared. Courtesy 
of Fish-Schurman, Corporation. 
| 


| : 
| if cceps : 
Opaque front- Viewfinder 


‘surface mirror 






Opjective 


| 
Lens Beam splitter 


\ deposited on 
surface of 
glass prisni 


| ; ; 
Figure 20.88- The utilization of a beam splitter 
' in 2 camera to deflect an image 
into the view finder. 


Reflectance 





_— : Downloaded from http://www.everyspec.com 


APPLICATIONS OF THIN FILM COATINGS MIL- HDBK-I41 


the view finder. As long as the light from the scene which is being photographed is unpolarized, then any 
beam splitter which has the specified T,, = 0.80 and R,, = 0.20 is satisfactory. However, sup- 
pose that R, = 0.08 and R, = 0.32 so that the beam splitter is polarizing. If a scene is photo- 
graphed which produces polarized light, such as certain portions of the sky or the light which is reflected 
from a wet surface, then the brightness of the scene which is seen in the view finder and the scene which is 
recorded on the film are quite different. Another effect is that the brightness in the view finder changes as 
the camera is rotated about the axis of symmetry of the objective lens. 


20.7.2 Achromatic beam splitters. An achromatic, or neutral, beam splitter should reflect and transmit 
equally at all wavelengths. In practice, the transmission of most beam splitters changes slightly with wave- 
length. 


20.7.2.1 Silver films. Thin films of silver are widely used as beam splitters. For many years only chemi- 
cal methods were used for depositing the films, but more recently superior quality silver films have. been 
produced by evaporation in a vacuum. The optical constants, n and k, vary considerably with wavelength 
and consequently the R and T of a film of a given thickness also change. The R and T of silver films 

of varying thickness at a wavelength of 550 mi is shown in Figure 21.16. Due to the dispersion ofthe opti- 
cal constants, silver films which have a given value of t/X have a much lower absorption in the red than 

in the blue. Silver films have the advantage that they are easy to prepare. The disadvantages are that they" 
are less efficient than a dielectric beam splitter because they absorb part of the light and that they deteri- 
orate after they are removed from the evaporator. A typical rule of thumb is that silver beam splitter, which 
is designed to divide the light equally reflects 1/3, transmits 1/3 and absorbs 1/3. Sennett and Scott?? ~ 
have measured the transmission and reflectivity of some silver films. In the visible spectral region metals 
other than silver have a high absorption and are generally not used as beam splitters. 


20.7.2.2 Dielectric films. : 
The simplest type of dielectric beam splitter is a single film of zinc sulfide or titanium dioxide deposited 
on a glass substrate. These beam splitters are neutral in color and divide the light in a ratio of 

R:T = 0.4 : 0.6. Figure 20.89 shows the spectral reflectivity andtransmission at $ = 45° of 

a single film of TiO», onaglass substrate. The dispersion of the refractive index ofthe TiO, has 
been taken into account in this calculation. The curves in Figure 20. 89 give some idea of the flatness oe the 
reflectivity curve and also the amount of polarization which is produced by the beam splitter. Holland * 
describes in detail how beam splitters of this type are prepared. Figure 20:90 shows the spectral Te 
tivity and transmission at % = 45° of two types of beam splitters which are produced commercially. It 
Should be remembered that the uncoated side of the substrate of a beam splitter introduces a transmission 
loss and also some polarization into the beam. This effect is not large and is reduced even more if the op~ 
posite side of the substrate is covered with an antireflection coating. 


20.7.3 Color selective beam splitters (dichroic mirrors). -Color selective beam splitters are sometimes 
called dichroic mirrors. One of the definitions of the word dichroism refers to the selective absorption and 
transmission of light as a function of wavelength regardless of the plane of vibration. 


20.7.3.1 It could-be argued that section on dichroic mirrors logically belongs in Sections 20.5 and 20.6, 
which covered long-wave and short-wave pass filters. Actually, this is true, because any of the multi- 
Jayers described in those chapters could be used a dichroic mirror simply by tilting them at an angle. The 
difference is that when these multilayers were used as pass filters, we were concerned only with the trans- _ 
mitted light and gave little attention to what happened to the reflected light. If the multilayer is used as a 
beam splitter, then the reflected light is utilized. Color selective beam splitters are used extensively in 
optical systems where different kinds of information are identified by a different color and combined so 
that they are projected simultaneously. Many thousands of such beam splitters are used in radar sets to 
superimpose the image of a cathode ray oscilloscope screen (which might be green) with a map of another 
color (magenta, for example). It is easy to see an additional color ‘selective beam splitter could be added 
to the configuration shown in Figure 20.1 to form a three-color separation system which could be used in 
color photography or color television. Figure 20.91 shows a measured transmission curve of a blue re- 
flector, which is similar to the long-wave pass filter shown in Figure 20, 73 but viewed at non-normal in- 
cidence. The transmission curves at various angles of incidence alsq ilvStrate the angle shift to shorter 
wavelengths as ¢ increases. Figure 20.92 shows the reflectivity of green reflector at 45° incidence. 
One method of. achieving this narrow reflection band is to use a 3)/4 ‘stack. This is illustrated in Fig- 
ure 20,93, which shows the computed transmission of nine layers of zinc sulfide and magnesium fluoride 
which have an optical thickness of 3A, /4 where A, = 546 my, matched at 60°. A first order re- 
flectivity peak occurs at 3 x 546 me = 1.642 in ? the infrared. The third order high-reflectance 
zone is centered at-546 mp. The use of high-order reflectivity peaks is an effective method of achieving a 
narrow reflection band. 


20-67 








rom p://www.everyspec.com 
1 


MIL- HDBK~141 


Reflectivity 
Transmission 


glass 
 9=1.51 





400 500 600 700 800 
Wavelength in millimicrons 


Figure 20.89- Computed R,, Rg, and Ray 
= 1/2(R, F Re ) of a single 
quarter-wave layer Ti Ogat 9 =45, 
(The dispersion of the index of the 
‘Ti Og is taken into account. 


Transmittance 


400 500 600 


Figure 20, 91- 


Transmittance 


1.00 





Courtesy of Fish-Schurman Corporation. 


20-68 






APPLICATIONS OF ‘THIN FILM COATINGS 


60/40 Beamsplitter 
air boundary 


50/50 Beamsplitter 
cemented 





500 600 700 
Wavelength in millimicrons* 


Figure 20.90- Measured transmittance of a 60/40 


and a 50/50 multilayer, beam 
‘splitter at @ — 45°. R is nearly 
ieT,. Courtesy of Fish- 
Schurman Corporation. 


| | 
Wavelength in millimicrons 


Measured spectral transmittance at various ¢ of a color-selective beam splitter. 


| 





a ae i 
Downloaded from http://www.everyspec.com 


APPLICATIONS OF THIN FILM COATINGS , MIL-HDBK=!41 


20.8 MIRRORS 


The distinction between a mirror and a beam splitter is indeed tenuous. Some of the semi-transparent mirrors 
described in Section 20.8.2 could be used as color selective beam splitters if they were illuminated at non— 
normal incidence. Also, some of the long-wave and short-wave pass filters described in Sections 20.5 and 
20.6 could be equally well used as semi-transparent mirrors. Thus the classification of a multilayer as a 
long-pass filter, color selective beam splitter, or a semi-transparent mirror depends upon its ultimate use 
and is not an inherent property of the device itself. Mirrors can be classified as either opaque or semi- 
transparent. Opaque mirrors are used if one is only concerned with the reflected light, whereas a portion 

of the light which is not reflected from a semi-transparent mirror, is transmitted. 


20.8.1 Opaque mirrors. Silver, aluminum, and rhodium are commonly used as reflecting films in the visi- 
ble spectral region. All three of these metals can be evaporated in a vacuum. An opaque coating is produced 
by a film 0.2 p» (eight millionths of an inch) thick. A freshly deposited film of silver has the highest reflec- 
tivity, particularly in the red, but the reflectivity deteriorates rapidly in air. An extremely thin, tough film. 
of aluminum oxide forms naturally on the surface of an aluminum coating which protects it against further © - 
oxidation. Thus aluminum coatings last a long time under normal environmental conditions. The reflectivity 
of a rhodium coating is about 10% below that of aluminum. Rhodium is quite inert to attack from salt water 
and notwithstanding its lower reflectivity it is used in applications where the environmental conditions are ° 
severe. Gold films have a high reflectivity in the infrared. Hass * has published reflectivity data on the 
various metal coatings. ; 








20.8.1.2 Protective coatings. A single layer of silicon monoxide(SiO) is often deposited on an aluminum film 
to protect it from abrasion and chemical attack. The addition of this layer does not alter the reflec- . 
tivity of the aluminum if the optical thickness of the layer is either much smaller than the wavelength of the 
incident light or if its optical thickness is a half-wave, in which case it ig absentee (see Section 20. 1.5. 2. 2). 
The former condition can easily be obtained at long wavelengths in the infrared. Figure 21.14 shows the 
computed spectral reflectivity of aluminum overcoated with a single layer of silicon monoxide.’ At certain 
wavelengths the reflectivity of the aluminum is decreased from 0,90 to 0.78 by the addition of the protective 
overcoat. : = 


20.8.1.3 Reflection enhancing overcoatings. The purpose of adding the single-layer overcoat described 
in the foregoing paragraph is to increase the resistance of the mirror to abrasion and chemical attack. It 
is also possible to overcoat a metal mirror with a multilayer coating in order to increase the reflectivity 
to values as high as .995. Such mirrors are useful in optical systems in which the light is reflected many 
times. Figure 20.94 shows the computed reflectivity of a bare aluminum mirror. It should be noted that 
the scale of the ordinate changes at 0.90. The dispersion of the optical constants is taken into account in 
the calculation; the reflectivity compares well with the published data of Hass*5 . On the same graph.is 
shown the reflectivity of an aluminum mirror overcoated with a six-layer dielectric stack of magnesium 
fluoride and zinc sulfide. The dispersion of the refractive index of the latter material has also been in- 
eluded in the calculation. The computed reflectivity attains. a maximum value of 0.996. Jenkins*® meas- 
ured accurately the reflectivity of such overcoated mirrors and found a maximum reflectivity of 0.994. 
Other types of overcoatings can be used to obtain a broader region of high'reflectivity 46 , so that the re- 
flectivity does not decrease in the blues as it does in Figure 20.94. 


20.8.2 Semi-transparent mirrors. The mirrors which are discussed in Section 20.8.1 are opaque - 
that is, the light which is not reflected is absorbed in the metal coating. There are some applications 
where mirrors are required which not only have a high reflectivity, but also transmit with a high efficiency 
the light which is not reflected. Such multilayers are useful as coatings for the plates of the Fabry-Perot 
interferometer and also as coatings for the ends of an optical maser (sometimes called aLaser). 


20.8.2.1 Silver films. Silver films have been used for more than six decades as coatings for the Fabry- 
Perot interferometer. They have the advantage that the single film of silver can be deposited much more. 
quickly and easily than the many films of a multilayer mirror. Kuhn and Wilson4? measured carefully the 
R and T of layers of silver on a glass Substrate and found that a freshly evaporated film has small 
absorption loss, particularly in the red spectral region. At awavelength of A = 680 mH, typical values 
were R = 0.89, T = 0.08, andthe remaining 3% is absorbed. However, in the blue (420 mH) 
film with same transmission would absorb more than twice as much. The disadvantage of using silver films 
is that the reflectivity deteriorates in time. Multilayer coatings have the advantage that they have a lower 
amount of absorption and that a higher reflectivity can be attained. 


20.8.2.2 Dielectric multilayers. Quarter-wave stacks and other types of multilayer coatings have been 
used quite successfully as semi-transparent mirrors, #6. 48, 49 principally for coating Fabry-Perot inter- 
ferometers. Figure 20.95 shows the first-order high-reflectance peak of quarter-wave stacks consisting 

of five, Seven, and nine layers of zinc sulfide and cryolite. Fora given plate separation, the maximum 
resolution of a Fabry-Perot is limited by the flatness of the interferometer plates and increasing the reflec- 
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tivity over a certain value merely results in a loss of light without any gain in resolving power. Hence the 
seven-layer films are adequate for most plates. The advantage of using dielectric coatings over silver 
coatings is that the absorption loss of the former is quite low. Atypical multilayer dielectric stack has an 
absorption of 0.005.50 The disadvantage of using quarter-wave stack is readily apparent from Figures 

20. 71 or 20.95 ; the region of high reflectivity covers only about one-half of the visible spectrum. This diffi- 
culty is avoided if a broad-band reflector 49 ig used, such as the one whose spectral reflectivity is shown as 
curve "B" in Figure 20.95. ‘The design of this reflector is given in reference 49. The reflectance of this 
multilayer is close to 0.95 in the visible spectrum, which is the optimum value for most interferometer 
plates. The reflectivity of the cold mirror shown in Figure 20, 74 is too high and would not be suitable for 
coating most interferometer plates. 


20.8.2.3 From a theoretical point of view, (i.e. Equations (40) - (43) ) the reflectivity of a quarter-wave - 
stack can be made as close to 1.0 as we choose by simply using a sufficient number of layers in the stack. 
At the present state of thin film technology, it is found that the reflectivity ofa ZnS-MgFo_ stack does 
not increase appreciably beyond fifteen layers. The fact which limits the ultimate reflectivity. is that the . 
layers are composed of small crystallites which are randomly oriented. This means that the layers have | 
random fluctuations in their optical thickness and also that there are irregularities at the surfaces of the . 
layers which scatter light. Giacomo 51,52 has studied this problem in detail.- As is discussed in 20.,10.6.1, 
it is this scattering which limits the band width of dielectric interference filters. It is possible that in the 
future techniques will be developed to reduce this scattering, thereby making it possible to increase the re- 
flectivity to values very close to 1.0 and consequently to produce multilayer interference filters with ex- - 
tremely narrow band widths. : 


20.9 BAND PASS FILTERS 


A band pass filter is a multilayer which has a high transmission in a specific spectral region and attenuates 
in both the short and long wave regions on either side of the pass band. In a certain sense, all of the short- 
wave pass filters described in 20.6 are band pass filters, because the higher order high-reflectivity peaks 
limit the width of the short-pass region, although this is not the intent of such a filter. Included in the class 
of band pass filters are Fabry-Perot type filters or interference filters. This filter, which is discussed in 
20.10, was the first type of filter whose transmission characteristics depended upon the interference of light, 
rather than the absorption of light. The name interference filter is retained for primarily historical reasons. 
Strictly speaking, every multilayer filter, from the single-layer coating to a sixty-layer stack, is an inter- 
ference filter, in the sense that its transmission characteristics depends upon the interference of the light. 
reflected from various layers within the filter. For reasons described in 20.10, we prefer to call this type 
of filter a Fabry-Perot type filter. 


20.9.1 Filters with a wide pass band. From the discussion of long-wave and short-wave pass filters in 
20.5 and 20.6, it is evident that a band pass filter can be constructed simply by combining a long-pass and 
short-pass filter. They can be either deposited on the same substrate or they can be deposited on separate 
substrates as a composite filter. The advantage of constructing a band pass filter in this manner is that 
width and position of the pass band can be changed at will by altering the cutoff of either the short or long- 
wave stack. Also, the amount of attenuation outside of the pass region can be easily controlled by changing 
the number of layers in either of the stacks. The width of the pass band is essentially independent of the 
attenuation outside the pass region. This is not true of the Fabry-Perot type filter described in 20.10. 
here are also other possibilities, such as combining a short-wave pass multilayer filter with a glass or 
dye absorption type filter which passes in the long-wave region. Figure 20.95 shows the spectral trans- 
mission of some assorted filters with a broad pass band in the visible and near ultraviolet spectral regions, 
while Figure 20,96 shows some similar filters for the infrared. ; 


20.10 FABRY-PEROT TYPE FILTERS (INTERFERENCE FILTERS) 


20.10.1 Basic concepts - the Fabry-Perot interferometer. In order to explain how an interference filter 
functions, it is first useful to understand how a Fabry-Perot interferometer works and to become familiar 
with such concepts as the "Q", free spectral range, order number, and soon. The basic idea of the inter- 
ference filter has been known since the turn of the century, when two French physicists, C. Fabry and A. 
Perot, invented the interferometer which bears their name. Although this device is used mostly to measure 
fine details of emission line spectra, it can also be used as a filter with a very narrow pass band. The 
Fabry-Perot interferometer, which is shown in Figure 20. 98, consists of two plates of glass or fused quartz 
which have been polished to a high degree of flatness. The plates are held apart by three separator pins so 
that the inner faces of the plates are parallel. These faces are coated with a semi-transparent mirror, 
such as the type described in 20.8.2. The transmission Ty of the interferometer is derived in most 
books on physical optics 53:54 and in Section 5. 17. 
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Te = Prax (1+ Fsin? 4) (49) 
where 
T, T. 
T = ——, , (50) 
max qa = R) 2 
4R 
RS SS (51) 
(1 - R)? 
R= ¥RiRe > : (52) 
and 
2 io Eyecees sy 
Hn = 290 ng ty gee (53) e 


T, , Te and Ry Rp» are the reflectivity (measured on the side of the mirror coating facing the gap) and 
transmission of the semitransparent mirror coatings on each of the plates. The coatings need not have the 
same R and T, and can also be absorbing, sothat R+T £# 1. €, and € g are the phase shift 
upon reflection from each of the coatings, which is explained in Section 20. 10.1.4. t, is the physical 
separation of the plates, measured from the surface of the coatings and ng is the refractive index of the 
medium in the gap, which is usually air or a vacuum. In the most generalcase, R,, T, , €; 5 Ra, 
T., and €9 all vary with wavelength. 


Since the sin2 function in the denominator of Equation (49) is always a positive quantity, T, attains a 


maximum value when 4 = maj; the integer m is called the order number. If we neglect for the 
moment the phase shifts, ¢€, and €5 , in Equation (53), then T, is a maximum when 
ma = 270 ngtg, (54) 
or 
x . ; 
m = = RIgt,-. (55) 


Equation (55) states that the resonant, or maximum transmission condition, occurs when the separation of 
the plates is an integral number of half-waves. The Fabry-Perot interferometer can be con- 

sidered as a resonant cavity for light waves. Similar resonance conditions occur when an integral number 
of half-waves fit into a microwave cavity or an organ pipe. One difference is that the resonance in micro- 


wave cavities is usually in the first or second mode, thatis, m = 1 or .2. Avery high mode - orto’ 
use the language of physical optics, a high order of interference - is obtainable in the Fabry-Perot inter- 
ferometer. For example, a plate separation of t = 1.0cm. is commonly used, in which case | 

m = 40,000 at A = 500 mp» ; that is, 40,000 half-waves fit in between the plates. 


20.10.1.2 Spectral transmission of F.P. interferometer. If the Fabry-Perot interferometer is illumi- 
nated with highly collimated light, as shown in Figure 20.99, then its transmission, T; , as a function 
of wave number (frequency) consists of a series of transmission peaks which are equally spaced, as is 
shown in Figure 20.100. The spacing og between adjacent transmission peaks is called the free spectral 
range of the interferometer and is inversely proportional to the separation of the plates: 


of = W2tg (56) 


For most plate separations which are attainable, this free spectral range is rather small and hence many 
transmission peaks are packed close together. For example, suppose that two plates are separated by 
three thin pieces of metal foil which are a little less than one thousandth of an inch thick, so that 

t, = 0.0025 cm. From Equation (56), we findthat o, = 200 em~! . This means that in the green 
région of the spectrum, transmission maxima would occur at wave numbers of 20,000 cm-! , 19,800 cm-1 , 
19,600 em™!, and soon. Converting these wave numbers into wavelength (see 20.1.3.3), we find that 
transmission peaks occur at 500.00 mp , 505.05 mp , 510.10 mu , and soon. Thus the separation of the 
peaks is about 5 mp in this spectral region. If this interferometer were used to pass a spectrum line at 
505.05 mx , then it would be necessary to have an auxiliary blocking filter (a composite filter, to use the 
language of ‘20.5.1. 3. 2) to attenuate. the unwanted transmission peaks at 500mp ,510mp, and at other. 
wavelengths. 
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Figure 20.101 shows the shape of the transmission band of an F. P, interferometer whose plates are Natok 
with highly-reflecting films sothat Ry = Ro = 0.95. This is merely an enlarged view of one of the 
transmission bands shown in Figure 20.100, translated to a wavelength scale. The maximum transmission 
of the bandis T ma, and occurs at a wavelength A,. By definition, the total width of the band at 
2 T max is A AY/2 *, Thus Adie gives an indication of the narrowness, or the sharpness, of 
the resonance line of the interferometer, and consequently its ability to transmit radiant energy at its 
resonant wavelength, Ag, and to attenuate radiant energy of nearby wavelengths. This is allied to the 
chromatic resolving power of the interferometer. 

| 


20.10.1.3 Resolving power of the F.P. interferometer. The narrowness of the resonance line i in the fre-. 
quency spectrum of any resonant device is proportional to the ability of the device to store energy with low 


Joss of energy per cycle of oscillation. The dimensionless quantity "Q" of a resonant system is defined as: :55a . 


Energy stored in system | 
QO = Be aa C*=» (57) 

Energy lost in one cycle : 
and is inversely proportional to the line width, Ao 4/2. For example, the simple'"LC" resonant circuit 
shown in Figure 20.101 stores energy in the electric field in the capacitor and in the magnetic field of the 
inductor. Each cycle a fraction of this energy is dissipated in the form of heat due to the finite resistance 
of the wire in the inductor and to losses in the dielectric of the capacitor. If this loss:can be decreased, . 
then the Q of the circuit will improve and its sharpness as a tuning element, say in a radio receiver, will 
improve. Similarly, the energy of a microwave. cavity is usually extracted through a small hole in the 

wall of the cavity. During each cycle of oscillation, a small amount of the energy which is stored in the 

electromagnetic fields in the cavity leaks out of this hole and is also absorbed as J oule heat in the walls of 
the cavity. The Q of the cavity is improved by silver plating the favity walls and thus reducing this loss. 
The case for the F. P. interferometer is completely analogous. Standing light waves are established in the 
gap between the two reflecting plates, and electromagnetic energy is stored in this gap. During each cycle 
of oscillation, which in the case of visible light is more than 1014 cycles per second, a small amount of 
this energy in the cavity is depleted by either being absorbed or transmitted through the coatings. 


From the foregoing congiderations, we would expect that the Q of'a F.P. interferometer would increase 
as the reflectivity of the coatings on the plates is enhanced. Another method of improving the Q is to 
store more energy in the cavity, which is accomplished by simply making cavity larger - that is, by using 
a larger separation of the plates. A more quantitative analysis, os such as the one in Section 5.16, leads 
to the relation | 


A F 
T= (2,1 %. : (; = :) alii | 
| : 





, 


Thus an interferometer with R = 0.95 anda plate separation of Icm. hasa Q over two million, 
which is larger by several orders of magnitude than any microwave device. The Q is a quite sensitive 
function of R, as R gets close tounity. The Q computed from Equation (58) can either be increased 

or decreased by the variation with wavelength of the phase shift on reflection of the two semi-transparent 
mirrors. A more exact,formula is given in reference 56. It should be remarked that’ Q is used asa 
criterion of the narrowness of the pass band in preference to the chromatic resolving power, which is used 
in most books on physical optics. The reason is that there are many different criteria for defining the chro- 
matic resolving power and it is not desirable that Equation (58) be confused with them.** 


I 
20.10.1.4 The phase shift upon reflection. A standing wave is créated when a light wave is incident upon 
a reflecting surface. The positions of the nodes of this standing wave remain fixed in Space. Suppose an 
incident light wave, ‘whose electric vector is represented by 


E = Ege ei @t- 2 42/r) * : ! (59) 


i 
' 
‘ | 
If the width A Aj/2 is translated into the corresponding width, AG 1/2. » ona frequency (wave number) scale, 
they are related by: Adije _ Ag -1 ; 


were Ag = o, 
° ° i 


° 


| \ 
a : fi 
For example, compare Eq. 58 in this text with Eq. 43 on page 334 of Born and wolf!1, 
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is reflected from a surface. If the reflected wave represented by:: 
i 
Ey = R12 Eo eilwtt+ €,+272/r) (60) 


1 
this defines the phase shift upon reflection, ¢€, . If the reflecting surface is a metal; with infinite conduc- 
tivity - that is, a perfect reflector, - then the standing wave has a node at the surface and the phase shift, 
€), is 180°. At some instant of time, the amplitude of the light wave varies sinusoidally in space, as shown 
by the solid line in Figure 20, 102; a half-cycle later it is represented by the dashed line. If € is less than 
180°, as would be the actual case for a silver mirror, then the node of the standing wave is to the right of 
the reflecting surface. If € is greater than 180°, it is to the left, as shown in Figure 20,102. The phase 
shift upon reflection is exactly 180° for an air-glass interface, and does not vary with wavelength as long 
as the glass is optically non-absorbing. The € for silver films changes slowly with wavelength, but this 
change is so small that it is usually neglected. The phase shift upon reflection for multilayer is much larger 


and, as is shown in 20.10.5, modifies the shape of the transmission band of a multilayer filter. It can also. 


alter the wavelength at which the pass band occurs. 56 


t 


i : ” 
20.10.1.5 Effect of € onaresonant cavity. The effect of the phase shift upon reflection is to shrink or .. 
expand the walls of a resonant cavity. If the variable 7 in Equation (53) were defined'as 4 = 270 ngts, 
thus omitting the second term, this would tacitly assume that there is a node of the standing wave at each 
of the two reflecting surfaces. The addition term in Equation (53),' 1/2(€, + €2 ) can be regarded 
as a correction term which accounts for the fact that the « of each of the mirrors shifts the node of the —. 
standing wave. This shift in the node of the standing wave changes the resonant frequency of the cavity. If 
€; and €2 change with wavelength, this alters the shape of the transmission band from the Lorentzian 
shape shown in Figure 20. 101. : 


20.10.1.6 Shape of the transmission band. I£ the condition is fulfilled that €, and €, are constant 
with wavelength and that Ry and Kg are large enough so that \F is much greater than one, then over 
the narrow wave number range near a pass band at 9, , the sine function in Equation (49) can be replaced 


by its argument and Tr written as ; 


2.4 ; 
T= (Fax 6} + G A ) 4 where A + OF = oo , (59) 
and constants suchas F, 27, tg, etc. have been lumped together into G, which is essentially 
constant over the range of A,in which the approximation is valid . The point we wish to make 
is that this is a Lorentzian line shape (shown in Figure 20, 101), andis similar tothe shape power absorption 
curve of a series resonant "LC" circuit with a high Q°? Se Braracteristic of the Lorentzian line shape is 
that_a long tail which decreases slowly in amplitude extends to ‘the short and long-w. e re 
applitattons oF F- D-type filters which require that the traninisstn Gn elthes The sles rave or long-wave 
side, decrease much more rapidly than is provided by a filter with a Lorentzian-shape transmission band. 
A few multilayers with a non-Lorentzian transmission band are shown in 20. 10, 7. : 
‘ t t 
20.10.2 Fabry-Perot type multilayer filters. The Fabry-Perot interferometer described in the foregoing 
section is actually used as a band-pass filter in the laboratory. Notwithstanding the high Q which can be 
attained, it is not widely used because the optically polished plates are quite expensive and small mechani- 
cal vibrations or temperature changes cause the plates to warp out of parallel, thus degrading the Q of the 
instrument. These difficulties are partially avoided if the material in between the plates (i.e. the spacer) 
is a solid material, This is accomplished by depositing a mirror on a substrate by evaporation in a vacuum, 
then evaporating a spacer layer whose optical thickness satisfies Equation (55), and then evaporating another 
mirror. Another method is to use a thin piece of mica as the spacer material and to evaporate a mirror on 
both sides. This technique is discussed in 20. 10. 5. 2. 


} 

I 
20.10.2.1 Method of analysis. In the case of the Fabry-Perot interferometer, it is quite natural to analyze 
the performance in terms of Equation (49). This has the advantage that one does not need to know any of the 
details about the construction of the semitransparent mirrors on the two faces - it is only necessary to 
know the R, T, and € ofeach mirror, and ng, tg- However, in the case where the spacer is evapo 
rated as an integral part of the filter, such as the filters depicted in Figures 20.1030r20.108, thenthere { 
are many methods of analyzing its spectral transmission, as for example the admittance method 58 , the “ 
matrix method 9 or by considering it as a Fabry-Perot interferometer ® . There is a large class of 
multilayer filters whose spectral transmission is most easily analyzed by treating them like a Fabry-Perot 
interferometer. This is accomplished by selecting one of the films in the stack - usually the center film 
if the stack has an odd number of layers and is symmetrical - and considering this film as a spacer layer 
with an optical thickness n t. - The remaining films in the stack are divided into two groups - those 
between the spacer layer and the substrate form an effective interface "A" and the films between the spacer 
layer and the incident medium form the other effective interface.60 “The spacer layer is usually, but not 
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LEGEND: Filters contain metal unless specified otherwise. 


' i 
[Xj Baird-Atomic, Inc. Multilayer dielectric with Q = 1000. Trax, = 9-45 to 0.60, blocking filters 
included. = 
{ 
fi Baird-Atomic, Inc. Multilayer dieletric filter with Tectangulacly shaped pass band. ; 
> 0. 60 , blocking filters jincluded.. 






Trax. 
(J Baird-Atomic, inc. Type "A" Tr Ahi2 
: 0.15 = 0.20 25 | mop 

0.10 + 0.15 15 my 

0.05 + 0.10 10 mye 
4 Bausch and Lomb, Inc. "Standard series" , second order interference, Tmax, = 0.30 to 0.35. 
oO Carl Zeiss, Jena, "Single filters" , Trax, = 0-25 inthe u,v. and near ivr... 

Tmax, = 0.35 in the visible. ' 
@ Carl Zeiss, Jena®=, "Double filter" (2 composite filter) Type DSIF, Tmax, = 0.!08 to 0.15. 


} Multilayer dielectric, Tmax, = 0-93, without blocking filters. See reference 64, 
© Multilayer dielectric, consisting of from 21 layers (Tmax = 0.55) to 29 layers 
(Tmax, = 0.15). See reference 65. 
VY Schott (Jena Glaswerke Schott & Gen., Mainz) These are "Line filters" of unspecified order of interference. 


© ©) Specially prepared F-P type filter consisting of nine diclectrie films and two silver films . 
Tinax, ~ 0.40. See reference 64. 

<> spectrolab, Inc. Published curves show Tmax, ~ 0-90. 
| 


Figure 20.104- The total width at .5 Tmax, > An 1/2, and wavelength of the passband, 7, } of some representative 
Fabry-Perot type filters coniposed of the metal-diclectric-metal type and all-Gielectric type. See 
20.10. 2. 2 for details. ; 
| 
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always, an integral number of half-waves in optical thickness. References 60 and 61 show some exceptions. 
Thus by dividing a multilayer into a spacer layer and two effective interfaces, it can be analyzed as a Fabry- 
Perot interferometer and Equation (49) can be used to compute its transmission, provided Ry, Ty, €1 > 
Ro, Te, £2 for the interfaces are known. 


The simplest type of multilayer whose performance can be analyzed as a F.P. interferometer is the silver- 
dielectric-silver interference filter (shown in Figure 20. 103). When its discovery was announced, it was 
called an interference filter, since it was the first type of filter which operated on the basis of the interfer~ 
ence of light, rather than absorption. When other types of multilayers came into use a decade later, it was 
recognized that all multilayers are in a sense "interference" filters, since their transmission character- 
istics depend upon the interference of light reflected from various layers within the multilayer. Thus in 
this section, the term "Fabry-Perot type filter" (F-P type) is used in preference to"interference filter" . 


20.10.2.2 Criteria for evaluating F-P type filters. Most F-P type filters are band pass filters and have a 
narrow transmission spike in the pass region and a high attenuation outside of that region. In order to com- 
pare the performance of different types of F-P filters, the following attributes are sometimes considered: 


(1) The wavelength A, of the maximum transmission of the pass band. 
(2) The maximum transmission of the pass band, Tmax * 


(3) The total width of the band at half intensity (i.e. at 1/2 Trax) A aaa’: This is 
relatedto Q: AA = rA)/Q- : 


(4) The Q of the filter, or alternatively, Q71. 


(5) The extent of the attenuation region, and whether blocking filters need be added 
to extend this region. 


(6) The shift of the transmission band as a function of the angle of incidence. 


In comparing the literature of various manufacturers of multilayer F-P type filters, it is evident that even 
if all of these data are given, there is still no substitute for a spectral transmission curve. AAj/, . is not 
necessarily a good criterion for comparing filters, because different types of filters have transmission 
bands of different shapes. For example, the pass band of the silver-dielectric-silver F-P type filter shown 
in Figure 20.105 has a Lorentzian line shape and shows the characteristic long tail of high transmission 
towards the blue, whereas the filter in Figure 20.118 has a pass band of a different shape and although its 
Adri/2 is twice as large, the transmission in the blue decreases much faster. Sometimesthe Thay - 
given in the specifications of a manufacturer may or may not include the blocking filters which should be 
placed in series with the F-P type filter in order to eliminate unwanted transmission bands, as appear in 
the filters shown in Figures 20.105 and 20.115. Figure 20. 114 shows how such a blocking filter is used to 
eliminate an unwanted transmission band at short wavelengths. The A A4/2 at various A, of F-P type 
band-pass filters is shown in Figure 20. 104, These data are compiled from the scientific literature and 
from the catalogues of manufacturers. In the latter case, they represent some of the filters produced by 
some manufacturers. This is definitely not a comprehensive list, but rather it is intended to give some _ 
idea of the range of the AX 4/2 and Tmax which can be achieved at various wavelengths. Neither is 
this list intended to be encyclopedic, including all manufacturers. As was mentioned previously, the 
parameters Tyax and AdAj;/2 often do not adequately describe the performance of a filter, and hence 
jt would be incorrect to conclude from Figure 20. 10.4 that manufacturer "A's" filters are superior to "B's" 
filters. Evidently there is some variation in boththe T and AA, po between individual filters of 
a given type, because most manufacturers gave a range of values. Average values are used for the data 
shown in Figure 20.104 


20.10.3 Band pass filters containing metal films. 


20.10.3.1 The metal-dielectric-metal (M-D-M) Fabry-Perot type filter. The simplest filter of the F-P 
type is a three-layer filter consisting of a dielectric film, such as magnesium fluoride, sandwiched be- 
tween two semitransparent metal films. In 1939 Geffcken °%: 63 applied for a patent on the device in which 
both the metal films and the dielectric spacer layer film are evaporated. The beauty and simplicity of this 
method is that such a filter can be deposited on a substrate of common window glass, rather than an ex- 
tremely precise optical flat, as is requisite for the F-P interferometer. The point is, that the surface of a 
piece of window glass deviates many wavelengths from being optically flat, but that the three or more layers 
in the multilayer coatings follow the contour of the substrate. The drawing in Figure 20.103 shows this 
effect; the lack ‘of planeness in the substrate is greatly exaggerated. Actually, the lack of planeness in the 
substrate does broaden the transmission bands slightly, but this effect is certainly not noticeable with broad 


10 mp band widths typical of this type of filter. 
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For wavelengths greater than 340 mu , silver is the best metal film to use, having the highest reflectivity 
and lowest amount of absorption. Below 340 mu the optical constants of silver change rapidly and the reflec- 
tivity drops to very low values. This is why silver-dielectric-silver F-P type filters have a transmission 
"leak" in this region, as is shown in Figure 20. 105. At these shorter wavelengths aluminum is generally 
used as the metal film, although it absorbs a large fraction of the radiant energy and consequently these 
filters usually havea Tyay, of - 10 to 20. Figure 20.105 shows the spectral transmittance of a silver- 
dielectric-silver F-P type filter with a first order transmission maximum at 450 mu. The transmission 
"Jeak"' in the ultraviolet is due to the loss in the reflectivity of the silver in this region. Also shown in 
Figure 20,105 is the transmittance of a filter which has a second order peak at 712 mp , and third and fourth . 
order peaks at shorter wavelengths. In Figure 20,106 is depicted the transmittance (on a logarithmic scale) 
of various types of M-D-M filters. The "double filter” consists of two identical filters cemented together 

to form a composite filter. Although the peak transmittance is low, (Tmax is from 0.10 to 0.30 ), an 
extremely high attenuation in the reject region is attained - the optical density is greater than five.. This. 
high attenuation is achieved because the filters are absorbing and hence the considerations which apply to. 
dielectric films (see 20.5.1. 4) do not hold here. Os 


20.10.3.2 The wedge M-D-M filter. Another interesting form of a M-D-M filter is the wedge Fabry-Perot 
type filter,66 which is depicted in Figure 20.107. Two silver films are deposited on either side of.a layer 
of magnesium fluoride, which is wedged shaped so that its thickness varies in a linear fashion along the ~ 
length of the filter. At one end the optical thickness is a half-wave of violet light (400 my), so this portion 
passes the violet. At other positions along the filter the dielectric film is thicker and these portions pass. - 
the blue, green, yellow, and finally the red.* In actual practice, the filter is usually manufactured a second 
order filter, rather than first order, as shown, thus achieving a narrower band width. In this case, at the 
thick portion of the wedge the second order red and the third order blue overlap, and it is necessary to re- 
move the blue by appropriate dye or glass filters. The AAyse of this second order filter is 10 mp , 
independent of wavelength. The slope of the wedge and the length of the filter are chosen so that a one miili- 
meter slit gives this pass band. Thus by inserting a slit 1 mm wide in front of this wedge filter and illu- ~ 
minating ‘it with white light, a rather inexpensive source of quasi-monochromatic light is obtained. This 
type of wedge can be deposited in an annular ring on a disk.6?7 The wavelength scanning is accom- 
plished by rotating the disk past a slit- , 


20.10.3.3 Other types of narrow pass-band filters which contain metal films. A higher peak transmission 
and narrower band width is attained with F-P type filters if several dielectric films are added to the stack © 
in addition to the spacer layer.64 Turner and Berning have devised some band-pass filters which contain 

a single silver film and many dielectric films. 68 M-D-M filters are also useful as reflection filters, 
particularly in the infrared spectral region. 64, 69 


20.10.4 All-dielectric Fabry-Perot type filters. The simplest form of this type of filter is shown in- Fig- 
ure 20.108. The silver films are replaced by semitransparent mirrors composed of dielectric materials, 
such as a quarter-wave stack. Thus the design of a filter consisting uf seven layers would be: 


glass HLHLLHLHG air. 


Here the HLH combination is a three-layer quarter-wave stack (H and L have a QWOT at Ao ) and LL 
represents a spacer layer of half-wave optical thickness at A, . The spectral transmission versus fre- 
quency of sucha multilayer is shown in Figure 50.109. Although this and other multilayers which are used 
as illustrations can be used only in the infrared because they contain germanium as a high index material, 
the principles involved here apply to any spectral region. 7 


20.10.4.1 Tmax _- The concept of an absentee layer (20.1.5. 2.2) is useful in determining the transmission 
of this filter at the wavelength 2» (i.e. g = 1.0) where the maximum of the pass band is located. At 
this wavelength the LL layer is absentee and hence it can be removed from the stack, leaving: 

glass HLHHLH air. 


This leaves two of the H layers next to each other, resulting in the layer HH which has an optical thick- 
ness of a half-wave. After removing this HH combination from the stack we are left with four layers: 


glass HLLH air. 


In actual practice, the optical thickness of the dielectric spacer layer is slightly thinner than a half-wave, due to 
the phase shift upon reflection of the silver films. Also, the thickness of silver films varies along the wedge, due 
to the dispersion of the optical constants of the silver. 
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The half-wave combination LL is absentee and can also be removed from the stack. Repeating this process, 
we see that at A, the transmission is the same as that of a single surface of uncoated glass of index 1.50, 
and thus from Equation (21), T = 0.96. This does not include the reflection loss at the second surface 

of the substrate. 


20.10.4.2 It is instructive to compute the Q of this filter. First, it is necessary to compute the reflec- 
tivity, Ry and Rg, of each of the effective.interfaces. The first effective interface is: 


glass HLH cryolite 
andthus R, is computed from an incident medium of cryolite. Ry is computed for a stack: 
air HLH cryolite 


where the substrate is air andcryolite (ng = 1.35) is the incident medium. Utilizing, Equations (40) 
and (43), wefind that R, = 0.953 and Rz = 0.968, whence R = (Ry Re 72 "= 0.961. 
From Equation (58) a Q of 80 is computed. Figure 20.110 shows the computed spectral line shape’ of this” 
filter, on afrequency scale. The Q, measured from this graph, is 116. The additional narrowing of the trans- 
mission band is attributed to the phase shift upon reflection of the three layers which constitute the effective * 
interfaces of this F-P type filter. References 56 and 61 show how to include the effect of the phase shift 

in computing the Q of the system. 


20.10.4.3 Effect of phase shift upon reflection. As ari example of how the phase shift upon reflection can 
influence the shape of the transmission band of a F-P type filter, consider the following multilayers, which 
are designated as Design I and Design I: 


I glass LHLBHLHL air 
Bi glass HHLHLHHLHL HA air. 


Design U is essentially Design I with an extra half-wave layer added to each end of the stack. At g = 1.0, 
the half-wave layers are absentee and the reflectivities of the effective interfaces of each of the two stacks 

is exactly the same. However, if we examine the transmission bands for these two stacks, shown in Fig- 

ure 20.111, it is evident that the width AA,/2 at 1/2 Tmax is somewhat less for Design I than, for 
Design H. This can be attributed to the variation with wavelength phase shift upon reflection of the effective 
interfaces, which is shown in Figure 20. 112. In each case the phase shift upon reflection is measured from 
inside of the germanium spacer layer- At g = 1.0 the phase shift is zero, which means that the node 
lies at the surface of the multilayer. At lower frequencies than g = 1,0 the node lies to the right of 

the surface. The shift of this node as the wavelength changes alters the shape of.the 
transmission band. 


20.10.4.4 The use of blocking filters. All-dielectric F-P type filters are usually used in conjunction with 
blocking filters. These blocking filters must in general have a much higher attenuation than the blocking 
filters which are used in conjunction with the M-D-M type filters. The reason is that in the former case, 

the unwanted transmission bands cover a wide spectral region, whereas the unwanted transmission bands 

of a M-D-M type are usually quite narrow. For example, suppose it is desired to use the transmission 

band at 477 mp in the M-D-M type second order filter shown in Figure 20,105. In this case it is necessary 
to use an auxiliary blocking filter to eliminate the unwanted transmission bands below 425 my and the band 

at 712 mp. There are many absorption type filters which could be used to attenuate below 425 mH. The 
band at 712 mp ig comparatively narrow and hence the total amount of radiant flux which “leaks” through 
this band is not large. Consequently, the amount of attenuation required in the blocking filter is not as 

great as it would be if the pass band were wide. In the case of all-dielectric F-P type filters, the quarter- 
wave stacks which are used for the semitransparent mirrors do not reflect over a wide range of wavelengths. 
Thus a quite appreciable amount of radiant energy is liable to "leak" through the filter in the region outside 
of the high-reflectance zone of the mirrors. The narrower the pass band of the F-P type filter, the more 
effective should be the blocking filters to insure that the total amount of radiant flux transmitted in the spec- 
tral region of the pass band of the filter should be much greater than the flux which leaks through at other 
wavelengths. For example, the all-dielectric F-P type filters shown in Figures 20. 115and20, 116have a sub- 
stantial transmittance below 8.0 H. The total transmitted radiant flux below 8.0 / to 3.9 » (where the 

PbTe films start to absorb) is considerably larger than the radiant flux transmitted through the pass band 
near 10 EL. us 


20.10.5 All-dielectric F-P type filters for the visible. All-dielectric F-P type filters are produced com- 
mercially for most of the visible spectral region with a wide range of Q. Filters witha Q from 10 to 
4000 are available. Values of Tynax from 0.45 to 0.60 are commonly attained, which includes the appro- 
priate blocking filters. The spectral transmission of an all-dielectric F-P type filter which has its pass 
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band in the blue, is shown in Figure t- . Although the peak transmission would be lowered slightly if a 
blocking filter were added in tandem, the Tyo, is still quite high. Also, the attenuation is quite high; 
an optical density of 4.0 is achievedat 3AA 3/2 from the wavelength of maximum transmission. 

| ' ; 


20.10,5.1 Extremely narrow bandwidth filters. From theoretical considerations alone; one might conclude 
from Equation (58) that it is possible to construct all-dielectric multilayer F-P filters which have Q's of 
10,000 and hence a band width of 0.05 mu at 500 my in the visible. Such filters would be quite useful to 
astronomers, who have been using the expensive Lyot type polarization filters to isolate the H® line. 
These filters would also find many applications in spectrochemical analysis; in some instances they could 
replace costly spectrometers which contain diffraction gratings. One method of attaining such large values 
of Q would be to increase the number of layers in the quarter-wave stacks which constitute the effective 
interfaces, and thus obtain higher reflectivities. The same practical difficulties which were described in 
20. 8.2.3 are encountered. The small amount of absorption and scattering in each film degrades the reflec- 
tivity and consequently sets a lower limit on the bandwidth of F-P type filters. Thus it is not too difficult 


to manufacture all-dielectric F-P type filters for the visible spectral region witha AA 1/2 Of from 1.0 mp - 


tol.6 mu anda T of greater than 0.50 (this does not include blocking filters). A Russian publica- 
tion § reports that filters witha Adji/p of 0.13 my anda Fmax of 0,15 have been produced. ; 


20.10.5.2 Filters which use a mica spacer. Another method of increasing the Q ofa filter ig to increase 


the order of interference m. The mechanical stress in the films (Section 20. 2.3.2.4) makes it impracti- . 
cal to use thick layers of evaporated material to manufacture a spacer layer with a high order of interfer- 
ence. By using a thin sheet of mica as a spacer ina F-P type filter/0,7l' it is possible to attain values 

of m inthe range from 70 to 700. Both sides of the mica spacer, which is usually from 0.005 to 0,0005 
inches in thickness are coated with a semitransparent multilayer mirror, such as a quarter-wave stack. 
Using this technique, a filter which isolates one of the lines of the yellow sodium doubletihas been pro- 
duced.“ —_A filter with a pass band at 570mu, a 4Ai/o of 0.2 me anda Ty, of 0.25 is re- 
ported.7f The difficulty of using filters with a high order of interference is mentioned in 20. 10.1.2, name- 
ly the problem of blocking out adjacent transmission bands which, in the case of the filter cited in the fore- 
going sentence,. occur at intervals of 1.1 mu on either side of the main pass band. This ican be accomplished 
by inserting additional mica F-P type filters in tandem, but this zemee the T se = 





20,10.5.3 ¥F-P filters at non-normal incidence. if a F-P type filter ‘of the type shown inl Figure20,1080r20.103. 


is inserted ina collimated beam of light at non-normal incidence, the following effects areobserved as? 
increases: ~ ' : 


1) The transmission pass band broadens and shifts to shorter wavelengths (i.e. a 

blue shift). This is because n tg, in Equation (55) is replaced by an effective 
thickness (see 20.1.6. 2) which is léss than its original value. Hence a smaller 
Ao satisfies this equation. i 


| : 
(2) The transmission band is partially linearly polarized. If the incidence jangle ¢ 
is increased to large enough angles, two distinct bands are seen, each at a different 
wavelength. The light in one band is linearly polarized -in the "s" plane, and the 
other in the "p" plane. ' 





This angle shift of the maximum of the pass band can often be used to good advantage. For example, 
suppose it is desired to isolate the mercury green line at 5461, and a F-P type filter which is available 
has a pass band at 550mp. The spectral position of the pass band can ‘be easily shifted so that it passes 
the Hg green line by tilting the filter less than ten degrees. Of course; the performance of the filter 
‘has been degraded by this tipping because the pass band has been broadened, but the loss is not serious 
if the pass band is wide to begin with. It is also evident that if a F-P type filter is placed in a beam of 
convergent light, then the angle shift broadens the transmission band asymmetically towards shorter 
wave-lengths. Thus a filter which is placed ina convergent beam should have its A> at normal incidence 
at a slightly longer wave-length. For example, Lissberger and Wilcock, 722 eb » Calculate that a filter 
which is to have its optimum performance at 5000 my is placed in anf 2.0 beam, then at'normal incidence 
its Trax should be located at Xo =502 my. It is also evident that filters which have extremely narrow 
band widths should be used at normal incidence, inawell collimated beam to prevent the loss of the narrow 
bandwidth by the angle shift broadening. The spectral transmittance curve in Figure 20.115 shows the angle 
shift of an all-dielectric F-P type filter for the infrared, : ‘ 
1 
| 
20.10.6 All-dielectric F-P type filters for the infrared. All-dielectric F-P filters are available for the 
infrared spectral region witha Q as large as 200. Figures 20,114, 20.115, and 20, 116 show the spectral 
transmittance of some all-dielectric F-P type filters which are used in the infrared.These curves are intended 
to present a sample of what can be accomplished. The filter shown in Figure 20, 114 is intended to have a 
| : 
| 
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Figure 20.115- Measured spectral transmittance of a Fabry-Perot type filter at various values of # . 


The decrease in T at $ = 45° is due to vignetting in the spectrophotometer. . Courtesy 
of Bausch and Lomb, Inc. 
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Figure 20.116- Measured spectral transmittance of a Fabry-Perot type filter on a BaF substrate. 


Courtesy of Bausch and Lomb, Inc. 
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broad pass band; the Q is about 20. A long-wave pass blocking filter is inserted in tandemto attenuate the 
unwanted transmission "leak" below 3.3 #. The region of high transmission above 10 # is outside of the 
high-reflectance zone of the dielectric mirrors in the effective interfaces. The F-P type multilayer shown 
in Figure 20,115 is deposited on a substrate of germanium. The "L" layers which are in parenthesis, 

sic. (L) , are antireflection coatings for the germanium substrate. At Ag, , which is close to 10.8 pt at 
normal incidence, the same analysis which was applied in 20. 10.5 is used here to remove absentee layers 
from the stack, thus leaving (L) germanium (L) , a germanium ‘slab with ‘an "LL" antireflection coating on either 
side. Although the refractive index of this L layer (see 20.3.3) is not the optimum value, it still improves 
considerably transmission at A, - If these (L) coatings were not added, then T may would be less than 
0.47, instead of the value of 0.59 which is shown. The angle shift of the pass band to shorter wavelengths 

is also shown in Figure 20.115. The decrease inthe T ,,, at non-normal incidence can be attributed to 
vignetting in the spectrophotometer which measured the transmittance. Figure 20. 116shows essentially the 
same type of coating, but on a substrate of barium fluoride. The substrate is a low-index material, and. 
hence it is unnecessary to add the (L) coatings to antireflect the substrate, as is necessary for the multi-~- 
layer shown in Figure 20,115. Comparing Figures20. 115and20,116, the effects of using a different substrate 
are manifested inthe greater T,., for the multilayer on the Ca F) substrate, a slightly narrower ~~ 
width of the pass band, and the higher transmission in the short-wave region below eight microns. Of course 
the latter effect is undesirable in many applications; the "leak" in the-‘transmission in the short-wave region 
of the multilayers shown in Figures20, 115and20, 116could be removed by the addition of suitable blocking * 
filters, as is done in Figure 20.114, Lead telluride is used as a high-index film material in this spectral 
region because it is transparent and has a large refractive index - and hence a filter with quite respectable. 
Q is obtained with a small number of layers. Zinc sulfide is used as the low index material because it does 
not have a large mechanical stress (see 20, 2.4.2.4) and also because it is transparent in this long-wave ~ 
region. Silicon monoxide is not used in this spectral region because it has a strong absorption band starting 
at 8.72 Greenler 16 has fabricated Fabry-Perot type filters with pass bands in the 10 4 region by using 
tellurium as a high-index material and sodium chloride as a low-index material. Using the same materials 
it is possible to manufacture filters with a pass band at wavelengths as long as 20} . is 


20.10.7 F-P type filters with a pass band of non-Lorentzian shape. The F-P type filters which are de- 
scribed in 20. 10.4 and 20. 10.5 have a transmission pass band which is essentially Lorentzian in shape. © 
The main drawback of this type of line shape is mentioned in 20. 10.1.6, namely that unless the pass band 

is narrow, the filter has a long transmission tail which decreases in amplitude quite slowly. For example, 
suppose it is desired to use a multilayer filter to isolate the emission line at 491.6 my of a mercury dis- 
charge lamp. The lamp does not emit lines of any strength for at least 40 m# on both the short-wave and 
long-wave side of 491.6 mu. Therefore, it is not important that the filter have a narrow transmission band, 
in fact, the AA;/2 could easily be as large as 20 mp , provided the discharge tube does emit an appreci- 
able amount of continuum radiation. However, it is quite important that the emission lines at 435.8 my in 
the blue and at 546.1 mp in the green be attenuated very effectively, because these lines are at least a 
thousand times more intense than the 491.6 line. Thus, if the 491.6 mp which passes through the filter is 
to be merely ten times more intense than the light from the blue and green lines, then the transmission of 
the filter is at 496 mp and 546 mz must be at least 10 4 of T max + 4 M-D-M type filter would not fur- 
nish this much attenuation. A double filter of this type would furnish this much attenuation, but at the ex- 
pense of a very low Tyax - Anall-dielectric F-P multilayer would furnish this degree of attenuation, 
provided that a large number of layers were used in the filter. However, this would mean that the trans- 





_ mission band would be quite narrow, whereas a narrow transmission band is not requisite. Such a filter 


with a narrow band would be expensive for two reasons: First, it contains a large number of layers, and 

is expensive to manufacture. Second, because the transmission band is narrow, the thickness of the layers 
must be controlled to quite close tolerances, so that the peak transmission of the filter occurs at exactly 
the desired wavelength of 491.6 m#. The latter difficulty is avoided if a multilayer has a pass band which 
is essentially rectangular in shape, as is shown in Figures20, 117 to 20.121. Space does not permit us to 
elaborate some of the methods which are used to achieve transmission bands of this shape. One filter of 
this type is called a double half-wave system; the theory of such filters is discussed by Smith. 60 _ The 
spectral transmission of such a filter is shown in Figure 20.117. When analyzed as a F-P type filter, each 
of the effective interfaces is the film combination H LL H and contains a half-wave film; hence the name, 
double half-wave. The spacer layer is a quarter-wave optical thickness, rather than a half-wave layer. 
Figure 20, 111 shows the transmission in the pass region so that it can be compared with the Lorentzian- 
shaped transmission bands of a conventional all-dielectric filter shown in the same Figure. Figure 20.118 
shows the transmittance of a multilayer of this type with its pass band in the vigible spectral region, while 
Figures 20.119, 20.120, and 20.121 depict infrared filters which pass at 2.702, 4.50, and10.8n, 
respectively. Additional blocking filters have been added to the filters whose transmission curves are shown 
‘in Figures 20.119 and 20, 120.. 
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Figure 20.120~ Measured spectral transmittance 
of a narrow band-pass filter 
which has a nearly rectangular 
shaped pass band. Courtesy of 
Eastman Kodak Company. 
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Measured Transmittance of a Nine Layer Band Pass Filter . 
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Figure 20.121- Measured spectral transmittance of a narrow band-pass filter which has a nearly 


rectangular shaped pass band. Courtesy of Bausch and Lomb, Inc., 
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20.11 REFERENCES FOR FURTHER STUDY 


Publications on thin film optics can usually be placed in either of two categories: 


qd) 


(2) 


Thin film science: This is a study of the fundamental properties of thin films, 
with an emphasis on knowledge for the sake of knowledge, rather than on 
knowledge for the sake of ultimately producing some gadget. This includes a 
study of the physical structure and optical properties of thin films, the thermo- 
dynamics and chemistry of their formation, the properties of the films as re- 
lated to the physics of solids, and so on. 


Thin film technology. Section 20 has been devoted to one aspect of this topic, 
namely how our knowledge of thin films can be utilized to provide useful optical 
components, such as filters, beam splitters, and other devices. Included in 
this broad classification are methods and techniques of preparing films, con~ 
trolling their thickness, methods of multilayer filter design, and soon. The 
optical applications of thin film technology began to expand rapidly after 1946. 
A conference on thin film optics was held in 1950 and the papers which were 
presented at this conference 73 are a good summary of the state of the art up 
to that time. In 1955 Heavens! published a book which not only covers many 
aspects of thin film science, but he also devotes the later part of this book to 
some applications of thin films. Therein is presented some of the topics which 
have not been covered in Section 20, such as multilayer polarizers, frustrated 
total reflection filters, and so on- Another publication of Heavens 2 surveys 
more recent developments. Both Weinstein (Welford) 5 and Abeles 12 both 
present terst and correct mathematical treatments of the theory of the reflec- 
tivity of multilayers. Vasicek's book 74 contains some useful information,, 
but very often it is hidden in endless pages of redundant and repetitive deriva~ 
tions of recursion formulae. The practical aspects of depositing thin film coat— 
ings are lucidly presented in a Navy Department pamphlet. 75 Holland's book 
ig more recent and presents a vast amount of valuable lore on how to evaporate 
thin films in a vacuum. 


20-91 








lownloaded irom p://www.everyspec.com 


Drumheller, Carl "Properties and Application of Silicon Monoxide" - A monograph available from the Kemet F 





APPLICATIONS OF THIN FILM COATINGS 


1 
1 


i 1 


I 
t 
' 


Methods of Experimental’ 
T 


Pp or 


MIL-=HDBK-i4! 
REFERENCES 
i. Heavens, O. Optical Properties of Thin Solid Films (Butterworth Scientific Publications, 1955) p. 238 
2. ibid, p. 221 
3. Strong, John, Concepts of Optics (Freeman, 1958) p. 251 
4; Heavens, O. opcit p. 66 
5. Weinstein, W. (W. Welford) Vacuum 4, 3 (1954) 
6. Terman, F, E. Radio Engineering (McGraw Hill, 1947) 3rd. ed. p.75 
a. Drumheller, Carl "Silicon Monoxide Evaporation Techniques" - A monograph available from the Kemet 
Company, Cleveland, Ohio. (1960) . ' 
8. 
Company, Cleveland, Ohio. (1960) 
2, Weinstein, W. op cit p. 5 
10. Heavens, O. opcit Chapter 4 : 
1i. Born, M and Wolf, E. - Principles of Optics (Pergamon, 1959) p, 54 
12, Abelés, F. Ann. de physique, 5, 103 (1950) 
18, Welford, op cit p.5 
14, Poblack, Hubert "Zum Problem der Reflexionsminderung optisher Glaser bei isha es Lichtein~ 
fall" Jenaer Jahrbuch (VEB Optik Carl Zeiss Jena, 1952) 
15. Hass, G. and Tousey, R. J. Opt. Soe. Am, 49, 593 (1959) 
16. Greenler, R. G. J. Opt. Soc, Am. 47, 130 (1957) 
17. Hass, George and Turner, A. F. "Preparation of Thin Films" — in Volume 6 of 
Physics, L. Marton, Editor in Chief, (Academic Press, 1959) 
18. Holland, L. - Vacuum Deposition of Thin Films (Chapman and Hall, 1956) 
19. Ballard, S., McCarthy, K. A. and Wolfe, W. L. State-of-the-Art Report; ©; ica Materials ic 
Infrared Instrumentation. (Report No. 2389-11-S: I.R,I.A, Univ, of Michigan, 1959) 
20. Turner, A. ¥F, et al- Thick Thin Films - Quarterly ‘Technical report #4 under haieank with U.S, Army: 
Engineer Research and Development Laboratories, Fort Belvoir, Va. (1951) 
21. Turner, AF. and Truby, F.K. U.S. Patent 2,858, 240 (Issued October 1958) 
} i 
22a Heavens, O. Reports on Progress in Physics, 23,60 (1960) , 
22b Hass, G., Ramsey, J.B. and Thun, R. J. Opt. Soc. Am. 4, 116 (1959) 
23,  Huldt, Lennart and Staflin, T. Optica Acta 6, 27 (1959) i 
24, Hass, G. Vacuum 2, 331 (1952) 
25. Pohlack, Hubert. Joc cit p. 106 : 
26, Baumeister, P. Optica Acta 8, 105 (1961) ; 


20-92 






Downloaded from http://www.everyspec.com 


APPLICATIONS OF THIN FILM COATINGS MIL-HDBK-141 


REFERENCES (continued) 


27. 


28. 
29. 


30. 


31. 


32. 


33. 
34, 
35. 
36. 


37. 


38. 


39a. 
39b 
40. 


41. 


42, 


45. 
“46. 
47, 
48. 
48, 
50. 
51. 


52. 


Hass, George and Turner, A. F. "Coatings for Infrared Optics" in Ergebnisse der Hochvakuumtechnik und der 
Physik dinner Schichten (Wissenschaftliche Verlagsgeselischaft Stuttgart, 1957) 


Cox, J. T., Hass, G, and Jacobus, G. F., J, Opt. Soc, Am, 51, 714 (1961) 

Cox, J. T., Hass, G., and Rowntree, R.F. Vacuum 4, 445 (1954) 

Turner, A. F., Berning, P. et.al. Infrared Transmission Filters, Quarterly Technical Report #6, under 
contract DA44-009-eng-1113 with the U.S. Army Engineer Research and Development | Laboratories, Fort 
Belvoir, Va. (1953) 


Hass, G. and Cox, J.T. Published in Vol. 52 of J. Opt. Soc. Am. (1962) 





Turner, A. F., Epstein, I., et. al. Optical Properties of Multilayer Films and, Interference Filters in ihe: 
10 Micron Region. Quarterly Technical report #5 under contract with the U. S. Army Engineer Reseszch. and 
Development Laboratories, Fort Belvoir, Va. (1951) 


Brillouin, Leon. Wave Propagation in Periodic Structures. (McGraw-Hill, 1946 or Dover, 1953) 
Seitz, Frederick, ‘The Modern Theory of Solids Chapter 9 (McGraw-Hill, 1940) 

Epstein, I. J. Opt. Soc, Am, 42, 806 (1952) 

Baumeister, P. J. Opt.Soc. Am. 48, 955 (1958) 

Dimmick, G.L. and Widdop, W.E. J. Soc. Motion Picture Engrs. 58, 36 (1952) 


Carison, F. E., Howard, G. T., Turner, A. F. and Schroeder, H. H. J. Soc. Motion Picture Engrs. 65, 
136 (1956) 


Turner, A. F.& Schroeder, H.H. J. Soc. Motion Picture Engrs, 69, 351 (1960) 
Koch, George U.S, Patents 2,552, 184 and 2,552, 185 
Epstein, L. I. J. Opt. Soc. Am. 45, 360 (1955) 


Thelen, A. "The Use of Vacuum Deposited Coatings te Improve the Conversion Efficiency of Silicon Solar 
Cells in Space." Progress in Astronautics and Rocketry Academic Press, (1961) p. 373 


Sennett, R.S. and Scott, G.D. J. Opt. Soc, Am, 40, 203 (1950) 

Holland, L. Vacuum 3, 159 (1953) 

Turner, A. F, and Schroeder, H. H. J. Soc. Motion Picture euave 61, 628 (1953) 
American Institute of Physics Handbook (McGraw-Hill, 1957) p. 6-108 | 

Jenkins, F.A. J. phys. radium 18, 301 (1958) 


Kuhn, H. and Wilson, B. A. Proc. Phys. Soc, (London) B 63, 754 * (1950) 


Stone, JM. J. Opt. Soc. Am. 43, 927 (1953) 


Baumeister, P.W. and Stone, J.M. J. Opt. Soc. Am, 46, 228 (1956) 
Ring, J. and Wilcock, W.L. Nature 171, 648 (1953) 
Giacomo, P. J. phys. radium 19, 307 (1958) 


Giacomo, P. Rev. Opt. 35, 317 (1956) 
35, 442 (1956) 


20-93 








MIL-HDBK-141 


rom p://www.everyspec.com 
| 


REFERENCES (continued) 


53. 
54, 
55a. 
BB. 

mG 56, 
5ST. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 


65. 


66, 
67. 
68. 
69, 
70. 
71. 
2a 
72b 
T20 
3. 
74. 


75. 


| 
Jenkins, F. A. and White, HE. Fundamentals of Optics (McGraw-Hill, 1957) Third Ed. p. 273 


Born, M. and Wolf, E, opcit p, 322 
Terman, F.E. opcit p. 39 

és t 
Fox, A.G, and Li, T. Bell System Tech. J. 40, 453 (1961) | ; : 


Baumeister, P, W. and Jenkins, F.A. J. Opt. Soc, Am, 47, 57 (1957) 


Stone, J.M. Ph, D. Thesis, University of California, Berkeley, 1953 (unpublished) 


Terman, F. E. op cit p 42 


Mielenz, K.D, J. Opt. Soc. Am, 50, 1014 (1960) 


Smith, S.D. J, Opt. Soc, Am. 48, 43 (1958) 


Baumeister, P. W., Jenkins, F, A. and Jeppesen, M.A. ~ Opt. Soc. Am, 49, 1188 (1959) 


pene eget ee eee eet 


Geffcken, W. agnew. Chem., A, 60 1 (1948) 


Geffcken, W. Deutsches Reich Pat, #716,153 (Dec. 1939) 


Turner, A.F. J, phys. radium 11, 444 (1950) 


Korolev, F. A., Klementteva, A. Yu., and Meshcheryakova, T. F. Optics and Spectroscopy (translation 
of Optika i Spectroskopia) 6, 341 (1960) i 


Tuner, A. F. and Ullrich, 0. A. J. Opt. Soc, Am. 88, 662 (A) (1948) 
Mam, A.E. and Rock, F.C. J. Opt.So0c. Am. 38, 280 a (1958) 
Berning, P.H. and Turner, A.F. J. Opt.Soc.Am. 47, 230 (1957) 
Hadley, L, N. and. Dennison, D.M. J, Opt, Soc, Am. 38, 483 (1948) 
Ring, J., Beer, R., and Hewison, V., J. phys. radium 19, 321 (1958) ' 
Dobrowolski, J. J. Opt.Soc, Am. 49, 794 (1959) 

Lissberger, P.H. J. Opt. Soc. Am, 49, 121 (1959) . . i 
Lissberger, P.H. and Wileock,W.L. J. Opt. Soc. Ams, 126: (2959) 
Tepe G. and Salzburg, C.D. J. Opt. Soc. Am, 44, 181 954) : 
J. phys. radium 11, 305-480 (July 1950) 
Vasicek, A. Optics of Thin Films (North-Holland, 1960) 


| 
Naval Ordnance Pamphlet (OP) 1952, Optics Filming ,U.S. Gov. Printing Office, (1945) 


20-94 


APPLICATIONS OF THIN FILM COATINGS 











Downloaded from http:/Avww.everyspec.com 


MIL-HDBK-14} 


21 COATING OF OPTICAL SURFACES 


21,1 INTRODUCTION 


21,1.1 Uses. Thin films of dielectric, metallic or even semi-conducting materials are most often applied to 
optical components such as lenses, plates and reflectors for the purpose of altering their energy reflectances 
or transmittances. A great variety of distributions of spectral reflectances and transmitiances can be achieved 
over the ultraviolet, visible and infra-red regions. However, the number of materials having suitable optical, 
mechanical and chemical properties for use in the ultraviolet region is severely limited, Occasionally, thin 
films are used for modifying, especially at oblique incidence, phase changes as well as amplitude changes upon 
reflection. Thin films can also serve as protective coatings for surfaces of soft materials such as aluminum 
or silver, In another type of application, films are deposited with non-uniform thickness in order to achieve a 
slight degree of aspherization of the coated surface or in order to produce wedges that transmit non-uniformly 
in a specified manner. In still another broad class of films, a combination of optical properties such as'trans- 
mittance, and of electrical properties such as conductance is provided. A diversity of specialized films con- 
sisting of combinations of two or more materials in a multilayer is required to meet an increasing list of mod- 


ern applications. 


21.1, 2 Properties of thinfilms. We shall be concerned herein with the physical principles governing the opti- 
cal properties of thin films. Fortunately, thin films have been found to behave to a good first approximation as 
homogeneous, plane-parallel layers that can be regarded as’ infinite in lateral dimensions. This idealized model 
of single films or multilayers can be analyzed without further approximation as a boundary problem involving 
Maxwell's equations, Several related forms of this useful theory will be treated. Actually, thin films are not 
homogeneous either laterally or along the thickness direction, Small departures from the predictions of the 
idealized model are therefore likely to occur. Theories dealing with inhomogeneity along the thickness direc- 
tion are under active investigation; but it must be expected that these theories will be of greatest value in de- 
signing films whose inhomogeneities are increased deliberately. 


21, 2 DEFINITIONS AND PRINCIPLES 


21. 2.1 The optical constants. The optical constants, n and K, of an homogeneous, isotropic film are defined 
in the following manner. We take the Solutions for the electric vector, E, and the magnetic vector,. H, in the 


form 
-iwt -iwt 
E= Ue >; H=Ve 3 . qi) 
in which U and V are vectors; U = (Ux, Uy, Uz) and V = (Vx, Vy» Vz ). Maxwell's curl relations be- 
come 3 — 


Curl V +i m2U = 0; (2) 


alE al€ 


Curl U - i p V=0; . / (3) 


and the wave equations for U and V become 


: Om 


veu+ 2pm? = 0; 
¢ 
z w? 2 ‘ 
ve V+ wm V = 0; {5) 
wherein 
m2 = € + i490/w (defining m); . (6) 
m = n(i + iX) (defining n and K). (7) 


The magnetic permeability, p, and the dielectric constant, «, are defined so that they are unity for vacuum. | 
o is the electric conductivity; ¢ is velocity in vacuum and w = 2%/T, where T is the period of vibration of the 


‘wave, i=Vv¥-1. 
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w/e = afro = k 1 (8) 
s { 
where Ao denotes wavelength in vacuum. As so defined, n and K'are the optical constants that are usually 
listed in handbooks. In most optical problems one will take p = 1. We shall regard n and K as the fundamen- 
tal properties that are measured from experimental observation on the wave motion, ‘Under this view, « and o 
are derived from knowledge of n and K. 


: | 
21. 2, 2 Physical significance. So much confusion exists about the physical significance of the optical constants, 
n and K, that further discussion is warranted. It is often believed that n is the refractive index such that the 
phase velocity v is always given by c/n. Suppose that a plane wave is propagated along Z with its electric 
vector polarized to vibrate along X. Then U = (Ux, 0, 0). Since the wave is plane, U, is, by assumption, 
independent of x and y. Hence the wave equation reduces to ; 7 


EE + Sum? oy ort : s @) 
It is easily verified by substitution into (9) that a solution is 

Uz = Bo e} 8M me Eo cee Sy? ne ms (10) = 
One concludes from equations (1) and (10) that , ‘ 

E = (1, 0,0) E, e™ a goes ® (11) 
wherein 

v= ofpl/2y : : (12) 


is the phase velocity of the wave in the medium, and kp’ 2nK is an absorption or extinction coefficient that 
determines the rate of attenuation of the amplitude with increasing z. We observe from equation (11) that the 
parallel planes, z= constant, are planes of equiphase (wavefronts) and of equiamplitude. When the planes of 
equiphase and equiamplitude are parallel, the wave is said to be homogeneous. If, then, p = 1 and the wave 
is homogeneous, the optical constant, n, is in fact the refractive index. When a homogeneous wave is incident 
normally upon any system of plane parallel layers, the wave remains homogeneous. But when a homogeneous 
wave is incident obliquely upon a system of plane parallel layers, the wave becomes inhomogeneous in the ab- 
sorbing layers, i.e. planes of equiphase and equiamplitude do not remain strictly parallel when K # 0. With 
inhomogeneous waves, the phase velocity is not given by equation (12) and rate of attenuation is not governed 
by the product ky4/2n K, A generalized form of Snell's law of refraction applies, but the actual refractive in- " 
dex is not the optical constant n even when » = 1. It will not be an objective of this text to dwell upon the 
effects exhibited by inhomogeneous waves in absorbing media; but it is worth noting that the following systems 
of equations will include the effects produced by inhomogeneous waves in the absorbing|layers, When the sys- 
tem is free of absorption, the waves remain homogeneous even at oblique incidence. 


21, 2. 3 Fresnel's coefficients for normal incidence. : 

* Fe ee | ‘ . 
21, 2, 3, 1 Fresnel's coefficients of reflection and transmission with, respect to a plane interface between two 
homogeneous media can be derived with a high degree of rigor. Derivations based upon Maxwell's equations 
and realistic boundary conditions will be found in almost all textbooks dealing with physical optics or electro- 
magnetic theory. The following Fresnel coefficients apply to normal incidence upon the interface as illus- 
trated in Figure 21. 1, The Z-direction is chosen normal to the interface, and the point z = 0 shall fall at the 
interface. To date, the permeabilities, 1, have invariably been unity in the optical applications of thin films. 
In view of the unlikelihood of cases p Z 1, the following considerations will be ee to — pel 


| 
21, 2, 3, 2Let 7, be a complex number that specifies the amplitude! and phase of the incident E-vector at the 
left hand boundary, z = 0, Let ro be a complex number that specifies the amplitude and phase of'the reflected 


£-vector at the left hand boundary, z = 0, Similarly, let 7, Specify the amplitude and phase of the transmitted 


£-yvector at the right hand boundary, z = 0. It can be shown that 


Yo _ Mo- my _ : 
i; " moray = “a> (13) 
and that i 
T= _2M% : (14) 
To Mo + My : : 
2-2 ‘ 





ne Downloaded from hip WWW.everyspec.com 


COATING OF OPTICAL SURFACES MIL-HDBK-141 





Incidence 0 


Interface 


Figure 21. 1- Notation with respect to Fresnel's 
coefficients for normal incidence. 


in which 
mj = ny (1+ iKj) 5 j = 0 andl. : . "  (45y 


The ratios rg/7T. and 7 /T. are, respectively, Fresnel's coefficient of reflection and transmission at nor- 
mal incidence. One may take 7, as unity without any essential loss of generality. 


21, 2. 3. 31f neither medium is absorbing, Kg = Ky =0. Hence for interfaces between non-absorbing media 
the Fresnel coefficients reduce to the better known results 
No - Ba 


Yo/To = To en, : (13a) 
| and 
2n 
™/T% = on , (14a) 


in which ng and ny are physically the refractive indices of the two media. When n, > ng, one may write 


ee i 
Po/T>. = Ino= ul e*™ : el 


‘Thus one concludes that,with respect to the electric vector, the phase change on reflection is + # radians when 
ni > Ng- The phase change on transmission across the interface is always zero when the two media are non- 
absorbing, for then the ratio 7, / 7) is necessarily real and positive. 


21, 2, 3, 4 As a second example, consider incidence from a non-absorbing medium upon an absorbing medium. 
Since mpg = No and m; = ny +in, Ky, one obtains from equation (13) 


i 2 2 2 « i : 
Fo _ no -My-ing Ky _ no -my(l+ Kz) - i2non, Ky ; (18) 
To no+nm,+in, Ky (ng+ny)? + nf KF j 


: 2 2 
For reflection from air to metals, nj (1 + Kj) invariably exceeds nZ . Hence the real and imaginary parts 
of the Fresnel reflection coefficient ro /7> will usually be negative and the phase angle on reflection wil! fall in 
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| 
the third quadrant. Thus with ry/T, = [Fo /Tol 29 , 180° <.6 < 270°, From equation (14), 
| 
T1 2no = 2 Fo {no+ ny) - ingny Ky te (17) 
To No +n, +in, Ky (ng +14)? + ne K? : 
; 


The phase angle introduced by transmission through the interface will fall in the fourth quadrant. 
21. 2, 4 Fresnel's coefficients for oblique incidence. 


21, 2.4.1 The direction, Z, has been taken along the normal to the interface. Itis convenient to choose the 
X-direction in the plane of incidence as illustrated in Figure 21,2. X, Z is then the plane of incidence. Intro- 


duce for brevity, i 
| 


Pp = Sinig; do = cosig; \ . (18) 
where ig is the angle of incidence. Let 


2 2 2.1/2 ses 
My = (my -MpPo) i Pog (19) an 


wherein the suffix vy = 0, 1 and refers to the media of Figure 21,:2, and wherein m, is defined by equation 


(15). My, is complex ipaginary whenever M, or mj is complex imaginary. It can happen, as in total inter-~ 


nal reflection, that (m;, ~ mopo) is real and less than zero. In such cases ; 
J i 


1/2 : : ‘ 
My = i [m2 - m? p 2p ;iev-i.' - (19a) 
| 

21, 2. 4, 2 We need to introduce two more quantities W, and F,, . These are . 

' My.1-M iy 

W, = v-1 v (20) 

¥ Myp-1+ My ; ' : 

and 2 2 Mk 

KF, = Mp My-17™pi My. (21) 


ao. ee 
mp My ,+™p, My ; 





Direction of 
Incidence 


Interface 


i 
i 
Figure 21, 2- Notation with respect 6 Fresnel's 
coefficients for oblique incidence. 
Plane XZ is chosen as the plane of 
incidence. i, is the angle of inci- 
dence. . 
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‘The laws of reflection depend upon the state of polarization of the incident wave. It suffices to consider the 
Fresnel coefficients of reflection and transmission for two states of polarization. In one of these states, the 
electric vector is perpendicular to the plane of incidence so that E = (0, Ey, 0). In the second state of 
polarization, the magnetic vector is perpendicular to the plane of incidence So that H = (0, Hy, 0). A mini- 
mum number of four Fresnel coefficients becomes necessary. 


21. 2. 4. 3 Consider first the state of polarization in which the electric vector is perpendicular to the plane of 
incidence. Let 7, and r, be complex numbers that specify the amplitude and phase of the incident and re- 
flected electric vector at the origin, O, at left hand boundary of the interface, z = 0, Figure 21.2, Let, 
similarly, 7, specify the amplitude and phase of the transmitted electric vector at the point x = z = 0 atthe- 
right hand boundary of the interface. The ratios To /T. and 1,/T, are now Fresnel's coefficients, of reflec- 
tion and transmission, respectively, for the electric vector. These ratios are given by : 





To _ _ Mo- My (22). - 

7,7 Wi = Meer’ cas 
and 

7 _ 2M . (23) 


To ~ Mor My . 


The similarity of equations (13) and (22), and of equations (14) and (23) should be noted. These results become 
alike when p, = 0 (normal incidence). ; : 


21, 2. 4. 4 Consider next the state of polarization in which the magnetic vector is perpendicular to the plane of 
incidence. Let Ty and Ro be complex numbers that specify the amplitude and phase of the incident and re= 
flected H-vectors, respectively, at point x = 0 at the left hand boundary of the interface at z = 0. Let Ty 
specify the amplitude and phase of the transmitted H-vector at point x = 0 at the right hand boundary of the 
interface. The ratios Ro/T) and T/T > define Fresnel's coefficient of reflection and transmission, respec- 
tively, for the perpendicular component of the magnetic vector. These ratios are given by 


2 2 te 
Ro _ F, = Mo-moMi | (24) 
To m2 My +mz My : 
and 
2 
2, Gee ee (25) 
T, m?M,+m2M, . 


21, 2. 46 5 As an application or test of equations (22) and (24), consider total internal reflection. This phenom- 
Total 


enon occurs when neither medium absorbs, so that my = mg and my = nj, and when Ny > ny: 
internal reflection occurs when the angle of incidence i, > sin? ni, ie. when ng pe 2 nq. There-~ 
No 


fore, from equation (19a) it follows that M, is a pure imaginary number for angles ig beyond the critical 
angle for total internal reflection. Since m,, m, and Mo, are real numbers, the numerators of equations 
(22) and (24) are complex conjugates with respect to the denominators. Hence it follows at once that both 

Fo /td 2 and IR. / TI? are unity. The energy reflectance is therefore total, as required by experiment. One 
can verify that the numerator of equation (24) is zero at Brewster's angle, This means that the H-vector will 
not be reflected when it is perpendicular to the plane of incidence, or, equivalently, that the E-vector will not 
be reflected at Brewster's angle when it vibrates in the plane of incidence. 


21, 2. 4. 6 Whereas [ro / To| 2 and [Ro / Tol 2 can always be interpreted as energy reflectances for the states 
of polarization to which they apply, the square of the absolute values of Fresnel's coefficients of transmission 
7/7. and Ty /T, do not necessarily equal the actual energy transmittances. This matter will be treated in 
some detail since it has been the source of much confusion, With respect to thin films or interfaces, one in- 
variably wishes to compute energy transmittance for cases jn which the initial and last media are non-absorbing. 
Accordingly, emphasis will be placed upon non-absorbing initial and final media. : 


21, 2. 5 The electromagnetic field when the electric vector is perpendicular to the plane of incidence. 


21, 2. 5.1 Let us suppose that an homogeneous incident wave has ‘peen generated in the initial medium such that 
the incident electric vector is the known vector, 


Ramee Oe ee ee (26) 
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| 
| i 
From equations (1) and (26), 


U 


i 


= (0, 1, 0) 7, © MMe (Pox + 467) (26a) 


incident 
| 


Curl relation, equation (3), serves to determine V from U. For plane waves incident in the X,Z plane, vec- 
tors U and V are independent of y. Consequently equation (3) yields directly the result, 





__i aUy _ _-i ay. 
“a "Ep get W 3% Ve = ar aes (27) 


a result that holds in any medium. Since U, is given from equation (26a), one can compute vector, V, from 
equation (27) and then write the incident H-vector from equation (1). One obtains in a straightforward manner 
for the case p = 1, : , 


-iwt sem (Pg9X + 192) 
Nineident = (- 49, 9, Po) MoT, & ey one oe 


> (26b) 


: : / Peay 
The incident electromagnetic field becomes known when To is assigned. The time averaged Poynting vector, 


8, is given except for an unimportant factor by the vector product 1 
S = ExH + Exu. : ' (28) 
From equations (26), (26b) and (28), : 


-2kng Ko (PgX + doz) 


S incident = (Po, 0, do) ang | 7)? e (26c) 


+ 


since My +Mo = 2ng. This energy flux is along the direction of propagation of the incident wave. 
21, 2. 5. 2 The incident E-vector is reflected with the Fresnel reflection coefficient ro /rTo. Consequently, : 


r -iwt — ik 4. ‘ 
Exefected = (0, 1, 0) = Te e ikmy (P9* - Ig?) ; (29) 
| a: 
Just as equation (27) served for determining H incident from E incident ; it serves again for determining 
H reflected from Ererected - One obtains straleh@orwardiy, : 


s ikm = ; 
H reflected = (Go, 0, Po) Mo <2 To @ i e" 0 (PoX ~ do) . (29a) 
oO 
The Fresnel coefficient Ty vs 7, of equation (22) determines the reflected electromagnetic field. Upon evaluating 
the Poynting vector, S, from equations (28), (29) and (29a), one obtains 


-2kng K, -4q 
$ reflected = (Poy 9, - a0) 2M =| ref 2 e 7M Ko Pox - 407) (agp 
oO t 





an energy flux along the direction of the reflected wave. 


21,2. 5. 3 The electric vector transmitted across the interface z = 0 » Figure 21. 2, has the form* 
i : 


Eansmittea = (0, 1, 0) (2) T. e ~iwt , ik(mg pox + ma 7 (30) 
3 : 


Correspondingly, equation (27) yields 


Hiransmitted = (-M,, 0, mgp,) (2 


} t - -iwt 7 ik(my PoX + M,2) . (30a) 
oO 


The wave described by equations (30) and (30a) is in general inhomogeneous, ** It is more convenient for many 


*It can be verified easily by substitution, that vector U defined by equations (1) and (30) satisfies wave equation (4) in medium 
number one, provided that M1 obeys equation (29). i 





: ' 
' i : 


; i : 
**Suppose, for example, that mg = Ng but that my is complex. The first medium is then non-absorbing and the second 
medium is absorbing. M, is now complex imaginary. Write M, = R(M,) + il, (M,). Since 


‘ @ RlmoPox + Mz) _ gy, (Mz eT Pox + Re (My) 3} 


the planes of equiamplitude are parallel to the interface z = 0 whereas the planes of equiphase are the planes 
nOPox + RAM, ) 2 =constant, : i 


1-6 00: 
! 
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purposes to write the second exponential in equations (30) and (30a) in the expanded form, 


eik(my PoX + My2) 26 -k[ng Ko Pg* + Im (My) 2 ‘ ik[ny p_x + Re (My) z] | (30%) 


wherein Re (M,) and In (M,) denote, respectively, the real and imaginary parts of Mz. The Poynting 
vector, 5S, can now be found ina straightforward manner by applying equation (28) to equations (30), (30a) and 
(30b). The most general result is : 


Stransmitted = [>. Po, 0, Re a] 2 2 


tT 2 4-2k[Bo Ky Po* + Im (ay) 2] (30¢) 


ZA)” [rol 
By comparing the three components n)Pg, 0 and R, (M,)} with the arguments nypyX + R,(M,) z of the - 
second exponential of equation (30b), one finds that S transmitted is an energy flow along the direction of — 
propagation of the equiphase surfaces (wavefronts) in the second medium when the electric vector is perpen~ 
dicular to the plane of incidence. Equation (30c) becomes most significant and useful when the initial medium 
has negligible absorption so that K , = 0; for then the Poynting vector is constant in planes z = constant... 
Explicitly, ogee 








2 2 _-2k Ly (My)z cas 
Stransmitted = {roPo» 0, Ro(M)| 2 | A fj 2 "= Wes 
oO 
If, also, the second medium is non-absorbing, my = ny and M, is real, Attenuation with z does not occur 
because I, (Mj) is zero. . : 


21, 2. 5. 4 Since the x - and z - components of Stransmitted are Proportional to No Do and R.(Mj), respec- 
tively, the angle, iz, between Stransmitted 2nd the Z-axis is given by 


tani, = ngPo/Re (Mi) > : (30e) 


or 
boone 2.2 2 1/2 
sinly = NoPo/ [Mo Po + Re an) | . (308) 


As stated, this direction of the Poynting vector, S, is parallel to the direction of propagation of the wavefronts. 
Let A 


(og), = [nd eh + RE Oy}. an 
Equation (30f) now states that the law of refraction is’ 
(ng )1 Siniz = NoPo = No Sinio ; (32) 


in which (ng), is in fact the actual refractive jndex of medium number one, Figure 21.2. When my =No 
and m,=nz, (mg)i = 93 50 that the more general law of equation (32) degenerates into the usual form 
known as Snell's law. Equation (32) serves to determine the direction of the Poynting vector and the "rays" 
in medium number one. . er . 5 


21. 2. 5. 5 The manner in which the actual refractive index, (ng )1, depends upon the angle of incidence, ig, 
and upon n, Kj, is described by the table in Table 21,1 for the case in which ng= 1, Ky=0, and 

nye l. 715. (n,), increases with the angle of incidence and with the product ny Ky ,- Because nK is less 
than 0. 02 in the usual lenses, plates,-etc., the more general law of equation (32) is not of great importance to 
geometrical optics. 


21. 2. 5. 6 The absolute value of the vector n,p,, 0, Re(Mj) in equation (30d) is né pe + R2 (My) 1/2 | 
Hence equation (30d) can be written in the more useful and significant form 


2, 2 2k Ty (My) 2 : 
|§ transmittea] = 2 (na )i | |ro} emer’. (33) 
oO 





The relations between the Fresnel coefficients, r, /7, and /7,, and the energy reflectance and energy 
transmittance, respectively, can now be clarified unambiguously. First, we note from equations (26c) and 


(29b) that at z = 0, . 
s d r, [2 

foveal = |z0 | (energy reflectance) , (34) 

a result that holds whether or not m, is complex. Secondly, we note from equations (33) and (26c), that 


21-7 
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ep 


| 0.02 | : 

{0.04 [1.75000 1. 7500045] 1. 
| 0.06 [1.750001 1.750010 | 1. 
{0.08 fi, 


1.750028 | 1.750113 [1.750444 | 1.750921 

ee 750656 | 1.752605 [3.760028 [ 1.770224 
1, 750000 
1, 75000 





750013 


7 
- 750000 | 1.750001 . 7500045} 1. 750018 750037 750053 
7 


i. 
50042 |1.750160 | 1.750333 | 1.750493 
750843 
751314 
1. T1814 
1, 908867 


. 























7 
7 
7 10 
7 10 7 5 
0,08 1,750000_ | 1.'7500205] 1.750072 [1.750284 | 1.750591 
1, 750000 “ 
7 0 
7 
7 
7 











Table 21 1- Table of values of the actual refractive index (ng ); 


of the second medium as a function of the angle of 


incidence, ig, andof n, K, for the case in which 
the first medium does not absorb and has the optical 


T 
7 

1, 754882 | 1.768962 [1.817250 [| 1.872569 
7778585} 1.846750 | 1.922468 


. 970524 





constant n,= 1. The optical constant n, = 1.750000. 


at z=0, ; 
I 
|s transmitted] - a) T1[? 
[5 incident] No }-7o 





a result that holds when m,=n,. Consider next the conservation of energy flow across any element of area, 


AA, of the interface z = 0, Figure 2L. 3, Energy is conserved provided that 


[Sretiectea] AAr + |S transmittea] AAt = [s incident] 44i , 


(35) 


* (36) 


in which the elements of area are interrelated as indicated in Figure 21. 3. Division of equation (36) by the 


right hand member produces the following important result, ! 
i 

IS rentcoteal AAr , |StransmittealAat _', 
[8 incident] “444 [FB imciaent{~ SA; ~;"* 


The first left hand member is energy reflectance from the element of area AA. Because AA, = AA 
comparison of the first left hand member of equations (37) and (34), shows that the ratio To /T,-% is in fact 


' (37) 


ii? 


energy reflectance. The second left hand member of equation (37) is energy transmittance of the element of 
area AA. Since AA;/AA; = cos i,/ cosig, equations (37) and (35) show that the energy transmittance of 


any element AA of the interface, 2 = 0, is given by 1 


cos ty 








Energy transmittance = Mada [tz 
no To cos io’ 


in which (n, ), is the actual refractive index of the last medium, andi 1,/T, is Fresne 


efficient for the case. in which the E-vector is. perpendicular to the plane of incidence, 


(38) 


I's transmission co- 


21, 2, 5. 7 We shall verify that equations (22) and (23) for the Fresnel coefficients are consistent with the law 


of conservation of energy. Upon introducing equations (34) and (35) into equation (37), one obtains the condition 


for conservation of energy at the interface z2 = 0 in the form 


fq a (ma)y Cosiy [ 73? _ i 
7) tg COS ig 7) 


Hence one should obtain 
[MoM]? (ma)i costa __4Mof? | 
[oF My? * “no cos iy Mo+ Mp > *- 

{ 

| 

1 
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ny K, =0 ny, Ki =0 
Reflected Wave 






Transmitted Wave 


Interface 






Incident Wave 


Figure 21. 3- Notation with respect to the flow of energy flux in the Poynting vectors for Gases 
in which absorption is negligible in the initial and final media. 


To avoid difficulties, let us test the case m, =n, and m, =n, . In this case n,cosi, = My and 
(n, ), cosi, = My. Hence equation (40) becomes the required identity. a 


21, 2.6 The electromagnetic field when the magnetic vector is perpendicular to the plane of incidence. 


21, 2. 6.1 When the y-component of the H-vector is given, the curl relation, equation (2), determines the vec- 
tor U. In the present case 





-i aVy i avy 
Ux = Se “ae } Uy = 93 U, = Tae oe S 


Consistent with equation (26), we suppose that the incident magnetic vector is given as the homogeneous wave 


i ipatnae, S10 A 0) Bye POO "(42 


Then from equations (41) and (42), 


P ikm, x4 
E incident = (do, 0, - Po) = e 0 (Pox + 402) : . (42a) 
Therefore, 
2n 2 -2kng Ky (PoX + Go 
S incident = (Po, 0, do) [mo]= | To] e 0 Ko (Po to ; (42b) 
oO 


Since the Fresnel reflection coefficient is now Ro/T, , equation (24), 


H yeflectead = (0; 1, 0) at To etka (Po* ~ 40%) ’ (43) 


o 
T R ikm, - : 
E reflected = (- do» 9, - Po) <2 (rs) emo (Pox 0?) | (43a) 
Bly ° : 
and 


2 Ro]? _-2kng K, + Gg2 
S rettested = (os 0 ~ Go) piraga (To) [Re]? entite He (ox - 909, can) 


21-9 
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The incident and reflected Poynting vectors point along the direction e propagation of the corresponding waves, 


21, 2. 6. 2 As in equation (30), ' 








Hiransmitted = (0, 1, 0) (e T, e impPox + M2) ‘ a) 
x ; 
therefore , 
2. ik L M,Z) 
Etransmitted = (M1, 0, - my po) i (=| Toe (mo Po x + 17) (44a) 
oO + 
When m, = ny , : _ . 
1 1 Ma, Mi) Ti)? 1p}? ,-2%Im (My)z - 
Stransmitted = froofate + =| 0, —i-+ Puy” fe} @-2 im (My) z 
m7? me 7m i m2 ee | | d aes 
Since ‘ ; 
det dee MBE emt ag 
mE * RF bmi 7 tml? ! 


the x-component of S would change sign with Re (m? ). The possibility Re (m3? ) <:0 would violate also 
equation (6) because a negative dielectric constant, €.> has no physically acceptable meaning. Thus, meas- 
ured values of n and K can be valid (4) only when 


Re (m?) = n2(1-K7) = e€ > 0. (44a) 


With respect to the listed values of n and K for metals, one generally finds that K2 > 1 so that 
n2(i-K?)} <0. Application of the theory to cases in which the listed K-values exceed unity is to be re- 


garded, therefore, with skepticism.) When Re (m# ) > 0, one finds quite directly from equation (44b) that . 


2 2 2 
R, (m T -2k I, 
Stransmitted = [Pp > 0, Re ory} 28 wer? [74 I | e on (My) 2 
: of | 


Jef? 


? T. 12. ait (My) 2 
+ (0, 0, 2) 2 1, (M,) aeTe | tof “tm OM) 2, - (440) 


i : % 
The first right hand vector is parallel to the normals to the equiphase surfaces (wavefronts) in the second 
medium. The second right hand vector is normal to the interface and vanishes as the imaginary part of m 
approaches zero. As n Ky is increased from zero, the transmitted Poynting vector, S, departs from the 
direction of the wave normals and tends toward perpendicularity with the interface when the incident H-vector 
is perpendicular to the plane of incidence, ‘ 


21, 2+ 6. 3 We shall restrict our considerations of equation (446) to cases in which K 1 is so smail that the 
vector with components (0, 0, 1) is negligible. The transmitted Poynting vector, S, and the wave normals 
are then practically parallel. As in 21, 2. 5, we obtain ~ 


: ese 
[S transmitted: 2 ada Re (m7) |r| Ir.1° otk tn (My) s , (448) 


Jmaj* 


. 1 
in which (ng) 1 is given by equation (31) and in which S points along the direction determined by equation (32). 
From equations (42b) and (43b), one finds that at z = 0 | ' : 


| vertecteal Ro|” (energy reflectance) . (45) 
|Sincident{ — ~ [F, i " 


a result that holds whether or not m, is complex. One finds from equations (44f) and (42b) that at the inter- 
face, 2 = 0, with the approximation R, (m7?) = n? 


I 
| 
Stransmittea]_ (ng) 07 2 zl 
| ineident | J ° | T : 


(45a) 


a result that has been specialized to the case my = n o- Under the restriction that the transmitted Poynting 
vector is practically parallel to the wave normals in the second medium, equation (37) holds again. Hence 


(1) See P. Drude pg. 368 Theory of Optics, Longmans Green & £9. 1902. : : Pe 
(1a). For a more modern viewpoint relative to cases in whith n (A-K*) = €< 0, ‘consult the Physical interpretation of negative 
dielectric constants by Max Born and Emil Wolf, Principles of Optics, Pergamon Press, (i959), Pp 618 and 623. 
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Ro/To 2 ds in fact energy reflectance. The steps leading to equation (38) now yield, instead of equation (38), 
the result, 


2 2 : 
Energy transmittance = Spada mits | | See: (45b) 
| m if To COS ig 


wherein T,/To is Fresnel's coefficient of transmission of the H-vector when this vector is perpendicular to 
the plane of incidence. If my =nj, (ng)a = ny and 





2 ‘ 
Energy transmittance Bo Ty COB Ls. 5 (45ce) 
ny Ty COS ig 


equations (45) and (45c) should be compared with equation (38) for the state of polarization in which the E-vec- - 
tor is perpendicular to the plane of incidence. It will be seen that the ratios of the refractive indices. are the 
inverse of one another. The Fresnel coefficients Ro /To and T,/T, of equations (24) and (25) are consistent 
with the requirement that the corresponding flow of energy shall be conserved at the interface z = 0.: : 


21 2. '7 Summary with respect to the Fresnel coefficients. 


21, 2, % 1 The Fresnel coefficients r, /t, and 1,/t, given by equations (22) and (23), respectively, deter- 
mine the reflected and transmitted E-vector when this vector is perpendicular to the plane of incidence. The 
corresponding incident, reflected and transmitted electromagnetic fields are given by equations (26), (29) and 
(30), respectively. Whereas Iro/tol 2 is energy reflectance, the quantity |71 /tTo\2 is not, in general, energy 
transmittance. A study of the incident, reflected and transmitted Poynting vectors shows that energy trans- 
mittance across the interface between the two media is given by equation (38). 


21, 2. 7% 2 The Fresnel coefficients Ro/To and Ty /To, refer to reflection and transmission of the H-vector 
when it is perpendicular to the plane of incidence. With this state of polarization the incident, reflected and 
transmitted electromagnetic fields are determined by equations (42), (43) and (44). Examj ation of the time- 
averaged Poynting vectors shows that IRo/Tol? is energy reflectance but that | Ty /T.|* is not necessarily 
energy transmittance, Equation (45b) is an approximate one for computing energy transmittance. As thé ab- 
sorption of the second medium vanishes, equation {45b) becomes more exact and approaches the result given by- 
equation (45c) for the case in which neither medium is absorbing. 


21. 2.7. 3When the first medium is non-absorbing and the second medium is absorbing, equation (31) and (32) 
show how the wave normals are refracted, This law of refraction is the same for both states of polarization, 
Whereas the time-averaged Poynting vector points along the wave normals when the E-vector is perpendicular 
to the plane of incidence, this Poynting yector does not always do so when the H-vector is perpendicular to the 
plane of incidence. : : 


21, 2. 8 Normal incidence upon multilayers. 


21, 2. 8.1 Once the Fresnel coefficients for an interface between two media have been established, it is not 
necessary to resubmit the numerous interfaces of a multilayer to the Maxwell equations and the boundary con- 
ditions in order to construct the theory of thin films. Instead, the following instructive method can be utilized, 
We consider the useful case of normal incidence in order to simplify the presentation. We may suppose, with- 
out any essential loss of generality, that the electric vector is perpendicular to the plane X,Z, Figure 21, 4. 
In other words, we choose Z along the normal to the interfaces and take Y as the direction of vibration of the 
electric vector. Because the incident waves are assumed to be plane, the magnetic vector now vibrates along 
the X-direction. 


21. 2. 8. 2 Waves propagated to the right and left in Figure 21. 4 are regarded as transmitted and reflected 
waves, respectively. In dealing with more than one interface, it is convenient to take 7, asa complex num-~- 
ber that specifies the amplitude and phase of the “transmitted” electric vector at the right hand boundary of the 
yth medium or layer for the range of v from 0 to N. As indicated in Figure 21,4, Ty+1 specifies the ampli- 
tude and phase of the wave in the last medium N+ 1 at the left hand boundary of this medium. Similarly, r, 
is a complex number that specifies the amplitude and phase of the reflected electric vector at the right hand 
boundary of the v th .medium or layer. A reflected wave does not exist in the last medium because it extends 
indefinitely along Z. The ratio r,/ tT, is complex reflectance at the right hand boundary of the vth medium 
or layer. We define 


Py = ¥p/ty (complex reflectance). (46) 
21, 2. 8. 3 The Fresnel coefficient of reflectance from medium number 0 to medium number 1 is given by 


W, = (Mo- My )/(M 4+ Mz ) as in equation (22). More generally, the Fresnel coefficient of reflectance at 
the interface between the pv - 1 th and vth Jayer is given by W,, equation (20), when the light is incident 
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Figure 21, 4- Notation with respect to a system of N layers at normal incidence. The electric 
vector is taken perpendicular to the KZ plane. Incidence is from the Oth medium 
upon layer #1. Both the initial and final medium #N+ 1 are assumed to extend in- 
definitely along Z, : 1 

| 


from the v-1th jayer upon the vth layer. When the direction of incidence is reversed, the effect is to inter- | 


change the integers v and v-1 in equation (20) so that Fresnel's coefficient of reflection becomes -W,. -In 
dealing with a system of layers it is therefore convenient to call W, the Fresnel coefficient of reflectance,’ 
when the electric vector is polarized to vibrate along the Y-direction; The ratios p p = Py/Ty are equal to 
the Fresnel coefficients of reflectance only in special cases such as, ‘for example, the Single interface of Fig- 
ure 21, 1. ' 


21, 2, 8. 4 We have seen, as in equation (23), that Fresnel's coefficient of transmission across the interface 
from medium number 0 into medium number 1 is equal to 2M, of (Mo + M, ). More generally, Fresnel's co- 
efficient of transmission across the interface from the (vy - 1) into the vth medium is equal to 

2M, 1 /(My-1 +My). Fresnel's coefficient of transmission through this interface in the opposite direction 
a equal to 2M) /(My1 +My,). For normal incidence M, = my = ‘ny (1 +iKy) since pg = 0 in equation . 
19). Let 


Ay # ma, - #na+i8 ny Ky dy, (47) 


where dy is the thickness of the vth layer. When Ky = 0, By is twice the optical path (in radians) of the 
v layer. ‘ 


21, 2, 8 5 The following equilibrium theory for the flow of the electric vector through the multilayer can now 

be derived in a simple manner. We fix our attention upon the equilibrium flow at the (y-1)th and pth layers 
as illustrated in Figure 21, 5, Consider the flow described by ry_,-: First, the flow r,_, is reflected at the 
interface at the right hand side of the (v-1)th layer in the direction of ry_, as the flow 7y_, Wy. Secondly, 
the flow ry arrives at the left side of the vth layer as the flow r, e!° and then passes through the inter- 


face subject to the Fresnel coefficient of transmission 2M,/(Mpy.1+ My). Hence 
i ; 
ifY amy, ‘ 


Lp-1 = Ty-1 Wy + rp e oe (48) 
Similarly, : 
; i bv. ‘ : 
ty = ty 29M ei sr, wy ol . (48a) 
Mpit+My .. ‘ 
ft 
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Figure 21, 5- Flow conditions at the (v-1)'h and 
pth layers. 


The second right hand member has the factor eifv because the flow r, must cross the pth layer twice. 
Furthermore, the flow ry is reflected at the left hand interface of the vth layer so that the corresponding 


Fresnel coefficient of reflection is -W,-. From equation (48), 








Tp-1 Ty ; fy 2My peas 
= Py, = W e 3 : 48D) 
Ty-1 Bee v* Fo 2 Mya t My en, 


From equation (48a), 





: ;# 
ipy y Mys+My ete . (48c) 


= (ty + Ty Wy @& 
2 Mya 


Ty 


By eliminating Ty_, from equation (48b) with the aid of equation (48c), one obtains 





ry e iY 4.My.jMpy _ (48a) 


Py.y = Wy + 
amie ia (My + My)? 


Ty + Ty Wy @ 
Dividing numerator and denominator in the right hand member by 7, yields the result 
py ef¥ 4 My_, My 
- —E (48e) 
L+ Wy py @ iby (Mp-1 + My) “ 





Pyiy = Wy + 


From equation (48e), 


py ef Ewe + 4My 1 My/(Mya + M)?J] + Wy (481) , 


ipv 
1+ W,Ppy e 


ul 


Pyy 


It follows directly from the definition of W,, equation (20), that 


; 
we + 4M), Myp/(My. +M,)? =1. (49) 
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Hence 
ippv ' z 
Py = Py e+ Wy : ! ; (50) 
1+W,p, elby 


a recursion formula that enables one to compute Py; from p, and the given properties By, and W,, of the 
yth layer. Equation (50) is the well known result that follows rigorously from the Maxwell equations and the 
boundary conditions appropriate to a multilayer. \ : 


i 


21, 2, 8 6 The method for computing the complex reflectance Po of ithe entire multilayer is now clear. Since. , 


Pn+1= 0 because no reflected wave exists in the final medium, number N+ 1, it follows from equation (50) 
that : ; ; 


My -M : , 
ep = We = My -Mwis . (51) 
x Nei My + Mya Po, ‘ 


This result is to be expected because Py Ought to be the Fresnel coefficient of reflection at the last interface , 
of the multilayer. Since py becomes known, one computes Py-1 from equation (50). : This equation is then 
applied consecutively to determine Pynigs Prag eres 26+ Py- Ff P, is expressed in the form 
U) . 

Py =|P,| eve , (62) 
then | p al is amplitude reflectance and @, is phase change on reflection of the entire multilayer at the first 
interface z = 0, Figure 21,4. The phase change on reflection is phase retardation (equivalent to an increase 
in optical path when 6, > 0). 


21, 2. 8.7 The complex transmittance Tye J T,. of the system of layers is easily derived as follows.’ By di- 
viding both sides of equation (48c) by ty one obtains 





« By 
2M et (53) 
Ty My... + My 1+Wy, py eiby ° 
| 1 
Now, 
N ou if 
Ne SPB Oe wih Ss 2 ee a EF : 
To T) yy Ty-1 i My-1 +My 14+ Wy, py ef = (53a) 
wherein TT denotes a product. Furthermore, 
Tei, 2 My (53b 
T. M+M - ) 
. N NTO N+ 
the Fresnel coefficient of transmission of the last interface, Therefore 
lo. 
Nei N ify 
T; 2 Mp-1 es ‘ , 
Net ae eed + 4 _ a4 (54) 
To i My + My Hie 1+ Wy Py e ify 


| 
where Ty. / 7, is the complex transmittance from the left hand side of the first interface to the right hand . 
side of the Tast interface. We observe that:the complex transmittance. is not merely the product 'of the Fresnel 
coefficients of transmission of the N+ 1 interfaces and of a factor that includes the optical path through the 
layers. Consider, for example, the case in which all Ky = 0 sothat M, = n, and By = = ny dy. . 


From equation (54) i 


1 ita, M2 2 a - 
N+i . pt ty Ue —2fy-i sn renee 54a) 
To . neE wT Nyp_j + Np zl 1+ Wy yp, ely (54a) 


N i 

The quantity D ny 4, is the optical path through the layer system. The product from vy =1 tov=N41 

yal 
is the product of the Fresnel coefficients of transmission of the interfaces. The product from ve=ltoveN 
is due to interreflections within the multilayer system. Since this product may not be real, the phase change 
introduced into the wave as it traverses the multilayer is not in general equal to the optical path through the 
layer, In designing a lens system of high optical quality, it finally becomes necessary to consider the phase 
changes introduced by transmission through the various layers or multilayers as the number of coated surfaces. 


' 
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is increased. Consequently, equation (54) is of interest to both the optical designer and the designer of thin 
films. We shall see that similar equations hold for oblique incidence. : 


2 : 
|ro / tol is always energy reflec- 


; 2 
21, 2. 8. 8 For reasons discussed at the end of Section 21. 2, 5, le o | 
0. Therefore, as in equation (38), 


tance of the multilayer, Because the incidence is normal, igo = in+1 


nou 


Energy transmittance = (ma nia [es |" (55) 
No To 


in which Trea/ T) is given by equation (54), Because po = 0 at normal incidence, a result similar to 
equation (31) gives (ng y+1 = Re (My+1) = Byyy- Consequently, : ‘ 


: : 
Energy transmittance = 2N+1 TNH (55a) 
no To Z 


at normal incidence when the initial medium is non-absorbing. When the initial and final media are identical 
and non-absorbing, the energy transmittance of the multilayer is simply | ial Tj 2, fat, 


21, 2. 9 Oblique incidence upon multilayers; the electric vector perpendicular to the plane of incidence; 


21, 2. 9.1 The theory of Section 21, 2, 8applies again with minor changes. Let #, be written inthe more ~_ 
general form : x 





By = & M, ad, , (56) 
a result that reduces to equation (47) when py = 0 (normal incidence). Then, 
ipv = . 
Py = Pu + bi (57) 
1+ Wy pp & By 


in which W, and M, are defined by equations (20) and (19). Because py is given by equation (51), one can 
compute Pyiy,PN-2-° +r rte P. consecutively from equation (57) to obtain the complex reflectance 
Po _of the multilayer at the left hand boundary of the first interface, z = 0, when the electric vector is per- 
pendicular to the plane of incidence. Furthermore, the complex transmittance, Ty val Tos from the left hand 
side of the first interface to the right hand side of the last interface, Figure 21, 6, is given again by equation 
(54). The quantity, 1 p ol 2 , is energy reflectance of the entire multilayer. The energy transmittance is given 
by a result similar to that of equation (38), specifically: : : ‘ 


Energy transmittance = (a v1 £08 ie j>x|’ ’ (58) 
Ny COS ig To 
in which 
(on, yea = [n; Po + Re (vty) He (59) 
and 
(ng Invi SiN ines = Mo Po» (60) © 


wherein the wave normals (rays) make the angles i, and ini, with Z, in the first and last medium, respec- 
tively. See Figure 21. 6, It has been assumed that the medium of incidence is non-absorbing in writing equation 
(58). If the first and last media are identical and non-absorbing, the energy transmittance of the multilayer is 


given by [+247 ol 24 
21, 2. 9. 2 For some purposes, it is desirable to find the directions of the wave normals in the various layers. 


When U = (0, U,, 0) and the time factor is e-iwt | the wave equation (4) is satisfied iri the vth medium or 
layer by a transmitted wave of the form 


Uy = eikity Pox ek My (z - L,) (61) 
provided that M, obeys equation (19) where 7, specifies the amplitude and phase of the transmitted E-vector | 
at point x = 0 in the interface z = L,. Equation (61) may be written in the form 


y= Hy et MpLy eo BloK Po + Tg (M,)2) ik (np Pox + Re (M,) z) : (61a) 
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oO 1, pe y ‘oN Nel 
ny ny ; Oye 
Ky K, Rye1 
dy 
oe Ty : : Dae 
‘ : —w Nt 
o 
r, — 
= Bs 1 7 ine 


io L, =0}L, Iy, lyfly |, by Be 


Figure 21, 6- Notation with respect to a multilayer of films’ when the incidence is oblique and 
the E-vector is perpendicular to the plane of incidence. The angles i, refer to the 


directions of the wave normals. i i ' 


Every equiphase surface in any layer pv is therefore a surface : i 


Ro Po X + Re (My) z = constant. (62) 


a i 4 ‘ F 
If, then, the normals to the equiphase surface make the angle i, with Z, it follows directly'from equation 
(62) that : eg 


sini, = ny py/ [ne pz + Re (M,y] fa : 
or that i 

(ng )yp Sin i, = nosini, , ; (63) 
wherein t i 

(may = [nope + RE (u,)]? ; (64) 


1 
is the actual refractive index of the yth layer. Hence the generalized Snell's Law described by equations 
(63) and (64) holds with respect to all of the media of the system. In particular, equations (59) and (60) are 
special cases of equations (64) and (63). ' : 


21, 2.9. 3When required, the electromagnetic field in any layer or medium can be computed as follows. In 
each medium i ; 
. -hwt ) ikMy (z - L,) 
(By) transmitted = (0, 1, 0) ry et e!HMoPoX gk My (@ -1y) | (65) 
wherein Etransmitted is the wave propagated to the right, Figure 21,6, The corresponding H-vector is now 
computed from equations (27) and stated with the aid of equation (1). With respect to the wave propagated to the 


: : | 
*.See discussions of the normal form of the equation of a straight line in textbooks on analytic geometry. 





' 
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left in each medium 
~iwt i =i = 
(Ey) renectea = (0, 1, 0) r, ee ™oPo™ glk My (2 - by) | (66) 


The corresponding "reflected" H-vector is computed again from equation (27) and stated with the aid of equa- 
tion (1). When all p,,'s have been determined, each 7, can be computed from ty_; by means of equation 
(53). Of course, 7, must be given or assigned, Next, all r,'s can be calculated from the known ratios 

Py = r,/ Ty and the known values of 7,. The theory is therefore a complete theory for the case in which the 
electric vector is perpendicular to the plane X,Z of incidence, Figure 21 6. : 


21, 2.10 Oblique incidence upon multilayers; the magnetic vector perpendicular to the plane X,Z_ of incidence. 


21, 2.10, lAs can be expected, the theory of oblique incidence upon multilayers with the magnetic vector per- 
pendicular to the plane X,Z of incidence differs from the case in which the electric vector is perpendicular to 
the plane of incidence only in the Fresnel coefficients that become involved, Let een 


Yy = B/Ty, (67). SS 


where T, isa complex number that specifies the amplitude and phase of the H-vector propagated to the right, 
Figure 21.7, at x = 0 in the right hand boundary of the vth medium, and where R, specifies the amplitude 
and phase of the H-vector propagated to the left at point x = 0 in the right hand boundary of the yth -medium, 
for the range of vy from v = 0 to y= N. Ry, = 0 because no reflected wave exists in the last medium. 
specifies the amplitude and phase of the {transmitted H-vector at the left hand boundary of the (N + 1) th 


T. 

miditm. Then : 

vp elf"  F, (68 

1+ Fy wee” Sie, 
+ Fy we 


Vpn 


in which By, is given by equation (56) and the Fresnel coefficients of reflection F, are given by equation (21). 


0 1 vp-l v N N+i 
Do Dy DN+1 
Ko Ky é Kyia 
d. 
x v 
R, 
. . A 
Ro v- a4 — 
bio L,=90 {Ly Ly-1 Ly Ly ey 
i 
N+1 
To 
‘py YN 
Yo 


agnetic vector is polarized to vibrate perpendicu- 


Figure 21, 7 Notation for the case in which the m e 
The wave normals have the same angles iy 


lar to the plane X,Z of incidence. 
with Z as in Figure 21,5. 
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Since | 


Yn = Fyai> (69) 
the recursion formula (68) enables one to compute consecutively all complex reflectances, Yp from yy down 


to ¥,- These complex reflectances, Yy, are defined at the right hand boundary of the yth medium, as in 
the case of the complex reflectances Py- : 


21, 2,102 The complex transmittance, Ty, WT. , from the left hand boundary of the first interface, z = 0. 
to the right hand boundary of the last interface, z= Ly iS given by 


N+1 N ' py 


2 


T. 2M mj? "=" 
“NtL = i yoy Mp ie ee (70) 
To v=1 My, mp +My mjp_y voy 1+ Fy ry els 
! 


in which 2M,_) m2, / [v1 m2, + My, m2] is the Fresnel coefficient of transmission in the forward 
direction through the interface between the (v-1)th and vth medium. Equation (70) should be compared a 
with equation (54), ; | : pos 


21, 2. 10, 3 The energy reflectance is always given in this state of polarization by |v ]2- Calculation of the 
energy transmittance involves difficulties, as discussed at the end of Section 21, 2. 6, unless the time-averaged 
Poynting vector is practically parallel to the wave normals. If K N+1 18 SO Small that the Poynting vector is 
sensibly parallel to the wave normals in the last medium, then, as in equation (45b), ' 


2 2 
Energy transmittance = BN+1M ola )y+1 098 ines Ty+1 ‘< (71) 
[naa] 4 COS io To 


in which the medium of incidence is assumed to be non-absorbing, If} also, the last medium is non-absorbing, 


‘ F 2 
Energy transmittance = %o COSiN+1 Enea] * (71a) 
Ny COS ig 'T, 





21, 2,10, 4 The electromagnetic field in the vth medium is determined as follows. In each medium 


| 
-i is: i s 7 
(Hy) transmitted = (0, 1, 0) Ty e net e “na¥a . ek My & tw) , . (72) 


for. the wave propagated to the right, Figure 21, 7. Compare with equation (65). The corresponding E-vector, 
is determined by equation (41) and stated with the aid of equation (1). With respect to the wave propagated to 
the left in the vth medium, = 


(retested = (0, 1,0) Ry eM elkMoPox  .-tKMy (2 - Ty) | (73) 
The corresponding reflected E-vector can be computed from equation (41) and stated with the aid of equation 
(1). When the method of 21, 2.8 is applied to the case in which the H-yector is perpendicular to the 


X,Z plane, one finds instead of equation (53), that 





; | pp 
Tt | 2My, mp ie ity és 
Ty. My, m2+ My, mz, 1+ (Fy %y eb? 


if all values of y, have been computed from equation (68), every Ty ‘from T, to oN _can be computed 
ici 


from equation (74). Since y, = R,/T,, every Ry can be computed so that the co ents R, and T, of 
the electromagnetic fields become known, | 


21, 2,10, 5 Comparison of equations (65) and (66) with equations (72) and (73) shows that the corresponding ex- 
ponential factors are alike. Consequently, the wave normals are refracted from one layer into the next so as 
to make the same angie, i,, with Z whether the E-vector or the H-vector is perpendicular to the plane of 
incidence, : | 


21, 2,11 An approximate method of computation based upon the complex reflectances, 


21, 2,11, 1 Comparison of equations (50), (57) and (68) shows that the recursion formula (50) for normal inci- 

dence can be used as the prototype in dealing with the complex reflectances. It is necessary only to enter the 

appropriate set of Fresnel coefficients, Wy, or F,,, and to insert the value of Po = Siniiy into f, as de- 

fined by equations (56) and (19). The following approximation simplifies and expedites the determination of p.. 

The approximation becomes excellent for films that are intended to exhibit low reflectance And have relatively 

small Fresnel coefficients, Wy, or Fy. Inspection of equation (50) reveals at once that when both W p and 
. | 
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py aresmall, py_; should be given with good approximation by 


ied ey, Sa His (75) 


Thus 


e Py + Wy y 
i i 
e (By + Byaa) Wy e Put Wea > 
and therefore, 
N+i v1 a 
a, = } Wyepiy me . (78) 
pal : wal = 
When the sum (76) is computed as the complex number 
A, = Re 0) + itm Mo), (76a) 
JPol” = RZ (p,) + Im )- (76b)- 
21, 2.11, 2 This approximate method for computing py is used mainly during rapid exploration for likely 


multilayer systems that do not contain absorbing layers and that are intended to produce low reflectance. When 
absorption is absent, one may compute |pol? directly from the sum 


. 2 N+1 N Nti a. a 
[ol = y wy, +2 oy We Wy cos(By + Ayag torre By4), (76e) 
V=L pl v=2 j 


in which p < v. Comparison of [po Re computed from the approximate equation (76c) with the values |e? 
computed from equation (50) is made in Figure 21.8 for the case of a low reflecting trilayer. The Fresnel co- 
efficients W2 and W3 are quite large numerically. 5 . 


21, 2.11. 3 The approximate method of equation (76) is the algebraic ggpivatent of the graphical polygon method 
used in early calculations on mono and bilayers by C. H. Cartwright ( and others. 


21, 2,12 Method of admittances; E-vector perpendicular to the plane of incidence, 


21. 2.12. 1 Because the theories of multilayers and transmission lines are similar, many investigators prefer 
to treat a multilayer as a transmission line. One of the earlier publications dealing with multilayers in terms 
of the admittances of transmission lines is due to B. Salzberg (8) | It will be one aim of the following pre- 
sentation to unify and to show the relationships that exist between the optical method of the reflectances and the 
electrical method of the admittances. These two methods are equivalent and complementary. Each method 
possesses some advantages over the other in dealing with thin films. 


21, 2.12. 2 From equations (65) and (66) 


Ss ikm M, -L, 
(Ey, p) transmitted = T & Hot. tkmgPoX ik v ( - Ly) ’ (77) 
and 


" 


(Ey, y) reflected Ty eiwt eikMy PoX eM, @-L) - ATTa) 
wherein the subscript v refers to the wave in the yth medium or layer. Correspondingly from equations 
(27) and (1), 
viet A _ 
(Ay, v)iramemitied = - Tv My @ iw e HMpPoX é ikMy @ Ly) ; (77h) 
and 


ciwt “_ ik -ikM, (z - L, 
(Bx, y)refiected = Ty My & a ee yen Tad (Trey 


ee 
(2) C.H. Cartwright et al, U.S. Patent 2, 281, 474. 


' (3) Bernard Salzberg, J. Opt. Soc. Amer., 40, 465-470 (1950). 
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' 1.4 'p |? (accurate): 

: 2 sci 
1.2 Pa (approximate), 
1,0 
0.8 


0.6 


Energy Reflectance in % 


0.4 





0. 40 0,45 0.50 0.55 0.60 ; 0.65 0,70 


A in microns 


‘ 


Figure 21, 8- Comparison of the computed energy reflectances 1Po|” and _|p,[2 _ for.a tri- 
layer in which W, = -0.15966; W, = -0.28866; W3 = 0. 18765 ‘an 
W4 = 0.05882, “At the wavelength ‘2. = 0.55 microns, By = 235.8°; py = 32° 
and f3 = 360°, i 


The admittance Y,, for the case in which the electric vector is perpendicular to the plane of incidence is de- . 


fined so that 


(Hx, v) transmitted + (H,., v) reflected 


Yy = 8 (78) 
, (Ey, ») transmitted + (Ey, ») refiectea 1 . 
evaluated at the left hand boundary, z = Ly_,, of the vth medium or layer. Since Ly, - Ly = - dy), 
equations (77) through (78) give almost directly the result i 
py ; py 
-i if . 
Yy = My, rly GB + tye See . (78a) 
; Ty ei By ry elf 
or 
3 ipy, “ i 
Y= M, 1+ Py © : (78) 


1 + p, etsy 
because Py = ry/ Ty - Upon solving equation (78b) for Py e iby » one obtains 
| 


py ele = My +¥y . (780) 


M, - Yp 1 
Hence the admittances Yy can be computed from the reflectances Py .and vice versa, 


From equation (57), : 
ipy . 
.. by eit Wy 
Po =? (79) 
1+ Wy pi e 
Upon eliminating Py e1*1 with the aid of equation (78c) and making use of the identity : : 
| mM, 1+Wy = my. ; : (80) 
| * T=W, a 
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one finds that the complex reflectance, p, , of the multilayer, and the admittance, Y,, are connected by 
the equation 

p = Mo + ¥ (79a) 

° My ¥ Yy 


From equation (78b), 


iB, 
Py-1 eel -1 
Y, = M . . 81 
Ymd Bel Pye eibp-l +1 i" 


Just as equation (79a) is obtained from equation (79), 
M, nea’ 
Ppa = Mvat Yo, (82): 
Mp1 - Yp . 


By eliminating py_, from equation (81) with the aid of equation (82) and utilizing the identity 
-ix - ‘ 7 2 
ee _-) | -tanh % = -itanZ , 
2 2 


-ix 
e +i 


one obtains without difficulty the recursion formula for Y,_, in the form 
YY, -i Mp_, tan (8,3 /2) 


Mai ¥, tan Gy/) ey 


Yyer = Mp1 


Because py, 4 = 0 (no reflected wave in the last medium), it follows from equation (78c) as a boundary condi- 
tion that 


=-M 


Yer 


Nei + (810) 


Hence the recursion formula (81a) enables one to compute all Y,'s from Yy downto Y, - With Y, thus 
determined, equation (79a) can be applied to find the complex reflectance, py , of the multilayer. : 


21, 2.12.3 The complex transmittance, Ty4 7 /t., of the multilayer is now given awkwardly by equation (54). 
From equation (78c), : 


Lewy py el = 14w, (Met Yo) | My (b+ Wy) -¥y(d- We), 
My - Yp My - Y¥v-° 
My, - 
=(i-w,) Meaty (82a) 
My - Yp 
Since 
1-W, = 2My/ (Mp_y + My) ; (82b) 
2.M, My_.3-Y¥v \ 
i2W, p, eff = _*™y Aya iy . (82¢) 
ee My, + My My - Yp ; 


Let 14+ Wy py ei” be eliminated from equation (54) with the aid of equation (82c). Then 


“tt i a exp i ; By TW] Mp-1 My ~ Yu (83) 
ol V A 3 - 
To wt Mysy v=l a veil\ My My-1- ¥) ’ 


. 


a result that should be compared with equation (54). 


21, 2.12, 4 In summary, when the electric vector is perpendicular to the plane X,Z of incidence, the complex 
reflectance p, and the complex transmittance Ty, 4/7) of the multilayer can be computed from equations 7 
(79a) and (83) in which all the admittances, Y,, from Yy downto Yj are determined by the recursion 
formula (81a). The admittance, Y,, at the point of entry into the vth layer is defined by equations (78) or 


(18a). By and M,, are defined by equations (56) and (19), respectively. The results for normal incidence are 


obtained by setting p, ='0 in equation (19), i.e. by setting M, = my = ny (1+iK,). 
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i 
21, 2,13 Method of admittances; H-vector perpendicular to the plane lof incidence. 

I ' i 
21, 2, 13.1 When the H-vector is polarized to vibrate at right angles to the plane X,Z of incidence, equations 
(72) and (73) show that : ; 


| 
~lot Mp Pox ik M, (2 - L,) : 


(Hy , ») transmitted = Ty e € (84) 
and : ; 

(Hy, y) reflected = Ry et e™oPo* ekMp me ty) (84a) 
Correspondingly, from equations (41) and (1), | 

(Ex, y)transmitted = a Ty er eloPox ra Mule Ei) 7 (84b) 
and : ' 

(Ex, v)reflected = as Ry ene emo 2 a” meee Te (84c) 


my 


The admittances are designated by y,, to distinguish them from the admittances Y, of equation (78) and are 
defined by the equation ‘ ' : 
(Hy, ») transmitted + (Hy, pv) reflected | 


YF = | 
(Ex, py) transmitted + (Ex, v) reflected 


: ' (88) 
\ | 


evaluated at the point of entry, z 7 Ly.4» of the vth' layer. Substitution of equation (84) into equation (85) 
yields the result | i ' 


mn? Ly, e ipy ' 
= v +¥y 85a) 
Yp es icy, el > _ (85a) 


| 

in which ¥, = R,/T, as in equation (67). It follows from equation (85a) that 
2 

py yy - my/My 


we (85b) 


21, 2.18, 2 Corresponding to the identity (80), one finds from the definition of Fy, equation (21), that 
2 2 


mp 1-F, - Mr (86) 
Mp 1+¥F, My-i 


ipy : ae ae 
Let vy, e e be eliminated from equation (68) with the aid of equation (85b). By utilizing the identity (86) in’ 
the result thus obtained, one finds straightforwardly that 


2 
yea = Seo Mya/My (87) 


vp + my_/ Mya 
In particular, 


2 
y; ~m,/M; 
Yo = Se 5 | (87a) 
Y + mg /M, I ' 


where 7, is the complex reflectance of the entire multilayer evaluated at the first interfate, z= 0, Figure 
21,7. t 


21, 2.13.3 From equation (85a), 


=e me, Lt yyy © Pent 


Vy = ii 
- By 
Myp-1 1 -Yy_y e Pvt 


(88) 
Let y,W1 be eliminated from equation (88) with the aid of equation (87). As in the steps leading to equation 
i t i 
i 
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{81a), one finds that 5 
2 , My-i 
= My_1 Yp -3 M. tan (By_1/2) 
Yo M Yak ¢ (88a) 


2 

m 

ae wi yy tan (6,4 /2) 
My-1 


This recursion formula is Similar to equation (81a). It is necessary only to replace My-1 by the ratio 
m2 4 / My-1- Since Yue. 0, equation (85b) shows that a boundary condition on y, is 


2 
Yyaa. = mysi1/Myai - (88b) 


Equations (88a) and (88b) permit all values of y, to be computed from yy downto yy from the optical 
properties of the multilayer system. At this point, the solution for the complex reflectance, y,, of the 


multilayer can be completed from equation (87a). 


21, 2.13.4 It remains to develop a more suitable formula to replace equation (70) for the complex transmittance 


Ty 43/To of the multilayer, From equation (85b), im? 
Le Py Vy ely 214 Fy Vp - m2/M, 7 yp (b+ Fy) + ae (i - F,) 
yy + m2/M, - yy + m,/My 
= (1 + F,) vp + mp1 /My-2 ; (89) 
yy + my /M, 
with 


2 
2myp Myp-1 : 
14+ F, = (89a) 
- mp My + Mp. Mp : 


Let 1+ Fy vy on be eliminated from equation (70) with the aid of equations (89) and (89a). Then 





2 N N 
Twes. Mw ™n2 _, emf yy & p+ m3/My (apy 
Ty My mg.q+ Myii™N vy 2 |vea Yt maa/M, : 


21, 2.13.5 In summary: When the magnetic vector vibrates at right angles to the plane X,Z of incidence, the 
complex reflectance 75 and the complex transmittance Ty, /To of the multilayer are determined by equa- 
tions (87a) and (89b) when the admittances, yy, » from yy to y, have been computed from the recursion 
formula (88a). The admittances, y,, are defined by equations (85) or (85a), and are different from the com- 
plementary admittances, Y)> for the state of polarization in which the electric vector is perpendicular to the 
plane X,Z of incidence. By and M, are defined by equations (56) and (19). When desired, the admittances, 
Yy, canbe computed from the complex reflectances, Vy, by means of equation (85a); or the complex reflec- 
tances, y,, can be computed from the admittances, yy, , by means of equation (85b). ; 


21, 2.14 Absentee layers. 


21. 2.14.1 It can be shown easily from the method of admittances that non-absorbing layers behave as if they 
were absent at wavelengths » for which . 


p = 1, 2, 3, 4, ete. : (90) 


7 


wl > 


ny Gd, cosiy = B 


We shall call such layers absentee layers. For example, at normal incidence the so called half-wave layer, 
the case p = 1 and iy = 0 in equation (90), is an absentee layer. Condition (90) is satisfied when 6, =p. 27, 
i.e. when tan (f,,/2) = 0 in equations (81a) and (g8a). Consequently, Y,-1= Yy and yy-1 = Yp when 
equation (90) js Satisfied. This means that the v'h layer does not affect the admittance at the point of entry of 
the (v-1) th layer whether the E-vector or the H-vector vibrates at right angles to the plane X,Z of incidence. 
The vth layer does not influence the reflectance or the transmittance of the multilayer at any wavelength for 
which equation (90) is satisfied. In fact, the layer behaves as if p = 0, i.e. as if the thickness d,, of the 


layer were zero. 
21, 2,14; 2 Consider the behavior, with wavelength X, or with B,, of a single, homogeneous, non-absorbing 
film deposited on any substrate. Because this film is an absentee layer at wavelengths A for which equation 


(90) is satisfied, it follows, for example, that the energy reflectances Pol 2 of the coated and uncoated surface 
' should be alike at the wavelengths Ay - Actually, these reflectances are not quite alike at A, because the film 
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i 
21, 2,14, 3 Absentee layers are often introduced in multilayers for the purpose of altering the behavior of the 
multilayer at wavelengths A that do not satisfy equation {90). 


may absorb, may aot be homogeneous,or may scatter appreciably. 


\ 
21, 2.15 The Q-Method. 


21, 2.15.1 Comparison of the recursion formulae (57), (68), (81a) and (88a) shows that they are all awkward 

for the purposes of computation. With respect to equation (57), for example, ,.; is not linear in py. This 
lack of linearity applies to the reflectances and the admittances alike. The reflectances: enjoy a small advantage 
in that approximate expressions such as equation (75) exhibit linearity. It is one of the purposes of the Q-meth- 
od (4) to circumvent the lack of linearity in the recursion formulae for the reflectances and the admittances, 


21, 2,15. 2 The recurrence formulae connecting successive interfacial reflectances or admittances are of the 
form 1 
a, Ay + b, : 
An) SS. (91) 
By Ay + hy aH 


in which A, can represent p,, y,, Yp or yy. Since the denominators of (91) are not zero, let 
| 


fh) = gp Ay + hy , ; ' | ; (91a) 
and set ' 
n=mt1 : 
Y= TT &- (91b) 
nap \ : 


in which the upper limit, m, of the product is an integer such that 
Ayyi1= 95 Ay = 0. ! (91¢) 
Let 


Yy = ay/gy. : : ; * (91d) 


Then it can be shown that Q,, obeys the linear recursion formula i 


| ‘ * 
Qy = (ayy By + hy) Quay + (Dy ay - Sey Bee Sv Qvag- _  (91e) 


| 
Ap = Dov. ay + (Pyny - Ay By, 4) Oye 2 Qyia- (91) 


Furthermore, 


21, 2.15. 3'Consider, for example, the application of the Q-method to the determination of the complex reflec 
tances p,_, of equation (57). Thus, 
ipy 





Aya = Py = Sue = We (92) 
Wy py e+ 1 
Comparison of equations (91) and (92) shows that 
di ae gy = Wy elf? , | . 
by = Wy 3 hy = 1. | (92a) 
Therefore, | : 
a, = 1/W,; , (92b) 
fy = 1+ Wy py ed” | (920) 





(4) H. Osterberg, J, Opt. Soc. Amer., 43, 728-732 (1953). 
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Because PNe = 0 inasystem of multilayers containing N layers, 


Ay+i= 0. Hence m = M in equation 
(91b) so that : . 





N+i Nei 
a= TT tf = TT @+% me e ifn), (92d) 
nv n=v 
In particular, 
Qnir = 13 (92e) 
Qy = 1+ Wy Wyar 08 5 py = Wyes - (92) 
From equations (91e), (92a) and (92b), 
2 w, ei” Re 


from vy = N+ 1 downto v = 1 is determined from equations (92e) through (92g). Since | 


Every Q, 
Ay = py, equations (91f), (92a) and (92b) now yield p, in the form . 
weiq-1 " 
i, 8 2 ee (92h) 
Wy+1 Qed Loe 
The complex reflectance, Py » of the entire multilayer is therefore given by 
2 : 
Q, +(W7 - DQ 
Pp, = SS MA ee is (93) 
Wy Qi : 


21, 2.15. 4 With respect to the computation of the complex transmittance, Ty,4 / Tos of the multilayer, from 
equation (54), we note that : : 


N , : 

1 1 1 : 
———————,- =i : = i (94) 
Waa ct a a . 


because fy4 = 1. Hence the complex transmittance, Ty41 / T) , of the multilayer is given by the compara- 
tively simple result, . 








T N+L N Nei aie 
th a4 ar (: y by) My-1 5 (98) 
© Qy p=y 2 pei Mya + My 


when the electric vector is perpendicular to the plane of incidence. Since §, is defined by equation (56),° 





B, 2a 
= = th [R. (M,) “+ i Ln m,) : (95a) 
21. 2. 15. 5 Suppose that the system has no absorption. Then M, = ny Cosi,, @ real number, and | 
a, = = ny dy cos iy- It will be seen from Figure 21, 6 that = is the optical path along the rays only 


when the incidence is normal so that cos i, = 1. If the jncidence is normal, and if the system has no absorp~ 
tion, y By is physically the optical path through the multilayer. But the optical path will not be equal to 
5 ; 


p= 
the phase change suffered by the wave on passing through the multilayer system unless Q, is real, a condition 
that holds only at. certain wavelengths for a given multilayer. 


21, 2.15.6 The phase change (retardation) suffered by the wave in passing through the multilayer is equal to 
arg (Ty 41/70). The portion determined by arg (Q,) = arg (1/Q;) can be oscillatory with wavelength and 
js therefore quite dispersive. We learn that the quantity Q , has definite physical significance and that the 
Q-method is not merely a more convenient method for computing reflectance and transmittance of multilayers. 


21, 2.15. 7 Examination of equation (92g) shows that when every §, is an integral multiple of the smallest value 

- of B, each Q, will be a terminating exponential series of the Fourier type. Hence the powerful methods of 
Fourier series may be brought to bear. In the simplest case, each layer can be a quarter-wave layer at a speci- 
fied wavelength. Furthermore, equation (92g) is a difference equation, consequently the methods of difference 
equations ¢an often be utilized to simplify the determination of Q] “ 
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21, 2,16 The zero condition. 


21. 2616.1 One of the most important applications of Single or multilayers is to reduce the energy reflectance 
of the coated surface. Whereas it is not always practical to attain zero reflectance, the designer of low reflec- 
ting films attempts to achieve zero reflectance at one or more wavelengths. Unfortunately, it is not possible to_ 
obtain zero reflectance over an extended range of wavelengths. Each method of attack on the design of thin films 
will include an analytical statement of the zero condition, i.e. the qondition for obtaining zero reflectance, 


21, 2,16, 2 With respect to the method involving the interfacial reflectances Py 


or yy, the zero condition re- 
quires that pg or ¥, = 0 as indicated in Figure 21,9. From equation (57), 


Py et + Wy 








mo we (96) 
+ Wy py eri 
and from equation (68), : 
go Oe | (97) 
1+ F, 7, tft ; 
Accordingly, the zero condition assumes the form : 
Py effi . “Wy, } , (98) 
or | 
y, ef =r , (98a) 


depending upon whether the electric or the magnetic vector, respectively, 


dence, In considering normal incidence, one ordinarily chooses equation ( 
Mp. | 


is perpendicular to the plane of inci- 
98) and sets iy = 0. in determining 





Figure 21, 9- A monolayer of refractive index 
n, and thickness d, between 
~ two media having refractive in- 
dices ng and np. 
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21. 2.16, 3 In dealing with the admittances Y, and y,, equations (79a) and (87a) show that the zero condition 
is 


¥,=-M,, (99) 
or 
y, = m3/M, , (99a) 


according as the electric vector or the magnetic vector is perpendicular to the plane of incidence. 


21, 2.16, 4 With respect to the Q-method, equation (93) shows that the zero condition is Q, + (we -1) Qs =0, 
or : 


Q, = (-W)a, , (400). 


when the electric vector is perpendicular to the plane of incidence. 


21.3 ZERO REFLECTANCE FROM NON-ABSORBING MONOLAYERS AND SUBSTRATES 


21, 3.1 Introduction. The problem is to design a film that produces zero reflectance. The variables of the 
film are its refractive index, n,, and its thickness, d,. The usual restriction of the discussion to normal 
incidence will not be made because this restriction avoids too many pertinent and practical facts associated with 
oblique incidence. The following discussion will hinge upon the method of the complex reflectances. The com- 
plex reflectances p, and 7o are given by equations (96) and (97), respectively, with 

Pp, = Wa, andy, = Fy. “ (101) 
Equation (101) applies to monolayers, i.e. to cases N= 1. From equation (96), the energy reflectance, 
[Pol 2 , is given by 


WW, + Wy We exp(if,) explip,) + W , W. explif;) + W, W, explif, ) (102) 


2 
Pol = = a 
| . 1+W, W, We We exp(is,) explif;) + Wy We exp(i6,) + W, W,expliA,) 


Similarly, from equations (101) and (97) 
2. F, Fi + F, F, exp(if,) exp(is,) + Fy F, exp(i8,) + F, F, exp(ié, ) | (103) 


Yo = = ee 
1+F, Fi FR Fy exp(is,) exp(if;) + F, Fy exp(is;) + Fy FP, exp(if;) 

21, 3. 2 Total internal reflection with Mz pure imaginary. Let us consider first the class of cases in which 

Ny Po > Ng butin which ny is chosen sothat NoPo < 21. Then according to equation (19), M, is ; 
real but Mg is pure imaginary. Consequently, from equations (20) and (21), W, and F, are realand We . sae 
and F, are complex such that 


W, W. =1; Fy Fp = 1. (104) - 
Furthermore, By = 47 My dy /d will be real. Equation (102) assumes now the simplified form 
eae 1+W, Wit 2|w,lIw,| cos[6, + arg(W,) - arg (Wj : (105) 
° 1+ W, W, +2/WllWJ cos[@, + arg(W,) + arg (W, )| 


Because W, isreal, arg (W,) = 0 and Ipol= 1. Similarly, lyol” = 1 irrespective of the value of By. 
If n, is chosen so that n? > n2 p2 , the film cannot alter the energy reflectance of the coated interface 
and the total reflection remains complete irrespective of the state of polarization of the incident beam, On the 
other hand, the phase change on reflection can be modified. 


21. 3. 3 Total internal reflection with both Mj and Mg pure imaginary. Consider next the class of cases in 
which nj po exceeds both ny and ng . Both My and Ma, are then pure imaginary. Equations (20) and 
(21) now show that Wz and Fp: are real but that, Wy and F, are complex such that 


Ww, HW = 1; F F, = 1. (106) 
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ay/), (107) 


an attenuation factor that we shall designate temporarily by A. From equations (102), (208) and (107) 


2 14+ WeA" + 2A1Wyl We cos [arg (W;) | 


p 
1+ W2A2 4 2A | W,| W, cos [arg (W,) 


Since Wy isreal, arg(W2) = 0, 1, 2m, etc. Hence lpol” =1 
A similar conclusion holds when the magnetic vector is perpendicul 


Eas i. | (108) 


+ arg (WT 


irrespective of the thickness of the film. 
ar to the plane of incidence. If io is 


chosen so that no Sinio exceeds n, and nz, the film camnot modify the energy reflectance of the coated 
interface, - 


21, 3. 4. Total internal reflectance when Mi is pure imaginary. Total internal reflection may or may not. 


occur when Ng Sinig exceeds ny 
real, It can be seen from equations (20) and (21) that the Fresnel c 
that 


W, Wy = 1; We W, = 1; F) Fy = 4 


t not ng. In this class of cases, My 


efficients of reflection are complex such - 





Fp Fp= 1. (109) 


In addition, 6, obeys equation (107). Equation (102) assumes the form 


|p|? 1+A?2 + A(W, W.+ W,W.) 
7 1+ A? 4 A(Wy W. + W, W,) 


= 2 de, : (110) 





in which A = exp (if;), areal attenuation factor. Because A - 0 as dy — o Po |? ~°1 as the 


thickness dy of the film is increased, In fact, A falls very rapidly with increasing dy 


A relatively thin 


film can therefore produce almost total * internal reflection. One can show that, subject to equation (109), 


< 
Wi We + W,W, = Wy We. + WwW, 


Hence jet? S24 


(111) 


21. 3.5 Zero reflectance; the E~vector perpendicular to the plane of ‘ineidence. Zero reflectance is possible 


with monolayers when ny ‘Sinijis less than ny or ny , i.e. wi 


en both M, and Moy are real. Since 


P, = Wz for monolayers (case N = 14), the zero condition of equation (98) becomes 


@ iB: 
Wz e ot = - Wy 
Because W, and W, are real, equation (112) requires that exp ( 


{25 & an odd integer; 


Ay = v 2m; v any integer; 
= 4a “ 
By = yO d, cosi, . 


We shall restrict our attention to the more interesting and importani 
exp (i8,)) <0. Hence from equation (112) one must have 


W, = We 


Therefore from equation (20) and (114), 


(My - My) (My +My) = (My+M,) (My 


so that 


Mi = YMy Mg 





* Films belonging to the class discussed in this section are often said to be fi 


(112) 

ip.) be real. Two choices are possible 

. (113) 
(113a) 

(113b) 


t** choice (113). For all choices of B, 


(114) 


- My ) 


(114a) 


ilms that frustrate total internal reflection. For 


the simple case treated here, total reflection is frustrated more thoroughly:as the thickness of the film is decreased. 


%* The choice (1182) leads to the theory of the “soap film." Thus at normal it 
number of balf-wavelengths. 
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At normal incidence equations.(113), (113b) and (114a) reduce to the pair of well known and independent condi- 
tions 


a 
nydy =p 
e? (115) 


where p» ='odd, and n, = Vngtg - 


At oblique incidence, it is often advantageous to assemble the independent conditions (113) and (i14a) in the 
more explicit form 


ny dy cosi, =p + 3 podd; 





and (116)... 
Mi . Veosiy cosig 
¥No Ne cos iy ; 


in which, from Snell's law, ng Sini, = ny Siniy = NySinig . The choiceof ny and dy for zérore- | 
flectance depends therefore upon the angle, ig, of incidence. The first condition of equation (115) is often ¢ 
called the quarter wave condition, The effective "interference path," n,d, cosi,, is equal to the optical 
path, ny 4 ,, of the film at normal incidence. The interference path, ny d, cosi,, always obeys the 
quarter wave condition. ‘ : 


21, 3.6 Zero reflectance; the H-vector perpendicular to the plane of incidence. As in Section 21. 3. 5, zero 
reflectance is possible when both M i and M g are real; but, aS we shall see, the zero condition correspond- 
ing to (114a) is significantly different. Since y,; = F, for monolayers, the zero condition (98a) assumes the 
form : 
ip : : 

Fie 1 = -F,. (117) 
With non-absorbing media, it will become clear from equation (21) that the Fresnel coefficients, Fy and Fy, — 
of reflection must be real when My and Mg are real. Conditions (113) and (113a) apply again. Correspond- 
ing to the choice (113), equation (117) requires that : ; . 

F, = F,- (118) 


From equations (118) and (21) one obtains straighiforwardly, 


ot a (118 
aoe 2) 
VM, Mz No Dg ” ) 


a condition that should be compared with equation (114a). Upon introducing M, = n, cos iy, Mg=n 2008 ig 
and M, = n, Sinig, one finds instead of equation.(116) that : 





ny _ cos iy (119) 
¥nong Vcosig cosig ~ : . 


21, 3.'7 Summary. 


21. 3.7.1 We learn that a film that will produce zero reflectance at oblique incidence when the E-vector is 
perpendicular to the plane of incidence cannot be expected to produce zero reflectance when the H-vector is 
perpendicular to the plane of incidence. This conclusion could have been expected; for when the magnetic 
vector is perpendicular to the plane of incidence, the reflectance is automatically zero at Brewster's angle of 
incidence without the use of a film whereas,the reflectance is not zero when the electric vector is perpendicular 
to the plane of incidence. We conclude also that a monolayer cannot in principle produce strictly zero energy 
reflectance with unpolarized, incident light at other than normal incidence, 


21, 3, 7. 2 The reflectance method can be applied in a systematic mamner to design bilayers, trilayers, etc. 
that produce zero reflectance at one or more wavelengths. Except with certain simplified and restricted com- 
binations, the details of the analysis become exceedingly tedious as the number, N, of layers is increased 
beyond N = 3. 
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21,4 MATRIX METHODS ; 

21, 4.1 Introduction, Matrix methods possess distinct advantages for computation with desk or automatic © 
calculators.” For example, the nonlinear recursion formulae that relate successive interfacial reflectances 
are avoided, We shall construct matrix methods for computing the complex amplitudes, 7, and r,, for 
for cases in which the electric vector is perpendicular to the plane of incidence, and for computing the com- 
plex amplitudes, T,, and R, , for cases in which the magnetic vector is perpendicular to the plane of inci- 
dence. One may treat other states of polarization by splitting the field into two parts, in one of which the 
E-vector is perpendicular to the plane of incidence, and in the other of which the magnetic vector is perpen- 
Gicular to the plane of incidence, The complex amplitudes, 7, and r,, retain the Same physical signifi- . 
cance as described in Sections 21, 2, 8 and 21, 2. 9. The complex amplitudes, T,, and R,, retain the same 
significance as in Section 21, 2,10. ‘ 


. 21, 4, 2 Matrix methods; the E-vector perpendicular to the plane of incidence. 
SS Eee Plane of incidence. 


21. 4) 2. 1 Equations (65) and (66) describe the electric vector propagated to the right and left, respectively, in’ 


the vth layer or medium, Figure 21.6, The electric vector has only the y-component, Thus, 
ikM,(z@- Ly) | 


> 


= riwt e ikmy Pox 


(Ey, ») transmitted = Ty e€ 


(120) 
eviwt é iki Py x 


e 
| 
e HRM, (@- Ly) 


(Ey, ») reflected Ty 


From. equation (27) the corresponding tangential component Ay, v of the magnetic vector is determined by 


~i ®yy 
Hy TE az 7 t = 
: t 
Hence, ‘ : i 
(Hxy)transmitted = - My (EB y,”) transmitted; » ; 
! ! " (122) 
(Hy py) refiectea = Mp (By, ) reflected i 


i : 
Let the total tangential components in the yth layer or medium be denoted by Hy,» and Evy’. Then, by’ 
definition, : : 


I 
Epp = ({Ey,y)transmittead + (E yy reflected > : 
| (123) 
q Ty = (8 x,») transmitted + (A, v) reflected - 
The total tangential components Ey,, and H 7, are continuous across every interface of the multilayer. 


From equations (120) and (122), Ey,, and Hq, are continuous across the interface z = Ly-1 provided 
that | -t ' : 











. i i be: : 
Tya1t+ wy1=Ty € 2+ ye Fz, : (124) 
M, i By 1, BY 
Ty 7 Ty ac. ry @ 2 - ty e 2], (124a) 
| 
Since k M, (Ly -Ly.4) = KM, dy = B,/2. Therefore, 
try i 7, i 
ary = ao = (Mpa +M)) + wo eo" Fi (My, -M,), (125) 
4 ry i 
— py if Ty _; BY 
2Ty4 = Wa e F (My. - M,) + My, ¥ (M,_,+M,). (125a) 
| i 


t 


It may be noted that ‘division of equations (125) leads to the result of equation (57). 


21, 4, 2. 2 The following matrix algebra is all that is needed in executing the matrix method. A matrix describes 
a linear transformation from one pair of variables ¥1, Yi toasecond pair x2, yp . Thus the linear trans- 


formation 
| 
X_ = Ay, %4 + Aye Vy, 
: | , (126) 
Yq = 891: %4 + A929 V1, : 
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is written in matrix notation as 


Xe 441 442 |} *1 


= ‘ (127) 
Ye 491 A822 ILV3. ; 
Suppose that a further transformation to the variables x3, Y3 is given by 
x b b Xq- b b. a a x 
3 11 "12 2 4 12 i 12 1 
= = - (128) 
Ys bor Doo |L¥e2 be Poa tL L2a 222) LM 


One can verify by eliminating X» , Yo that the matrix product of equation (128) is a matrix such that 


bir byg | [a1 12 By Ain + Pye 421 bu Me * Pig Fae} aay 
bor Pao} L321 22 bor 841 + Pag 221 bor Aig + Pap Bap Po 
Equation (129) gives the rule for multiplication. In performing the multiplication Leu) x Cam , to 


obtain the element in row i and column j of the product matrix take the scalar product of the i row of 
matrix b, andthe j column of matrix 2. The continued product of any number of matrices canbe per- 


formed by repeating the rule. Multiplication is not commutative, i. e. [» ul] * (ama J # [2mn] x Leal 7 


21, 4. 2. 3 Returning to equations (125), we observe that in matrix notation 


ds Mm, [ry 
ea|- ones [Le] , 
where mM, denotes the square matrix 
fe i BY : 
(M,_4 + M),) el z (My_y -M,e * 2 
mM, = By Be (130a) 
(Mp-1 - My) e° (My_4 + My) e* : 
Therefore 
Ty-il_ m, My ay Ty+t 2% (131) 
Ty-1, ~ Mp4 2M, Tris” : 
whence, 
rr | 1 N-i 1 N-t 
= tori = N (131a) 
T, N-vt+1 rs mM [ | ? 
VL 2 jepe2 Mj ne j Ty. 
and 


“ NO 
Tof- ae TT om Vex. (431) 
T.. N Mj aa j Ty : 


But ry i Ty is the Fresnel coefficient of reflection at the last interface, so that 








(oe : : 
Ty = ty W = t —N N+i (132) 
N N "NL N 
: My +Myai . 
Furthermore, Ty. ail Ty is the Fresnel coefficient of transmission of the last interface. Hence, 
My +M 
t% = Sy iy BAD. -tyiy i (132a) 
_ My -Mnii : 
ty = i, Trad (132b) 
. [*}- 1 (My -Mys) Twa] trea | My - Myiv | . (1320) 
mJ 2 My | My + Mya Tar 2My | (My +My.) 
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' 


Finally, from equations (131b) and (132c), one obtains 


: 

N | 

r T. 1 (My - M ) 

(Js ae te LT om [eect] 
Ty. 2 i=0 j jst wi Mave 


In this equation the unknowns are usually Tyg and Tyy4- To is a|complex number that specifies the ampli- 
tude and phase of the incident electric vector at x = 0 at the left hand side of the first interface z = 0, Fig- 
ure 21,6. One may set 7 > = 1. rg specifies the amplitude and phase of the reflected vector at x = 0 at. 
the left hand side of the first interface of the multilayer. Ty+41 Specifies the amplitude and phase of the trans- 
mitted electric vector at x = 0 at the right hand side of the last interface z = L ? Figure 21.6. N is the 
number of layers. 1 ; 

21, 4, 2. 4 One important advantage of this matrix method is that it enables the exploration of the effects of . 
changing the thickness and refractive index of the v layer without recomputing the entire matrix product 


beyond the (v-1)*® layer. Changing thickness of the pth layer alters only the matrix! mM, . Because 


j=r J dev +1 
the first and third matrix products in the right hand member can be computed as matrices that remain fixed 
during the exploration of the effect of changing thickness. Changing refractive index of ithe pth layer alters 
both ™, ee WW v+31- In this case one utilizes instead of equation (134), : 


vol N \ 
qT ™, % uy mM, * M,M,, * ie m, . (135) 


This case illustrates also the manipulation of sub-products of matrices where these sub-products may remain 
fixed or may be varied. A particular fixed sub-product may be shifted to different positions in the complete 
matrix product -- corresponding to shifting a group of layers in the multilayer. The use of the matrix method 
for designing multilayers with periodic structure has been discussed by W. Weinstein, © : 


21, 4. 2, 5 A further interpretation of the matrices #7, is appropriate. It is not a trivial fact that the matrix’ 


py of equation (130a) can be expressed as the matrix product 


, ; Bv . . 
My_, + Mp My_, - My ea 0 . 
My = fe | > (136) 
My _, - Mp Mp_, + Mp 0 ee 2 
= SH ' (136a) 


wherein Sy is the first right hand matrix in equation (136) and Ay is the second right) hand matrix, Sp and 
are matrices that depend, respectively, upon the optical constants, M,, and the interference path, By ; 
of the yth layer, With reference to equation (133), one may write when desired . 
N ' 


N ; 
Tl m= WT So; (1360) 
jel j=l | 1 
21, 4. 2. 6 Let us now consider solution in terms of the amplitude-sums. With respect to equations (124), let 
t | : 
ae ae Gis ! 4 
| (137) 
By = Myp(ry - ty). \ : 
Then 
1 B ! 
Ty = 5 Ay + = > i 
i (137a) 
Ty = i A By > \ : 
2 v My, 


By eliminating ry and 7, from equations (124) and (124a) with the aid of equation (137a), one finds that 
ee it : . 
Ay1 = Ay cos (8,/2) + B, SER e/a) 
Vv 


By.1 = Ay iMy sin (8,/2) + B, cos (6,/2). 
(5) Walter Weinstein, Vacuum, 4, 3-18 (1954), 


(137) 
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Hence the amplitude-sums, Ay and B,, obey the relation 


iy cos (By/2) isin (y/2)- Ay 
= My . (137¢) 
By-1 i Mp sin (8y/2) cos (By/2) By 
From equation (132) 
Aq = ty + Ty = TF : 
N N N N+? (1374) 
By = My (ty - tN) = - Myai Tne1- 
Therefore 
A nN [cos (8y/2) i sin (p,/2) 1 oe te, 
’ ma TT My . (18%e)' 
Bo v=i (iM, sin (8)/2) cos (B,/2) } -Myy1. ie 


The method of computation based upon the use of equations (137e) and (137a) is especially advantageous in deal- 
ing with non-absorbing multilayers and substrates; for then all M, and By are real. Computation of the ma- 
trix product of equation (137e) becomes relatively simple. It should be noted that the determinant of each ma- 
trix is unity. As pointed out by W. Weinstein, (®) the determinant of the product of matrices is the product of 
their determinants. Therefore the determinant of products of these matrices is unity ~- a valuable fact for the 
purpose of checking calculations. The complex amplitudes, ry and 7y+,, are computed at the end, with 7 
‘assigned a convenient value such as unity. The reflectance, py = fo/7), and the transmittance, 7, ,, / Tor 
become known. 


21,4, 3 Matrix methods; the H-vector perpendicular to the plane of incidence, 

21, 4, 3. 1 When the magnetic vector is perpendicular to the plane of incidence, the tangential components of E 
and H are given by equations (84). As in equation (123), we form the total tangential components consisting of 
the transmitted and reflected waves. Application of the continuity condition for the total tangential components 
of & and H at the interface z = L,_, leads, as in equation (124), to the result | at : 


; Be -i BY 2 
Ry + Ty-y = Rv e @ + Ty e@ 2 ; . (238) 
2 pv py 
My myp_y [: ie -i _ 
Ry. - T 7 Ry e 2 -Ty e 4. 1384) 
V-1 v1 Mya me v Vv ( ) 
Therefore , : py 
} Rye 2 2 2 Tye” 2 2. 2 
| QR, = moo) CO (My 3 My + My Mp) + QT (My-1 my'- My my-1) 
| v-L My-1 m2 v-1 Bp y My) Mp3 mz (139) 
| Ry, e! @ pes get BY ee 
2 
| 2Ty4 = ~“ (My_, my - M, mz) + ao (M,_, m2 + M, m?2_,). 
va ™p va (139a) 
Hence, 
Rya Mm, R, 
= pe ; (140) 
Ty 2 My; mg Ty 
in which 7], is the matrix 
2 2 if 2 2 ae 
m (My.4 mp + My, mp,)e 2 (Myp_y mp - Mp mpy)e 2 
3 i py ; pv i 
(My -1 mz - My m#_4 ) e 2 (My _3 m2 + M, mzy)e = 
(140a) 


(® ibid ps 
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Therefore . 
| : 
N-1 N ‘ 
Ry 1 1 m, \Ru 
= - i (140b) 
Ee 2 J Mj m2.) J Be , 
| 
however, \ 
2 2 i 
m My + my M. 
T, = aL aS = NEE: Teggey (140c) 
2 My Mye1 
‘ and I 
mit My - mZ M 
Ry = Fy Ty SAAN TNL ta (1404) 
2 My Mia. : 


\ : ; 
with Fy given by equation (21). Hence, 


N N a] + 
Ro | - Tey 1 TT 1, }™xei My - my M 
= _ fe a “wn N “Ne (141) 
TT a i : 
ES ane yj=0 Mj mia j=1 m4 My, + m2 Mya * 


in which the matrices mM, are given by equation (140a). The complex amplitudes R, and Ty, retain the 
same physical significance as in 21, 2. 10. 
21, 4, 3, 2 Equation (141) serves to determine Ty,, from T, and L. from Ty, and Ty, 3. In most prob- 

lems, one may set T, = 1. Finally, the complex reflectance Yo is computed from its definition % =Ro/T,- 





It will be observed that equations (133) and (141) determine the complex transmittances, | + and Ty, , of 
the multilayer quite directly without necessitating additional multiplications such as those of equation (4) or 
(70). ; : 
21, 4. 3. 3 The solution in terms of the amplitude sums can be obtained as follows. Let 
Cy = Ry + Ty; . 
M, (142) 
Dy = —4 (Ry - Ty). 
mp 
Then 
1 me ' 
Ry = g (y+ Dy); 
7 j (142a) 
1 m 
eg Cy og Bel : 
i t 
By eliminating R,, and T,, from equation (138) with the aid of equation (142a), one obtains 
2 1 
B; : m ., & 
Cy. = Cp cos = + iD, Me sin > : ; 
' : (142b) 
: My .. & By 
Dy. = ic sin FY + D, cos PY , 
v-1 v me 2 v 2 
Therefore ! 
By me B; 
Cy_4 cos 2 i” sin Po Cy 
My 
= 7 (142¢) 
Dy-3 i = sin Baa cos , fy Dy 
v { 
| 
| 
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From equations (140c) and (140d), 


Cy = Ry + Ty = Tya a3 





142d) 
Dy = Mn (Ry - Ty.) =- Myst Bi ys pee 
mi : MN+1 
Therefore, upon forming [Se] from equation (142c), one obtains 
°, 
2 
By , my By 
c N cos —— i=—— sin —— 1 
Oy) Tee | | 2 My 2 (142e) 
D, =1 g MY sin 5¥ fy M 2 , 
9. y= z =F oe ~ Mya dM Ned 


a result that should be compared with equation (137e). The remarks in the paragraph following equation (137) 
apply again to equation (142e). are 


21, 5 QUATERNION METHODS 


21. 5.1 Introduction. A computing program based upon quarternions instead of matrices has been introduced 
by Dr. Gordon L, Walker * for analyzing thin films with the aid of automatic computers. The relative advan- — 
tages of matrices and quaternions depend mainly upon circumstances at the location of the automatic calculator. 
For example, wherever a programmed matrix formulation is available, it may be‘simpler to adapt a matrix 
method. As has been seen in Section 21. 4, it is both natural and direct to state the solution to the problems of 
thin films in matrix notation. Because many solutions in matrix form have been given, we shall restrict our 
considerations to showing how any matrix solution can be transformed into the corresponding quaternion form. 


10.5.2 Quaternions. A quaternion Q is the sum of a scalar and a vector. Thus, 
(143) 


in which 01, 02 and og are unit vectors and 9, = 1. Coefficients q9,4;,,42 and q3 are scalars that 
can be complex imaginary. With respect to summation, . . - 


P+Q= Q4P= (1,449) 55 + (By +4,) % + (Pg +4Q) Op + (D2 +43) 73 - (148A) 
If b is a scalar, 
bQ = Qb = bago, + bay 04 + bdg oy + baggy (143b) 


In forming the product of two quaternions, P and Q, one observes the following rules of operation with re- 
spect to the unit vectors. 


% % = - %% Fy = 73 


G,9, = - O19, = Gy- (143¢) 
It follows that PQ # QP. Let py and q, be the coefficients of quaternions P and Q, respectively. 
Set 

PQ=R=R,G, + Ryo, + Ryo, + Ryog. ‘ (143d} 


a ‘ 

“*'This unpublished scheme has been used by Drs. G. L, Walker, H. dupnik and A. Traub at the American Optical Company. 
A method that resembles the method of quaternions in several respects has been discussed by M. Andre Herpin, Comptes 
Rendus Acad. Sci., 225, 182-183 (1947). 
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Then, 
Ro = Po Go ~ Px 41 ~ Pe dg - Pg 4g 3 
Ry, = 2, 4, + 4, Py + P44 - P34, 


Ry = Pop + 4, Pp + Pg Gy - Py dg 


Rz = P, 43 + 4, Py + Py Gy ~ Py 4° (143e) 
21, 5, 3 Corresponding matrices and quaternions. Let ; 
m m : , : 
mM = ie = ae (144) 
be a given matrix. Let Mm denote the corresponding waaan Then 
| : 
Wo= mo, + mo, + myo, + Mio; (144a) 
wherein , 
m5 my + M22 m, = Miz Ma ; 
2 2 
m 
m, =i 7 5 moo; m, =i 222 ; mai (144) 


On the other hand, let m be the given quaternion. In order to obtain the corresponding matrix, one re- 
places og =1 and the unit vectors by the matrices 


wb} aR’ 
fi Qh. 0 -i) CS - (144) 
a= lo af? %3 = Li of ? : 


n 


in which 9, is a unit matrix. Thus with mM regarded as the given quaternion, the corresponding matrix is - 


m-of dem GJ-=Bd-=O a 


| i 
my, - im m, - im . 
-[ 1. 2 ‘|. ; (44a) 


(m, + im,) m,.+ im, 


: | : ! 
The matrices of equations (144c) satisfy the requirements of equations (143c). The quaternion corresponding 
to the product of two matrices taken in a specified order is the product of the quaternions corresponding to 
each of the two matrices taken in the same order. Thus ; 


Quaternion (mM, mM,» = Mm, mM, 7 : (144e) 
Similarly, 


Matrix (7, M,) =, M, - . (14a 


For the purposes of this text, equation (144e) is far more important than equation ( 1440. Repeated application 
of equation (144e) shows that’ 


avatersion (T, Mm, } = TT Mm, | . (144g) 
vei f 


in which mM, is the quaternion that corresponds to matrix mM, % 
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21, 5, 4 Replacements for matrix equations. Let 9] be the square matrix 


Mi Mig ‘ 
mM = > (145) 


Mor Moo 


that connects:the quantities r, 7, A and B according to the law 


r m. m. A 
= eae , _— (145a) 
T My, My B ; 
. as in equations (126) and (127). One can verify almost directly from equations (126) to (129) that it is permiss- 
ible to set 6 : 
r _|[r 0 A 0 A 
= and S 
T| 7 0 BO B 


Hence equation (145a) can be written in the form 


r 0 m m A : 
epee 34 . (145b) 
ro Moi Mog 5 : 


oo 


The quaternion form of matrix equation (145b) is now obtained by replacing each of the three square matrices 
by its corresponding quaternion with the aid of equation (144b). Let U denote the quaternion corresponding to 
the left hand member of equation (145b), i.e. let : 


. r oO : 
U = Quaternion [; 4 a {145c) 


By applying the correspondence rules of equation (144b) to equation (145c), one finds: that 


r r T rt oY ; 
U = F % +i F Fy - F¥ % +1 ZF Qe . (145d) 
Similarly, with respect to 
- A Oo 
8S, = Quaternion, B 0 ; 
% =«fo+ifa -Bo+iFa,: (145e) 


Matrix equation (145b) is therefore replaced by the quaternion equation 
u = MS> ‘ (145f) 
in which : 


Mm. 


. my, om 
Quaternion it as 
Mo, Moe 


= My 0g + M, Oy + My Gy + mM, Oy , (145g) 


as in equations (144a) and (144b). It is instructive to examine the quaternion product mM ‘Sy « One finds from 
equations (143d), (143e), (145e) and (145g) that with 


u = Ms, = op Uy + Uzpoy + Un og + Ug og , (145h) 

Vou $F (m,-im,) + + (m, -im,); / 
: 1453) 

| B ; ( 
u,- + (m, +im,) - = {m,+im, ); 
together with ; 
U,= iU,; Ug= -iU,. : (145)) 
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The relations between Ug , Ug and my are obtained from equations (144by and (145i). One finds that 


Uo =F Mu + Fy Mig; ‘ 
(145%) 
A B 
Uz, =F My - FJ Mae - i 


21, 5. 5 Quaternion solutions for r and 7. The solutions for r ‘and 7 are found by comparing equations 


(145d) and (145h). “These equations require that 


ro= 2U,;3 : 
(146) 
T =-2U2; 


i a enya 
in which U, and Up, are the coefficients of ¢, and 0, in the guaternion product mM So of equation (145f): - 


Equation (146) forms a simple way of computing r and 7 once Uo and Up have been found. 


21, 5.6 A check on the quaternion method. Equations (146) and did can be combined to form a simple check 


on the correctness of the quaternion method. One finds directly that 
| 
ro = my, A + my, B; 
(147) 
7T = Mp, A+ Mp. B- 
These solutions for r and 7 are those of the matrix equation (145a).- If therefore equation (145a) is correct, 
equation (146) is correct. | : ; . 
21.5.7 A more useful statement of the formulation. In stating the! matrix that corresponds toa multilayer, it 
is rarely Convenient to Specify the matrix in the form of equation (4450). Instead, it is convenient to express 
the matrix in the form : 


r Mmyj My A 
=F ! ' 148) © 
T My; Moo B : : on : 
i 
in which factor F is ascalar. For example, in the matrix.of eadarion (137e) the factor F = 7 - Re-. 
examination of the argument leading from equation (145a) to (146) shows that one obtains En aN of equation 


(146) the slightly modified result 





r= 2FU, 


: i | (149) 
T =-2F Up 3 


in which U, and Ups are the coefficients of o, and os. , respectively, of the quaternion corresponding to 
the matrix product of equation (148). i : 


21. 8 Special conditions, Depending upon the nature of the multilayer and upon the manner in which the 
corresponding matrix problem has been solved, special conditions may exist among the matrix elements m 
of the matrix 7 associated with the multilayer. For example, with respect to the matrix 


N 
Mm = m, = ae ™m 42 \ (150) 
aan M v9, | 
of equation (133), it follows that at normal incidence upon a system! ‘of non-absorbing layers 
| I ‘ 
Men = My,5 Mg, = Myp 5 (151) 


because the diagonal elements of mM, of equation (130a) are then conjugate complex numbers. Correspond- 
ingly, from equation (144b) 


™, 


| 
o = Re (m yy); m2 itn (maa) 3 
m, = -fy,(my3)3 ms = iRe tha) 


It will not, however, be a purpose of this discussion to enumerate he various special conditions together with | 
their consequences, 


_ (152) 
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“21, 5. 9 Application to the matrix solution of equation (133). The matrix solution of equation (133) applies to 


cases in which the electric vector is polarized So as to vibrate at right angles to the plane of incidence, This 
example will illustrate procedures that may be followed in converting any matrix solution for thin films into a 
solution in terms of quaternions. With respect to-efficiency, it is undoubtedly preferable to choose as factor 
F the product 
N 
TN+1 1 
guti nip Mp 





of equation (133). Let us demand, however, that the Fresnel coefficients W, of equation (20) shall appear 


as parameters. This can be accomplished by writing mM, of equation (130a) in the form ; 
ye ye 


i> -i 


‘e 2 W,pe 2 
WM, = My4 +My) 1 oe » po é (153). 
w,e = e 2 : 


v 


Let also the factor My +My, 1 be removed from the second right hand matrix of equation (133). Then, 


i be <i BY : 
*o i e 2 ‘ Wy 2 Wyet ee 
= F 4 pv 1 YZ » 
To vo, |Wye 2 e 2 1 : : 
in which : 
N 
7; My + M M, + My— 
F = Ant N+ NAL TT ay 1 (155) 
2 Mo psi M, 


We take M, as the quaternion corresponding to the vth matrix of the product from vy = 1 to v=N of 
equation (154). Explicitly, we take : 


nm. “ B . B ; 
mM, = cos La o - sin oy - iW, sin > on + iWy coe SY Ty (156) 


The quaternion S, of the last matrix of equation (154) is obtained from equation (145e) by ‘setting 
A = Wyaai B=. “ (157) 


We form and compute the quaternion 


N ss : ‘ 
Mm = \ (158) 

ah a 1 m, : 
with Mm, given in terms of the physical properties 6, and W, of the vth layer by equation (156). Next, 
as in equation (145f), we compute the.quaternion U as the product “ 


u = 4 [Wea Oo + 1Wyyr ty - % tig) (159) 
N ~ 
7 TT mM, %o 
vel 


In making the last computation ‘of equation (159), it is necessary to compute only Uy and Up, , the co- 
efficients of 6, and op , respectively. With U, and U, thus determined, it follows from equation (149) 


that 


r= 2FU; 
° ee (160) 


T, =-2F U, $: 
in which F is given by equation (155). 


21, 5.10 Determination of the complex reflectance and transmittance of the multilayer. The complex reflec- 
tance of the multilayer is given by the ratio p, = rg/T,- From equation (160) 


p, = - U,/U2, , (161) 


21-39 








rom p://www.everyspec.com 


Mii HDBK~141 i COATING OF OPTICAL SURFACES 


a result that is independent of the factor F and that is evaluated at the right hand boundary of the medium of 
incidence with the electric vector perpendicular to the plane of incidence. The complex transmittance of the 
multilayer is given by the ratio Tye 3/ T 9- From equations (160) and (155) 

N 


Nt+i Mo My i 
ir T = -2 | eee 162 
we! ° My+ Myiy v=1 Mya + M, 2U, ” ance) 


i 

i ; 
a result evaluated at the point of entry into the last medium with the electric vector perpendicular to the plane 
of incidence. Computation of the complex reflectance and transmittance is relatively simple when the co- 
efficients U, and U, of the composite quaternion U of the multilayer have been calculated 


- 





. 1 i . 

21, 5,11. Application to the monolayer, The uninitiated reader will find it a useful exercise to verify from 
equations (158) and (159) that for the monolayer (the case N = 1) 

Ww. i Bt Ww fh 

Us pe 2? + =" e 2 ; 


163) -. 
1 -i = Wy Wo i 4 : . (468) “an 
eo UZ = Ze + —z = e & 
It is then shown easily from equations (161), (162) and (163) that 
ana . 3 (164) 
2, =. } ‘ 
: 1+W, w, eft’ 
| i By 
TNeL 1 4Mo Mi \ e = 
SS SS SS ee Gitweue iB (165) 
T) 1 (M,+M,) (M, +M, ) 1+ Wy, W, e*f1 


Equation (164) agrees, for example, with the result of equations (50) and (51) for cases' N = 1. Likewise, - 

equation (165) agrees with the result of equation (54), Matrix methods and quaternion methods do not possess 
advantages over recursion methods such as those of Sections 21, 2, Sand 21, 2. 9 until the number N of layers 
in the multilayer exceeds 2. In fact, the methods of equations (164) and (165) are to be preferred as regards 
simplicity and convenience for the monolayer. | } : 


21, 5.12 Comments, In the interesting method.constructed by Gordon L. Walker, the quaternion correspond- 
ing to Sy ‘of equations (145) is-rendered incomplete in that the coefficients of the unit vectors. oO, and os 
are.zero. The method presented here does not involve more quaternion multiplication than the method due to 
Watker and requires slightly less algebra at the last steps for computing the complex reflectance P. and the 
complex transmittance 74 ,/7, ofthe multilayer. Furthermore, Walker has preferred to apply the quater- 
nion method to factored matrices y of the type described by equations (136). For example with respect to 
the matrices of equations (133) and (136), one can take : ! : = 





N t 
F = at a, ‘a ; ' 3 (166) 
i 
A = My-Myii> B = My+Myii ; (166a) 
and compute the quaternion ix . ; 
U = a S 3, Sos . “4 (166b) 
wherein a and 9, are the quaternions corresponding to inte ca Sy and J, , respectively, of 


equation (136a) and S, is determined from equation (145a). The complex reflectarice p, can be computed from 
equation (161) and the complex transmittance Ty +/ To ~can be computed from equation (160). It will be found 
from equations (136) and (144b) that the quaternions -S, and J are incomplete. The product 8 g is, 
however, a complete quaternion. i i : vy Sp 
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21,6 MONOLAYER COATINGS 


21, 6.1 Introduction. Monolayer coatings serve many specialized purposes. One broad class of monolayers 
consists of dielectric substances deposited or formed upon absorbing or non-absorbing substrates. A second 
broad class consists ‘of metallic or semiconducting films on absorbing or non-absorbing substrates. We shall 
not be concerned with that class of monolayers whose sole function is to alter the mechanical, chemical or 
electrical properties of a surface. Monolayers may occur naturally ‘as, for example, in the tarnishing of sil- 
ver by a layer of silver sulphide. The practical range in thickness of a layer may vary from molecular di- 
mensions to centimeters or even meters depending mainly upon the wavelength of the radiation involved. This . 
radiation may extend from the ultraviolet into radar. Not all monolayers should be regarded as homogeneous 
but a large group of monolayers can be considered homogeneous in constructing an approximate theory for in- 
terpreting their "optical'' behavior. The approximations thus afforded are often in excellent agreement with 
experiment. 3 


21. 6. 2 Methods of computation. 


21. 6. 2. | Wherever automatic calculators have been programmed on the basis of matrix or quaternion methods, 
this program can serve for computing monolayers although such programs become unduly elaborate... :The follow- 
ing method is one of the useful and accurate methods for desk calculators. This method will be presented for 
the case in which the incident electric vector is perpendicular to the plane of incidence. When the electric vec- 
tor vibrates in the plane of incidence, it is necessary to replace the Fresnel coefficients, W,, of equation. 
(20) by the Fresnel coefficients, F,, of equation (21) as shown in Section 21, 2,10. By setting v = 1 ine- | 
quation (57) and noting that p, = W, from equation (51), one finds that the complex reflectance, p, , of the 
monolayer is given by 
Wo e A Wi 
mH = ip,” (167) 
1+W, W, eri . ; 

as in equation (164). Likewise, by setting N = 1 in equation (54) one obtains the complex transmittance in the 
form 





5 84 
Tm . — 4 Mo Mi oF, ; (168) 
TT? (M, +M,)(M,+™Mz, ) 1+W, W, e ify , - 
as in equation (165). -Explicitly, 

Wy = My -1 - My 3; v=, 2; (169) 

My . + My 

: : 
By = M4; (169a) 


in which M,, is defined by equation (19). Py and tT, are evaluated by equations (167) and (168) at the left 
hand side of the first interface and at the right hand side of the second interface, respectively, as indicated in 
Figure 21.10. Marked simplification occurs at normal incidence for which i, = 0 sothat py. =Sinig= 0. 


Mp = my = ny (L+iK,); ig = 0. (169b) 


Furthermore, at normal incidence no distinction need be made among the directions of polarization of the 
- electric vector when the film and substrate are isotropic. Equations (167) and (168) then serve for ali states 
of polarization. : 


21. 6, 2; 2 Phase changes that occur on reflection and transmission are given as phase retardations by arg (p,) 
and arg (Tg / T¢ ), respectively. When these quantities are wanted, pg and T, TT) must be evaluated as 
complex numbers by the operations indicated by equations (167) and (168). 


21.6, 2.3 The parameter 6, is awkward to handle whenever m, is complex (Ky # 0). This awkwardness 
is increased when the angle of incidence i, # 0. At normal incidence 


4n ‘ . 
&FyD 4 dy (i+ ik,) ’ _ (170) 


and 


4 4 
1B, eee, Pants 


e =e (170a) 


in which 47 nj dy /X is.twice the optical path of the film and the exponent, -41 ny K, dy /d, is an attenuation 
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Figure 21, 10- Convention. and notation with respect 
to the monolayer (case N= 1). 


factor. When the medium of incidence and the monolayer do not absorb, and when nf >n2 92, 
: ' 
M, = fn? -n2 p23] = ny cosi,, 
where i, is the angle of refraction in the film. Correspondingly, 
4a 


By Fy my dy cosi,; K 


o = Ky =0. (170) 


{ 
21, 6. 2. 4 The energy reflectance R_ of the monolayer is given by R = [Po] 2 and is most easily computed 
from equation (167) in the form * 


|W, eh, wi? 


R= lp? = ‘ (171) 


Suppose that the system is non-absorbing. In such cases (a class of wide interest) the Fresnel coefficients 
Ww, and W, are real and 8, is given by equation (170b). Correspondingly, 
wi + 2W, We cos By + we 


R= 2 ye 
1+2W, W, cos f, +Wy Wo 


(172) - 


Differentiation of R with respect to 8, in equation (172) shows that the extreme values of R (, ) oceur : 
when : 


8B, = va; v an integer. : (173) 
Hence when the electric vector is perpendicular to the plane of incidence, when nj > nop, and when 
Ko = Ki = Kg = 0, the maxima and minima, Ry,» are given by 
ne. (Wy + Ww, 


m (174) 
(le W, W,)? 
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The values of W, and Wz, (andhence R,, ) depehd upon the angle of incidence. But at fixed angles of in- 
cidence, Ry, and R win remain fixed and R is a periodic function of the thickness d, . Departures from 
periodicity can occur when 6, is altered by changing wavelength because the refractive indices (and hence 
W, and W ) are dispersive with A. It is not difficult to see that R (8, ) cannot be periodic when the film 
absorbs. Equation (170a) shows that the exp (i8;) approaches zero as d 4 approaches infinity. Conse- 
quently, from equation (171) R oscillates with increasing 6, such that 


R > |W’, ; om 
the Fresnel coefficient of reflectance of the first interface, Figure 21. 10, 


21, 6. 2. 5 When the system contains no absorbing media, the energy transmittance, T, , of the monolayer 
can be found in terms of the ‘energy reflectance, R, from the law of conservation of energy, namely, 


Te +R=1, ane 
irrespective of the refractive indices of the first and last media. When absorption occurs, one can- compute 


the complex transmittance rT, / T, from equation (1468) and the energy. transmittance from equation ’(58). If 
only the film is absorbing, (ng), = mg so that equation (58) yields the result, ne 


Ny cos i 2 : 
T, = 2 —___2 a2 , (177) 
Ng cosi, To 








for cases in which the electric vector is perpendicular* to the plane of incidence. 
21, 6. 3 Non-absorbing systems; normal incidence. 


21, 6. 3. 1 The behavior of the energy reflectances, |p ? , for non-absorbing monolayers on non-absorbing 
substrates is illustrated in Figure 21. 11 for cases in whic! the refractive index ng= 1. When no absorption 
occurs, reversal of the direction of incidence leaves |eol unchanged, For reasons explained in Section 
21, 2, 14, the monolayer is an absentee layer at points 8; = v 2a where y = 0 oran integer. -At these’ 
points the energy reflectance is that of the uncoated glass. ae 


21, 6, 3. 2 With respect to cases ng <nqy < ng, it follows from equation (169) that W, < 0 and 
W, < 0. Correspondingly from equation (174), : 


Ran = Rin» 
when 

“By = p27; p an odd integer. (178) 
By introducing 

W, = No - 71 3 Wy = Bi 7 T's 

ny tny ny +n, 

into equation (174), one finds that 

Rizin, = [Po[%ain. * (Aete—et ie ms (179) 

no Ny +ny 


In particular, R yin, = 9 when 8, obeys equation (178) and ny is chosen so that 


ny, = Yng Ne : (180) 
Equations (178) and (180) agree with the more general equation (115) and (116) at normal incidence. Equation 
(179) is important for two reasons. First, it enables one to estimate the minimum value of the energy reflec- 
tance. Secondly, it enables one to compute the refractive index n, of the film from the measured* *value of 
Rain, and the known values of n, and ny . The refractive indices of evaporated monolayers are usually less 
than those of the bulk materials and vary with the conditions of evaporation. 


See equations (70) and (71) for cases in which the electric vector vibrates in the plane of incidence. - 


** the spectral energy reflectance, Rp, of a coated plate is ordinarily obtained with a spectrophotometer. Suppose, for 
example, that the absorption of the plate is negligible and that the energy reflectance of the back surface is B. On account 


21-43 


MIL-HDBK-141 


|pol” 


Figure 21. 11- 


rom p://www.everyspec.com 


Rg =n, = 1.52 


no=l 


my =p = 1.384 


n,n, = 1, 2329 





0 42 2 $8 4 5 6 7 8 9 wo a 12 


_ By = + n, 4, radians 


| 
| 
: 2 

Energy reflectances el 2 vs By in radians. These curves illustrate the periodic 
behavior of nonabsorbing monolayers on nonabsorbing substrates. £, | is now twice 
the optical path of the monolayer. The curves drawn for n f= 2.35 and ng = 1.384 
with n ,=1.52 correspond to zine sulphide and magnesium fluoride, respectively, on 
spectacte crown glass. The curves illustrate the important characteristic that . |e,|? 
S reflectance of the uncoated substrate according as ng s ng at points py #va 
where vy=0 or aninteger. The curve for np = 1,2329 = vag = Vi,52 illustrates 
how zero reflectance is achieved at points fy; =| where p is an odd integer. 
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of the interreflections that occur within the plate, it follows that 


R +B - 2RB 
Rp = “]-RB ” - @ 


2 
where R is‘the surface reflectance R = | p o| . Hence 
Rp - B 
2 ‘D 
B=leof = 1+R)B- 2B ° @) 


7 és 
If the plate is a glass plate in air with its back surface uncoated, B = (oe = D/A (ng + yy _ Where ng is the refractive 
index of the glass plate. 





21.6, 3.3 When ng < ny > ng , equation (169) shows that Fresnel's coefficients W, and Wy» -have oppo- 
site sign. At points 6; = 1a odd), the extreme reflectances R,, of equation (174) are now maxima with 
the choice of the negative sign. Also |p, Fnaxis therefore given by the right hand member of equation (179). 
[Po [fnax. approaches unity with increasing n, - ne 


21. 6, 3. 4 In Figure 21. 12, le, P is plotted against 2 in the visible region for the indicated values'of n, = ng 
and ny = n with ng= 1, The family of curves illustrates the effectiveness of various monolayers in re- 
ducing ‘surfate reflectances of spectacle crown glass. The thicknesses of the monolayers are chosen so that 
the optical path of each monolayer is one-fourth wavelength at 0. 550 microns. : 


21. 6, 3, 5 Energy reflectances |p ol?” are plotted against wavelength in the infrared region in Figure 21. 13 for 
ng=i, ng= ng = 3.450 and for the indicated values of ny = ng. This family of curves illustrates the 
- effectiveness of various monolayers in reducing the reflectance of a surface of silicon. As applied to silicon, 
the effects of absorption by the substrate are not included in Figure 21.13. Absorption of silicon is low in the 
infrared region, The curve for.n, = 1.52 has been added to illustrate what occurs when ng is smaller than 
the value required for producing zero reflectance, i.e. when ng < v¥ng ng ._Let_n¢ and nj denote the 
refractive indices of two different non-absorbing monolayers such that ng > Vngng and nf < vng ng. 
It is not difficult to show that when the refractive indices are independent of wavelength, the two monolayers 
produce the same spectral reflectance curves provided that ne and nf} are chosen in accordance with the 
relation : = 


me MF = Ny nL = No My - . (181) 


For example, a monolayer having the refractive index nf = 1.57 is equivalent ‘to the monolayer having the 
refractive index ng = 2.200 when n, and np have been chosen as in Figure 21,13. 


21, 6, 4 Dielectric monolayers on opaque, metallic substrates; normal incidence. Dielectric layers of hard 
materials Such as magnesium fluoride and silicon monoxide are often leposited upon surfaces of aluminum, 
silver and other metals for the purpose of protecting these surfaces from abrasion. The effects of monolayers 
of F2 and SiO upon the surface reflectance and phase change on reflection are illustrated in Figure’ 
.21.14for opaque substrates of aluminum. Appreciable losses in reflectance can occur when the monolayers 
are so thin that their optical paths ny dj < 74. For maximum reflectance, the optical path of the mono- 
layer should be slightly less than 2/2. This maximum reflectance can exceed that of the uncoated surface 
provided that the refractive index n, of the monolayer is high enough. With M F§) and Si0,( one ob- 
tains a maximum reflectance that departs imperceptibly from that of the uncoated substrate. The phase change 
on reflection varies markedly with the optical path of the monolayer. This property is of importance to inter- 
ferometry. 


21.6.5 Absorbing monolayers on opaque, metallic. substrates; normal incidence. The effects of absorbing 
monolayers upon the Surface reflectance of opaque, metallic substrates are illustrated in Figure 21,15 by a 
series of monolayers that have a fixed and relatively high refractive index ny = 4.0. The curve for the non- 
absorbing film n, K, = 0 shows that the maximum reflectance can exceed * that of the uncoated surface 
appreciably when n, becomes high. Increasing the absorption of the monolayer within the range of ny Ky, 

of Figure 21.15 reduces both the maximum and the minimum reflectances. The minimum reflectances occur for 
optical paths p; near 45° or 4/8. The family of curves suggest that tarnishing of silver is due to the forma- 
tion of a monolayer. 


(7)Monolayers of MgF» have become valuable for increasing the reflectance of aluminum in the ultraviolet. For a discussion 
of the region around 1216A, see P.H. Berning, G. Hass and R. P. Madden; Paper T51 given during 44th Annual Meeting of 
OSA, Ottawa, October 1959. : 

{8)The refractive indices and absorption of so called SiO films depend markedly upon conditions of evaporation . Slow deposi- 
tion in the presence of air or oxygen produces "SiO" films that can have refractive indices near 1.7 with low absorption. 
See G. Hass, Vacuum, 2, p 338 (1952). : 

* Compare with Figure 21.14 
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Figure 21. 12-' Plot of energy reflectances vs wavelength in microns for various low reflecting mono- 
layers on spectacle crown glass. Each monolayer. has the optical path Vi 4 atr= 0.550 
microns. / i . 
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Figure 21, 13- Low reflecting monolayers on substrates having high refractive index. | 


21, 6. 6 Metallic monolayers on glass; normal incidence. The curves of Figure 21.16 2 and b illustrate the 
optical behavior of monolayers of silver on non-absorbing substrates such as glass. Layers of silver differ 
from layers of other metals mainly in that layers of silver have remarkably low * absorption although the 

nK -value is moderately high. Silver is sensibly opaque of thicknesses near 0.15. ‘It should be observed 
that the reflectance at the glass to film interface is less than that at the air to film interface -- a character- 
istic of most metals. As the thickness of the silver layer is increased, the phase changes on reflection pass 
into the third quadrant for reasons discussed following equation (16) in Section 21, 2.3, The reflectance curve 
for reflection from glass to silver exhibits theoretically a minimum at a thickness. between zero and 0.012. 


21, 6, 7 Non-absorbing systems; oblique incidence. The manner in which low reflecting, non-absorbing mono- 
layers modify the TaECuESE te] ‘and 1% |? of surfaces of non-absorbing substrates is illustrated ** by 
Figures 21. 17, 21. 18,.and 21. 19 for the 45° angle of incidence. The spectral reflectance curves of Figure 21,17 
for’ [Po [2 and fy, |? correspond to electric vectors that vibrate respectively perpendicular and parallel to 
the plane of incidence for a monolayer of M, Fp ona surface of spectacle crown glass. Whereas a monolayer 
of Mg F2 is effective in reducing both |e o ? and Yo) for spectacle crown glass, the reflectance 

Ip, |? is still quite high. Figure 21.18 shows that the refractive index of the monolayer must approach the 
value n, = 1.2 inorder toreduce jp all 2 below 1% for spectacle crown glass. Rugged films having re- 
fractive indices below 1.30 are not available. On the other hand, Figure 21. 19 shows that one can choose a 
relatively high and available value of n, for reducing both leol and |y,|? to values below 1.2% when the 
refractive index n, of the substrate is markedly higher than that of spectacle crown glass. Figure 21,19 il- 
lustrates also the fact that |, [fin. =" Yo [fim , when ny = ¥ngng. The effect of increasing or decreasing 
the angle of incidence from 45° is to raise or to lower, respectively, the reflectance at the. crossing point C of 
Figure 21.19, ‘It is to be expected that the reduction of | Pol 2 presents the more formidable problem; for 

\% |? is automatically zero at Brewster's angle of incidence. 


#f hs amount of absorption is altered considerably by the conditions of evaporation, L. G. Schultz gives the values 
n = 0.055 and nK = 3.32 for silver at p = 0.55 . : 
**As with many other subjects of this text, the possible number of instructive illustrations is restricted in the interests of 
conserving space. 
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Figure 21, 14- Energy reflectances and phase changes on reflection vs optical path of the film in wave-" 
lengths for MgFez and SiO on opaque substrates of aluminum, Phase (changes on re-" 
flection appear as phase retardations. Absorption by SiO monolayers has been ne- 
glected. ‘The optical constants of aluminum are those given by L, G. Schultz, J. Opt. 


Soc. Amer., 44, 357-368 (1954). 
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Reflectance of the uncoated metal nyKy=0 


Reflectance, % 





2p, = Re (6) in degrees 


Figure 21. 15- Reflectances from various absorbing monolayers on a metallic substrate as functions 
of Ry (By) = 2p, where p,; is the optical path through the monolayer. The metallic 
substrate corresponds to silver with the optical constants nz =0.15 and ngKp = 3. 28. © 
The monolayers have the high refractive index n, = 4.0 and the indicated values of 
nyKy,. The-case ny K, =0 is the nonabsorbing monolayer. 


21,7 BILAYER COATINGS 


21. 7.1 Introduction. Bilayers possess advantages over monolayers for decreasing or increasing the reflec- 
tance of surfaces of dielectrics or metals. As examples, zero reflectance can be obtained at an assigned wave- - 
length by suitable choice of the thickness ratio of the two layers and a marked degree of control over the dis- 
tribution of spectral reflectance or transmittance becomes possible, Bilayers are superior to monolayers for 
beam splitters and for control of phase changes that occur on reflection or transmission. Whereas absorbing 
bilayers are used for such purposes as controlling the transmittance-of sunglasses, the most important bilayers 
are predominantly dielectric. Low reflecting bilayers fall into well defined groups whose characteristics will 

be discussed. : 


21, 7. 2 Methods of computation. Matrix and quaternion methods have been treated in Sections 21,4 and 21.5. - 
The reade’ t who is inclined toward watching the interfacial reflectances and transmittances and toward using 
recursion formulae may choose the method of Sections 21. 2. 8 to 21. 2,11, The convention and notation with 
respect to bilayers is shown in Figure 21.20. Suppose that the electric vector is perpendicular to the plane of 
incidence. We obtain the complex reflectance, p,, in the form 
efit 4 Ww 
pee BS. ee (182) 
1+W, W, e 


wherein a 
W3 e Bo 4 We 


Pp. = 
1 iBs 
1+W, W, e 


(182a) 





The Fresnel coefficients of reflection W,, are defined, as usual, by equations (19) and (20). f, (v = 1,2) 

is defined by equation (56). The complex transmittance, T; , corresponding with p, is obtained by’ setting 
N= 2, 7, =1 and pg = Wg in equation (54). .The complex reflectance, yy; for cases in which the elec— 
tric vector vibrates in the plane of incidence can be computed from equation (182), after replacing p, by yy. 
and W, by F, as defined by equation (21). The corresponding complex transmittance is denoted by T, and 
is obtained by setting N = 2, Ty = 1 and Yo = Fs in equation (70). At normal incidence, ¥, = Po and 
Tg = Tg+ Closed formulae are available for the energy reflectances. These formulae simplify markedly 
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Figure 21. 16- Curves of reflectance, transmittance and phase changes on reflection vs thickness of 


the monolayer in wavelengths for silver films on spectacle crown glass. These curves 
have been computed for glass having the refractive index 1.52 and for an absorbing 
film having the optical constants np = 0.15 and ngK¢ =3.28. These optical con-. 
stants predate those measured for silver by L. G. Schultz and belong to a wavelength 
near 0.55 microns. The phase changes of Figure 21. 16b are retardations! Phase re- 
tardations of 230° can be regarded, if desired, as phase advances of 130°. 
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Figure 21. 17- The reflectances Ip, |? and ly, |? vs wavelength for a layer of magnesium fluoride 
on spectacle crown glass. The refractive indices are ng=1; ny=1.384 and - 
n, = 1.52 and the angle of incidence is 45°. The thickness of the film has been chosen 


so that 6; =47n yd, cosi,/A = w at L=0.55p. 
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Figure 21, 18- Plot of the minimum reflectances |po|fiin. and ly 12 sail: against the refractive 
indices n, of the monolayers on spectacle crown glass at 45° angle of incidence. 
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Figure 21, 19- Plot of the minimum reflectances | Pol min, and} y olmin. against ny for monolayers 


on a nonabsorbing substrate of high refractive index' n ='3.45 at the fixed angle 45° 
of incidence. . : ‘ 2 
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‘Figure 21. 20- Notation and convention with respect to bilayers (case N = 2). 
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only when all of the media and layers are non-absorbing and when total internal reflectance need not be con- 
sidered. Thus, 


lool? = 1 - (1-W] ) (1-3 ) (1-W3 ) (183) 
D 
where 
D= 1+ wi we + Ww? wi + Wy Wy + 2W, W,(1 + W2) cos 6, 
+ 2W, Wy (1+ Wy ) cos By + 2W, W, cos (8, + By) 
+ 2W, W, W5 cos (By - Bq). (183a) 
W, and 8, are now real with , : oe : 
By = um ny dy cosiy; v = 1, 2 (83h) : 


Equation (183) can be used to compute |v P by replacing py by y, and W, by F,. Because absorption 
has been excluded, the sum of the energy reflectance and the energy transmittance must be unity when 


|r] = |to| =1.- 


21.7. 3 The simplest low-reflecting bilayer. Monolayers suchas M, F, on glass fail to produce zero re- 
flectance because n> vagng - This class of monolayers is characterized by the fact that ng <n, < no. 
Consequently, Wy, < 0 and We < 0 atnormal incidence. The following conclusions are not cttieult to 
ascertain from equation (169) for normal incidence. : 


[wa] < |w,[ when a, > Yagng ; (184) 
|¥2| > |w, | when n, < Yung ng - (184a) 


Hence the absolute value of the Fresnel coefficient_W2_ at the film-to-glass interface is too small to satisfy 
the condition for zero reflectance when ny > Vngntg ; for Wy = We at the point of zero reflectance. 
These considerations suggest that it should be possible to decrease the energy reflectance from monolayers for 
which nz > Vang ng by depositing either a thin dielectric film that has high refractive index or a thin film 
of highly reflecting metal upon the interface between media no. 1 and 2 as illustrated in Figure 21.21. The 
author()has shown that metals can be used to augment the interfacial reflectance for obtaining zero reflectance. 
An advantage of this method is that a wide range of dielectric materials can be used as the monolayer by making 
suitable choices of the thickness of the thin metallic film. A disadvantage of employing metallic or absorbing 
films for augmenting the interfacial reflectance is that the energy reflectance for incidence from glass to film 
can be quite high even when the energy reflectance in the opposite direction from air to film has been made 
zero, This disadvantage as regards\the irreversibility of the reflectance can be avoided by using dielectric 
materials of high ai gag index as the reflectance augmenting layer in the manner described by Osterberg, 
Kashdan and Pride The use of dielectrics having high refractive index instead of metal yielded some unex- 
pected advantages that will now be discussed. 


21, 7. 3,1 Summary of the theory. In summarizing the results of an unpublished theory of the author, let us 
utilize the convention of Figure 21, 22 in which layer no. 1 is to be the thin dielectric layer of high refractive 
index. Al of the media are non-absorbing and the incidence is to be normal. One can show from the zero 
condition (99 = 0) of equation (98) that the value of By required for zero reflectance is given by 


2 2 2 2 : 
tops, Wie Wes Nee We). (185) 
2W, W, (WZ -1) 
in which 
4a 
By = -z- 244, radians. (185a) 


ee een, 
(3) U.S. Patent 2,366,687 (Jan. 2, 1945). 
(10) See abstracts of papers published inJ. Opt. Soc. Amer., 42, p. 291 (1952). 
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Figure 21, 21- Dlustration of the principle of augmenting one of the interfacial reflectances of a mono- 


layer so as to obtain zero or decreased reflectance "by depositing a thin, highly reflec- 
ting layer upon the interface. 






Direction of incidence 


Figure 21, 22- Notation with respect to the simplest low reflecting bilayer. Layer no. Lis a thin film 
of high refractive index N,- Py and pp are the optical paths of ay two layers, 


21-54 





Downloaded from http:/Avww.everyspec.com 


COATING OF OPTICAL SURFACES MIL-HDBK-141 


Correspondingly, in terms of the refractive indices 


2 2 7 
ee oa. SE eee, (185%) 


(nf-n2) (n? -ng ) 
for cases in which ng = nay = 1. For solutions to exist, it is necessary that 
cosp, © 1, . (185¢) 


a condition that places restrictions upon the refractive indices of equation (185b). Of these restrictions, the 
one of greatest interest is Ane 
n 2 
2 2 2 : 
ny > mg Ng > { a >My - (185d) 


ne 


If equation (185b) has a solution 6, = Big, it has ‘other solutions that differ from B49 by integrak multiples 
of 24. We are to choose the smallest possible solution for which . eet 


0 < B <7. (185e), 


Correspondingly, the optical path p, of the thin layer will be less than 7/2. It can be much less than, 7/2, 
as we shall see. Having computed B, , one can compute the associated value of Be from pf, in the follow- 
ing manner. Let . : 


-1 -Wi1_ sin £1 
6, = tan —_—* 3 186) 
1 ~(W, cos 6, +W,) ” . oe 
-1 Wy Woe sing ; : 
6, = tan i 2 i ‘ 186a) 
2 = fn TSW W, cos Fy (Ese) 
Then 
- By = % -%%3 (82> 94). : _ (186) 
There exists no ambiguity as to the quadrant in which 6, and 4, fall because 
sin @, : - W, sin, ; sind, : W, We sin §, ; 7 . 
1 1 1? 2 1 2 1? (186¢) 


cos 6, : - (Wy cos B, + W,); cos 0, : 1+W, W, cos By; 


in which the factor of proportionality is greater than zero. Equations (185) and (186) thus enable one to com- 
pute * the doubled optical paths 6, and A. , Figure 21.12, of the two layers when n, has been suitably 
chosen with respect to ng and ns - 


21, TZ. 3. 2 Let us now consider the case: ny = 2.50; ng = 1. 38; n, = 1. This case applies to bilayers 
comprised of a thin inner layer of TiO, and an outer layer of Mg Fp under conditions at which the refrac- 
tive indices of TiOg and Mg F2 are 2. 50 and 1.38, respectively. The optical paths p, and po ‘required 
for vanishing reflectance have been computed from equations (185) and (186) and plotted as functions of n, in 
Figure 21. 23 (a) and (b). Curiously, the required optical path p, of the inner layer with refractive inde: 

ni = 2.50 is substantially 15. 5° or 0.0432 for the range n, of ordinary glasses. This fact has been con- 
firmed experimentally and means thata TiO», layer of fixed fhickness will serve for practically all glasses. 
This thickness is only 0.043/2.5 = 0.01724. The required thickness approaches zero as n, approaches 

n2 =-1,382, The corresponding optical path py of the outer layer must be chosen with some care since 
the slope of the curve of Figure 21. 23(b) is quite marked. The optical path, Do , exceeds the quarter wave 
condition considerably in the range, ng , for ordinary glasses. However, the main effect of altering the 
optical path of the outer layer is to alter the wavelength at which minimum reflectance occurs. This class of 
bilayer is therefore relatively easy to produce. It is extremely durable. Cerium oxide is to be preferred to 
titanium dioxide as the inner layer because cerium oxide can be evaporated as a dielectric material without need 
for subsequent heating and oxidation. Equations (185) and (186) should be applied to redetermine p, and py 
when cerium oxide is used. Comparisons of the bilayer (theoretical and experimental) with a monolayer of 


*Frequently, one can be quite certain about thé quadrant in which B 2 must fall. Under such circumstances it is simpler to 
compute By from the formula 


‘ 2 2 
w wi - we wow 
cos By = B+ wi i @+ Wwe W3 ) 


2We Wg (Wi - 1) 
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M, F2 on spectacle crown glass of refractive index ng =°1.52 are made in Figure 21,24. The theoretical 
and experimental curves for the bilayer are in good agreement and exhibit much lower reflectances than mono- 
layers of M, F, near the wavelength for minimum reflectance. The dispersion of the reflectance is, however, 
markedly gréater for the bilayer. : 


21. 7. 3. 3 With reference to white light reflectance of the bilayer, T. Sawaki and H. Kubota investigated bilayers 
having low white light reflectance and found that those bilayers which simulate monolayers having augmented in- 
terfacial reflectance rank among the bilayers exhibiting the lowest white light reflectances. 


21. 7% 4 Achromatized bilayers, 


21. 7. 4, 1 Curves of the computed * spectral reflectances at normal incidence for various achromatized bilayers 
on spectacle crown glass are illustrated in Figures 21,25 and 21,26. The outer layer is exemplified by Mg Fe: 
It has a refractive index n, which fails to meet the zero condition, ny = vng ng , for monolayers. The 
outer and inner layers have the optical path A/4 and A/2, respectively, at a chosen **wavelength, Am. > 

The inner layer of refractive index ny is therefore an absentee layer at A = Ay. Consequently, the reflec-° 
tance Ry at A = Am is due to the outer layer and the substrate of refractive index ng = Ng - “When * :: 

ng > ny , the reflectance Rm isa maximum for wavelengths near A,,. Achromatization ‘occurs. because 
the energy reflectance must drop before it can rise as A is varied on either side of 4,,. With respect to the 
curves of Figure 21.25, the minimum reflectances on each side of point R,, are equal. Bilayers exhibiting’ 
this property will be classified as isoachromatic. The two minima of the spectral reflectance curve for the 

case ny = 1.38, ng = 1.86 and ny = T.52 are zeros. Isoachromatic bilayers displaying zero minima 

will be called null-isoachromatic bilayers, The publications by A. F. Turner @)) and A. Vasicek 2): deal 

with null-isoachromatic bilayers. : . 


21, 7.4. 2 The spectral reflectance curve for ng = 1.52, i.e. for the comparison monolayer of Mg F2 , of 
Figures 21.25 and 21,27 lies above the other spectral reflectance curves except at extreme values of A and 
61. To substitute any one of the isoachromatic bilayers of Figures 21.25 and 21. 27 in place of the monolayer 
of refractive index n, will therefore reduce the white light reflectance. The class of bilayer discussed in 
Section 10.7.3 and its subsections is, however, much superior for reducing white light reflectance.. Except 
‘for specialized applications, achromatic bilayers are to be preferred when increased neutrality of spectral 
reflectance becomes important. For this purpose, the null-isoachromatic bilayers are not as suitable as the 
jsoachromatic bilayers exemplified by the curve for ng = 1.55 of Figure 21.27. The flatness of this curve 
is quite remarkable. Comparison of Figures 21.25 and 21,26 shows that'a wide range of distributions of spec- 
tral reflectances can be attained by means of achromatized bilayers. Figure 21. 28 has been included to show , 
how the separation of the minima at points A and B can be reduced by choosing n, nearer to the value 


ny = Yngty - 


21, 7. 4. 3 The theoretical design of null-achromatic bilayers will now be developed algebraically in a manner 
that illustrates one use of the method of admittances. From equations (81a) and (81b), one obtains for normal 
incidence the results, 


¥3 = -Ng3 : (187) 

Y= 2S n= 2; (187) 

Y= ng er TT 5 Py = fe . (187b) 
The condition for zero reflectance is py = 0 or, from eijaaaiion (79a), 

¥, = -My = -ng = -1 (188) . 


since we shall suppose that the medium of incidence is vacuum. By eliminating the admittances Y, , Y2 and 
Y 3 , one obtains quite directly the condition for zero reflectance in its general form for non-absorbing bi- 
layers, namely, : 
jg BORE og, 2S es (1882) 
n, -itanp,; ng +ing tanPp 


¥ The materials of this discussion have been taken from unpublished research notes of the author. 


** Xin is often chosen as 0.55 when the bilayer is intended for the visible region. 


@GD-A. F. Turner, J. de Phys., 11, 444 (1950). 
(12) A. Vasicek, Optica Acta, May 1951, special issue, pp. 20-25. 
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O Calculated: ny = 1,52; ny = 2.50; ny = 1.38 ; 
X Experimental: TiO, + M,F2 on spectacle crown 


}% Comparison curve for a monolayer of M g¥e 
on spectacle crown glass 


R, per cent Reflectance per surface 





Figure 21, 24~- Comparison of the computed and experimental reflectances fro: 
on spectacle crown glass of refractive index 1.52. In making 
assumed that the refractive indices remain fixed at the values ng = 1.52; ny= 2.50 and 


n2= 1,38. A spectral reflectance curve for monolayers of Mg Fon spectacle crown 
glass is included for further comparison. . : 


m bilayers of TiO, +M,F, 
the computations it has been 
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AxComparison single layer of Mg Fo5 
O ng= 1.60; 
@ ng= 1,65; 


n, = 1.38; 
ng = 1,52; 
ng is variable. 


@ Dg= L771; 
@ ny= 1.86; 





2X in microns 


Figure 21. 25- Spectral reflectance curves for a family of isoachromatic bilayers on spectacle crown 
glass of refractive index 1.52. 


n, = 1.38; n,=1.71; ng=ng= 1.52. 
= dr at A = 0.55pm. 


1/2 at A = 0.501 


= W2 at A = 0.45% 


Reflectance, % 
§ 
o 





Ay 


Figure 21. 26- Spectral reflectance curves for two achromatic but not isoachromatic bilayers on spectacle 
‘crown glass. These curves illustrate the trend wherein the minimum reflectances at A 
and B become unlike when the outer layer of low refractive index and the inner layer of 
higher refractive index are not quarter wave and half wave, respectively, in optical path 


at the same wavelength. 
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— ——n, = 1,243; ng = 1.70; ng = 1.52 
n, = 1.33; ny = 1.80; ng = 1,52 


}#—Visible Region when 6,= 180° at A = 0. 55:—>} 


‘ance, % 








90 120 150 180 210 240 
By = 360 ny 41/a, degrees 
Figure 21. oe puree ono big eae of reducing the refractive index ny of the outer layer = 

in which 

Py = 2nn, 4, /A; pg = 2rny a,/r. (188b) - 
We suppose at this point that the ratio ny /n, does not depend upon wavelength and introduce 

po = fp, > (188c) 
in which f can be assigned any desired value. Investigation shows that null-isoachromatic bilayers are possi- 


ble mathematically for the choice £ = 1, but require values of n, that are usually too small to obtain physi- 
cally. The choice f = 2 leads to the null-isoachromatic bilayers that are of interest to this section. Equa- 


ting real and imaginary parts on each side of equation (188a), after clearing fractions and introducing 


p, = 2p, = 2p, (189) 


one obtains the zero condition in the form 


ny (= my) + [RE ~ Ang - ny (L-ng)] tan p = 0; “(1892) 
am Ts og 2 2 12 2. og: 
ny - 2n, ng + ng - ny - (ng - ny ) tan”p = 0; (189b) 
By eliminating tan? p, one obtains the result 
ny Ng (n? +1) m, +n.) - an, (n3 + ny n2) = 0, (190) 


an equation for determining ny from ny and n 3 OF Ny from n, and ng. One obtains also 


2 
ng ~ 23 


By ny (ng-n3) + ng(ng -n¢ = (190a) 


cos 2p = cos By = 
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Introduce | 
2p = B, = 180°: y , . (190) 
where y is indicated in Figure 21,27, Then the solution for y becomes 
2 
ng - ng 
cosy = Wht cal ee 190. 
yerny n, (nz ~ng) + ny (n? -ng } ‘ (190¢) 


The required refractive indices and the optical paths, P, and py , of the two members of.the bilayer thus 
become known algebraically. i 
21. 7. & Quarter wave bilayers. 
21, 7. &. 1 Non-absorbing, quarter wave bilayers on non-absorbing substrates comprise a third, ‘important class 
of bilayers. In the interests of brevity, the following discussion will be restricted to normal incidence. 


21, 7. 5, 2Let us suppose that layer number two, Figure 21.20, is a quarter wave layer. Then By = 7 and 
Py » equation (182a), will be real for non-absorbing systems. Consequently from equation (182), 


2 2 : ' ‘ 

lo [2 _ Py + Wy + 2p, W, cos By (191) : 
> td ae : 

2 1+ pf w? + 2p, W? cos B, 


By differentiating le 6 [2 with respect to 8, , one finds that the condition for maxima and minima is 

Sin 8; = 0 or By = va where pv is an integer. The choice vy = 1 makes layer number one a@ quarter wave 
layer, If, therefore, both members of the bilayer are quarter wave layers at a given wavelength,’ » o» then the 
energy reflectance {p,]7 is either a mininium or a maximum for wavelengths in the immediate neighborhood 


of 4, . Maxima and minima can occur at wavelengths removed from A, but at these! wavelengths the bilayer 
will not be a quarter wave bilayer. | i . 


21, 7. 5. 3 Consider now the recursion formula (81a) at wavelength A, for which By = By = a. One obtains 








2 2. e 
¥y, = Ma 2 ea (192)° 
Yp Yy 
Whence | 
sist : 
Y= ni 3 ¥,y = ne ‘ i : (192a) 
Yg ¥3° 
From equation (81b) we note that Y¥g3 = -ng. Therefore the admittance Y¥, of the quarter wave bilayer is 
given by . i 
n? : ‘ 
¥y-- + oa, (192b) 
ng 
at A= AQ. 


1. 7. 5. 4 Equations (79a) and (192b) give the complex reflectance p o of the non-absorbing bilayer on a non- 
absorbing substrate at A = 2 4 and at normal incidence in the form , 


Ny - (22\? ng 
py = Nog 5 ; ; } (493) 
Ny + (22 ng 
M2: 


i 
1 


2 s : 
from which the energy reflectance | pol is either a maximum or a minimum. The condition that must exist 
among the refractive indices to obtain zero reflectance is 


n, nz = n,n? ‘ ‘ : (194) 


1 1 1 
| : 


21-62 | 







a —eeeeeeeeeeeeeeeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEeeEeEeEeEe=EeEeEeEeEeEeEeEeEeEeEeEeEeEeEeEee OEE eee 
Downloaded from http://www.everyspec.com 


COATING OF OPTICAL SURFACES MIL-HDBK~—)4} 


Available materials") do not ordinarily meet the zero condition of equation (194). 


21, 7.5.5 Let us now consider the case n, = 1. In most applications, the medium of incidence is air for which 
ng may be set at the approximate value unity. Then 
a 2 
2. ps 
lp, | = Re 5 NEG: (195) 
2 
n 
1+ (=) n 
ny 3 


where R denotes energy reflectance. The manner in which R depends on the choice of n,and n,is illu's trated 
in Figure 21,29 for the case ng, = ng = 1.52. Whereas only restricted generalizations can be made about’ 
combinations n, and n, that produce reflectances less than the reflectance of the uncoated substrate, we may 
conclude that the reflectance of the bilayer exceeds that of the uncoated substrate whenever n, > n,° for ‘the 
case n, = 1. To obtain a high reflecting bilayer, one should deposit first the layer having the lower refractive 
index Te 2 


21, 7. 6. Non-quarter wave bilayers. 


21. 7. 6. 1 Quarter wave bilayers will rarely satisfy the zero condition (194). However, when equation (194) is 
not satisfied by the refractive indices n, and ny , it may be possible to choose f, and fy, different from 
180° in such a manner as to meet the more general zero condition. The corresponding bilayers belong to a 
fourth important class, The bilayers of Section 21. 7. 3 modified by adding 7/2 to the optical path of the inner 
layer of high refractive index are examples of this fourth class of bilayers. Of greatest interest are those bi- 
layers for which B, and By» depart only slightly from 180°. The exact method of equations (185) to (185b) and 
equations (186) can be applied to find members of this fourth class. : 


(13) For a discussion of methods of chemical deposition that utilize a mixture of materials having high and low refractive indices 
in order to obtain films having refractive indices in the approximate range 1.44 to 2.1, see U. S. Pat. BA6O1195, April 15, 
1949 by H. R. Moulton and E. D. Tillyer. 


Reflectance at Quarter-wave Condition 
(a aA o) 





Figure 21, 29- Plots of energy reflectances at A = Ag vs the refractive index nj of the outer layer 
for the indicated values of the refractive indices ng of the inner layer with ng =ng=1,52. 
The broken line indicates the reflectance of the uncoated substrate, i.e, reflectance from 
air to the uncoated glass of refractive index ng = 1.52. 
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21, 7, 6, 2 The early investigators of thin films utilized a graphical method, involving closed polygons, for find- 
ing multilayers having zero reflectance. The approximate method of Section 21. 2. 1k is the algebraic equivalent 
of the method of closed polygons when applied to the zero condition of equation (98). By inserting Pp, from 
equation (75) into equation (98), one finds that 
Ws ei (1 + Bo) Ww. 


2 et 2 w, = 0. (196) 


jet Aa lis a 


By equating the real and imaginary parts of the left hand member of equation (196) to zero, one obtains the 


zero condition in the form ; 


Wa . 
sin (By + By) = - sin p a. (197) 
1 2 Ws 1 : 
W, cos (8, +8.) + W, cosf, + W, * 0. (197A): 


Elimination of (6, + B,) from equation (197a) with the aid of equation (197) yields. straightforwardly the 
result ' ea 
: 2 _w2 _w2 i : . : 
cos By = ik Sa ae (197b) 
2W, We 


Equations (197) and (19'7b) determine in a simple manner first 8, ‘andthen 6, . As'the first example, ‘con- 
sider the case in which n,= 1, ny = 1.38, ng= 1.72and ng = 1.52, with reference to the curve for ~ 
ny = 1.70, Figure 21.29, ny is then a little too high to obtain zero reflectance when 8; + By = 180°. 
Equations (197b) and (197) yield four pairs of solutions for B , and By . These are | 


224° 36" : 
By = 164° 16°; A, -{ ee "¢(198) 
346° 52: 
and ' 
7 135° 24: i 
6, = 199° 44; gp -{ ot .  (198a) 
1 2 13° os “ 


The case 6, = 199° 44" and 2 = 13° 08 belongs to the classification of Section 21, 7.3, In case. 

B, = 164°°16" and Bg = 224° 36', the optical paths 61/2 anil 8, /2 are most nearly equal to 90°.. On 

the other hand, when one examines the examples ny = 1, ng = 1.68, ng = 1.52 with n, = 1.38 and 1. 384, 
‘he'finds that [cos B,| >1. Although the physical parameters have been changed only 'skightty, the method of 

closed polygons does not admit solution. : a ’ 


21, 't. 7 High reflecting bilayers on metals. Bilayers of non-absorbing films can be used for gaining significant 
increases in reflectance from metals. For example, a very durable bilayer of silicon monoxide and titanium, 
oxide for increasing the reflectance of an evaporated aluminum mirror has been described by G. Hass. (4). 

' t 1 


21,8 TRILAYERS 


21, 8.1 Introduction. The main interest in trilayers has centered on the possibilities which they provide for 
obtaining lower and flatter curves of spectral reflectances than is feasible with bilayers, Trilayers can ex- 
hibit three minima in spectral reflectance over the visible region. -In extreme cases all three of these minima 
can be zero minima. The so called quarter-half-three quarter wave trilayer 45) is advantageous for achroma~ 
tization. * 


21, 8, 2 Low reflectance trilayers. The behavior of the quarter-half-quarter wave type:of low reflecting tri- 
layer is indicated in Figure 21.30. It should be noted that the central laver is a half-wave (and hence absentee) 
layer at a wavelength 2 at which the inner and outer layers are quarter wave layers.: Consequently, the tri- 
layer behaves in effect as a quarter wave bilayer at X = Ag . The condition for zero reflectance can be found 
by considering equation (194) for quarter wave bilayers. Thus, nga 3 = 4 nj when the refractive indices 


(14) Georg Hass, Vacuum, 2, p 339 (1952). ‘ 
(15) For an example and discussion of this class of trilayer see O. S. Heavens, Optical Properties of Thin Solid Films, 
Butterworths Scientific Publications, London (1955), pp 213-215. ! z 
* The term apochromatization would be more appropriate when the film is designed to have three minima, i.e. is 
"corrected" at three wavelengths. 


| 
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Reflectance 1 % 





0.4 0. 45 0. 50 0. 55 0. 60 0.65 0. 70 0.75 


a, microns 





Figure 21. 30- Spectral reflectances of quarter-half-quarter-wave trilayers on a substrate of refractive 
index 1.52. The high index ng = 2.50 belongs to the central, half-wave layer. The 
curves illustrate the effects of altering the refractive indices ny and ng of the quarter 
wave layers, The curves of this figure have been computed by the approximate method of 
section 21. 2. 11, 
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! 
are properly identified with those of the trilayer. The condition for zero reflectance at X = A is therefore 
n : : 
ng = a vng- (199) 

i 
The refractive indices n, and n of Figure 21.30 have been chosen in accordance with equation (199). The 
curves of Figure 21.30 are quite lat and low from 0.45 to 0.65 microns. They tend toward achromatization 
but do not succeed. The performances of the quarter-half-quarter and quarter-~half-three quarter wave tri- 
layers as anti-reflection films are not far different. \ 


I | | 


| t : Z 

21.8.3 Band pass trilayers, A trilayer consisting of a dielectric layer silvered on both major surfaces is 
essentially a Fabry~Perot interferometer, Like Fabry-Perot interferometers, such trilayers are readily de- 
signed to transmit narrow bands of wavelengths after the manner described and illustrated in Section 16.16. 
These trilayers are utilized as narrow pass band filters, By forming the dielectric layer as a wedge ‘of 
gradual taper, a convenient and’ effective monochromator is achieved. Thin film theory involves the.) -.- 
assumption that the number of interreflections within each film is infinite, When regarded as Fabry-Perot - 
interferometers, the trilayers discussed here require the choice ‘of equation 16-(107) rather than 16-(106),. 


21.9 QUADRILAYERS 


21, 9,1 A low reflecting quadrilayer. The quarter-half-quarter trilayer discussed in Section 21. 8. 2 has been 
modified in a significant manner by Dr. Helen Jupnik so as to achieve a more practical anti-reflection film that 
has excellent performance. Difficulties occur in making the trilayers of-Figure 21,30 because the refractive 
indices n, or n g or both are not available as durable, non-absorbing materials. To jovercome difficulty due 
to availability of a material having the most desired refractive index n, , Dr. Jupnik replaces the corres- 
ponding quarter wave layer by an "equivalent" quarter wave bilayer having refractive indices nt, and ny as 
illustrated in Figure 21.31. : 

| ; 
21,9, 2 The principle of equivalence, The principle of equivalence is so important to the theory of thin films 


that its application to Jupnik'’s quadrilayer will be considered in detail. The substituted bilayer shall be a 





Trilayer . Quadrilayer 
Figure 21. 31- Notation with respect to the + ~---4 trilayer and H. Jupnik's 


quadrilayer. The last quarter-wave layer is replaced by an equivalent bilayer. Y,, 
denote admittances, , i 
| 
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quarter wave bilayer and shall be equivalent to a quarter wave layer of refractive index ng at the wavelength 
2X g at which the optical path is in fact one-quarter wavelength. The argument is simple on the basis of the 
admittances Y, . Suppose that it is possible to choose n', and n', , Figure 21,31, such that Y; = Y5. 
Because layers number 1 and 2 have not been altered, it must now be true that Y,; = Yp and Y, = ¥,, 
facts that can be checked, if desired, from equation (81a). From equation (79a) the complex reflectance p, 
of the multilayer is py = (n,+¥j )/(n, - Y,)} at normal incidence. Hence p, is left unaltered when 

Yy = Yy or Yi = ¥3. with respect to the trilayer (N = 3), equation (81b) yields 


Yg = -ny- (200) 
Since 6 = m for quarter wave layers, equation (81a) yields 
2 So 
x, = n2 /Y4 = -n§ /n 4. (20a) 
Similarly, with respect to the last two proposed elements of the quadrilayer, Figure 21.31, 


ek / (2600p) » 


Mp Sea. = 8 
yy = ny y/yE = - (a)? /n 4 3 (200c) 
Yh = (wy )°/Yy, = -ng(n's)?/ny)? « (200d) 


By setting Y, = ¥y from equations (200a and d), one finds almost directly that 
n, /n, = ng /ng- (201) 


The quarter wave bilayer having refractive indices n'\, and n', that satisfy equation (201) is equivalent to 
the quarter wave layer of refractive index ng for ali values of nz. 


21, 9. 3 Selection of values. 


21. 9. 3.1 We have seen that choosing ng in accordance with equation (199) makes py =0 at A= Ag. By 
introducing ng from equation (199) into equation (201), we obtain Dr. Jupnik's selection for nz and ny in 
the form : : ae 


x oe (202) 

—= = > By =, =H, - 

Ny no V¥ng . s 5 & 

One is free to assign values to n', or n', . In the example of Figure 21.32, ay and ‘n', are assigned the 
value 1.384 corresponding with the choice of M, Fp. Then, with no = 1 and ng = 1. 54, one computes 
nz; = 1,55*from equation (202). 


21.9. 3. 2 Comparison of Figures 21.30 and 21.32 reveals a number of interesting points. First, the substi- 
tution of the quarter wave bilayer serves also to achromatize the multilayer. Secondly, for the choice 

n, = 1.38 the spectral reflectance curve of Figure 21,32 is low and flat over a greater range of wavelengths. 
thirdly, reflectances less than 0.1% are exhibited over a remarkably long range of wavelengths. 


21. 9. 3. 3 The effect of reducing the refractive index, n,, of the half-wave member of the quadrilayer is illus- 
trated in Figure 21.33, The achromatic points have moved outward to 0.45 and 0.70 microns to produce low 
reflectances over a greater portion of the visible spectrum than in Figure 21.32. This gain in spectral range 
is obtained at the cost of a slight increase of the reflectances at the points marked A and B. Further analysis 
shows also that the effects of increasing the refractive index, ng , of the substrate are slight even when the 
refractive indices nj to n, of Figures 21.32 and 21.33 are left unchanged. From equation (202), a change 
in the refractive index of the substrate requires that n', be changed correspondingly if one insists that the re- 


‘flectance shall be zero at A = Ag. 


21,10 QUARTER WAVE MULTILAYERS 


21,10.1 Introduction. The following discussion is restricted to normal incidence upon non-absorbing systems 
and to the wavelength 2» o at which the optical path of each layer is one quarter wavelength. Equation (81a) 
shows thatat A = A,, where B, = B= 7, 


: 
Yya = Mpa /¥y- (203) 


The refractive index of thorium oxyfluoride falls near 1.55. 
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Figure 21, 32-' Curve of the computed spectral reflectances of a quadrilayer by Dr. H Jupnik for 


Reflectance, % 


the indicated refractive indices of the system, 








0.55 0.60 0.65 10.70 : 0.75 
a, microns | : | 


Figure 21.33- Curve of spectral reflectances illustrating the effect of decreasing the refractive index 


ng of the half-wave layer of the quadrilayer of Figure 21.32. The curves of both Fig- 
ures 21,32 and 21,33 have been computed by an accurate method. 


| 
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Closer examination of equation (81a) reveals that equation (203) holds whenever 6,/2 = 6/2 = 1/2 where 
is an odd integer and 6/2 is optical path. Increasing the optical path of any one or any number of the layers 
by an integral number of half-wavelengths will not alter the following conclusions. 





21.10. 2 The admittance, Y,. From equation (203) one finds directly that Yo = n? fY¥ 13 , 
2 TY, Y, nz / 


¥g = 05 7¥, = Yj ng /ng; Y, = ng /Y, = n3 n2 /n2 ¥,; etc. Hence one conclides by induction that 
2 2 2 2 
1 My yNWesMNe5 - +e ee , 
Yrs Se EET cL aE ; N even; (204) 
Yo aye N-aMN-G ee ng 
2 2 2 : 
nL Dye ee 2 we nh 
yy = % N=1 N= 2_ ; N odd; (204a) 
1 Tn? on2 nz” is 
N-2"N-47 0 7° M1 ; 
where N is the number of layers in the multilayer. However, Se 
2 2 
Yy = Oy /Yyer = - BN /Myyy (204b} - 
since Yy,1 = - Dy 4 See equation (81b). Hence, the admittance Y, of any quarter-wave multilayer is 
given by : 
ane 2 . 
Yy = - ayaa Nat oh ; ; N even; (205) 
my By-z------ 2 
1 nZ ng5......n? 
¥, = - NO N-2 a ; Nodd. (205a) 
Nye Ny_iNoge se ee no 


With Y, thus determined, the corresponding complex reflectance p o Of the multilayer can be computed from 


equation (79a). For normal incidence, 


Ng + Y 
p = _2 i. 


oO 
nm - Yy 


(206) 


21,10. 3 The zero condition. According to equation (206), the refiectance will be zero at A = A o, Whenever 





Y¥, = -n,, i.e. whenever 
2 2 2 
Ny — BNa™n-gccc ct: ny 
2 zee ee ee 
Tye "Ny ON-2 m3 
2 2 
ng néZ,..-e .n 
No tyyy= —NNR2 1 
ny Vn-3 em ewe . ng 


3 N even; (207) 


(207a) 


When WN = 2, one obtains n, /n 3 5 ny nZ , the result of equation (194) for quarter wave bilayers. When 


2 


2 
N = 3, one obtains ngn4 = ng ng /ng , the zero condition for trilayers. Equations (207 and 207a) give 
one much greater flexibility as regards the choice of materials for obtaining zero reflectance than does the highly 


Specialized zero condition for a monolayer or for a bilayer. 


21, 10. 4 High reflecting multilayers, Equation (206) shows that there are two different ways in which one can 
achieve the result rT 


JPol ote 
Y, - 0; 
x > oO. 


Suppose with respect to equation (205) that ny_,/ny < 1, 


. Thus the energy reflectance approaches its highest value unity as 


(208) 
(208a) 


© Aye eee ea nj /ng <1. 


-3/ty _ 
Then [Pol -~ 1 as N ~ © on account of equation (208). ona othe hand, if one chooses ny_j/ny > 1, - - 
eee DY /ne > 1,: then Y, + © and [Pol ~ 1 asthe number N of the layers in the multilayer approaches 
infinity. Similar observations apply when N is odd as in equation (205a). Therefore many possibilities are open 
for achieving high energy reflectance by increasing the number of layers in the multilayer. 


21,10. 5 The periodic system of repeated bilayers. The production ofa multilayer is simplified by alternating 


layers of high and low refractive indices ny, 


and nj . When the number N of layers is even, the resulting 


system of layers is periodic and forms an assembly of repeated bilayers as illustrated in Figure 21.34. There 
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| 

| 

Figure 21, 34- A multilayer consisting of repeated bilayers having the refractive indices n, and ng.- 
The thicknesses dy and do are likewise repeated and are chosen so that the optical 
path is one quarter wavelength at an assigned wavelength A. The number N of 
layers must now be even. ; | _ 


| : : 
are N/2 even and N/2 odd integers between 0 and N when N is aneven integer. Consequently, equation | 
(205) simplifies to the result a 











n N : , 
oo (3 ; (209) 
and equation (206) assumes the explicit form ; 
| 
No - Bya 21)* Bo | fy \% 
p= Met 62 Nea mT CL (210) 
? 7 nz \N Ny ny 1 N 
No *Tya1 Te Ded m 
The zero condition requires that 
N 
BOs oes ( a). (211) 
B Ned ny 


If nj, < ny, » One must choose ny < n in order to obtain zero reflectance, lie e. one must apply the 
layer of higher refractive index upon the substrate of refractive index Nyy, - On the other hand, equation 
(210) shows that |p,| can be made high whether one chooses n, < ng or ny >n provided that 
N is taken sufficiently large; but that one should choose the alternative ny > Ry in order bo obtain the high- 
est energy reflectance | Po |? for a given number N of layers. : 


21,10. 6 Odd number of alternating layers. - An important group of quarter wave multilayers containing an odd 
number N of layers having alternating refractive indices n, and ng is illustrated by Figure 21,35. If, for 
example, N=5 and ny > ng, these facts are indicated by the'notation HLHLH or (HL)? H in which 

H and L refer to the high and low refractive indices n, and Np , respectively, As a second example, if 
N= 15 and ny < ng, the multilayer is described by writing (LE) TL. As in section 24,9. 4, the complex 
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Figure 21.35- A multilayer consisting of an odd number N of quarter wave layers whose refractive | 
indices n, and ng are alternated, A layer of refractive index ny occurs at each 
end of the multilayer. The optical paths of the layers are 4 at A=Ao. © : 


reflectance p, at A =A, canbe found in a simple manner from equations (205a) and (206). The result is 





2 ie 
ni ni i 1 
No oe oe ‘ 
Po Ne VE (212). 
2 N-1 
Dy (=+} 
No + —_— 
DN+L No 


with the energy reflectance R = leo | - . To obtain the highest value of R with the fewest number of layers, 
one chooses n, as large as possible and ny as low as possible. The curve of computed spectral transmit- 
tance T = 1- |Po (a) fF of the multilayer (HL)5H is shown in Figure 21,36 for the indicated values of 
Rg» By, Me and ny4,,; = 2, - The laygrs’are quarter wave layers at A ='Ag = 0.75 microns at which 
one computes from equation (213) that |po]" = 0.9946 whence T = 0,0054. Energy reflectances exceeding 
those from silver are obtained easily with multilayers. 


21.10. 7% Achromatization. The spectral transmittance curve of Figure 21.36 illustrates one of the more seri- 
ous difficulties encountered in the design of thin films. The oscillations in the spectral transmittances exempli- 
fied by those occurring between 0. 4 and 0.62 microns are usually undesirable. The term achromatization or 
achromatizing pertains to the minimization of the amplitudes of undesired, rapid oscillations of spectral trans- 
mittance or reflectance curves in such a manner that the curves are flattened. This usage of the term achroma- 
tization is not entirely consistent with that of Section 21, 7. 4. Achromatization of bilayers and multilayers differ 
slightly, we may say, as to the manner in which a curve of spectral reflectance or transmittance is "flattened", 
_An example * of one method of achromatizing multilayers is illustrated in considerable detail by Figures 

21.35, 21.36, 21.37, and 21.38. Flattening of the curve of spectral transmittances between 0,4 
and 0,62 microns is accomplished without appreciable alteration of the curve between 0. 62 and 0.75 microns. 
As with bilayers, achromatization of multilayers can be achieved also by adding half-wave layers at strategic 
locations within the multilayer. ; 


It will not be possible due to lack of time and space to do justice to the able work of many investigators who have contributed 


to methods of achromatization, 
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Figure 21.36- Curve of computed spectral transmittances taken from the files of Dr. H. Jupnik for 
the alternating multilayer (HL)® H having layers that are quarter-wave layers at 
%o= 0.75 microns, The heights and locations of the numerous maxima and minima 
have not been determined with greatest possible pare. 
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{(.5n) H (51) ° 
Figure 21. 37- Explanation of the notation C5) HG 5L)] 6 with respect to a multilayer. (HL) 5H 
to which has been added at each end an achromatizing layer of low refractive index and 
of optical path A/8 at A=Ao. The system consists of six repeated "trilayers," 
(.5L) H(.5L) or (®) H (% * 


‘21. 10. 8 Narrow pass band filters. 


21.10. &.1 The design of multilayers that are intended for use as narrow pass band filters is based upon the 
principles of the Fabry-Perot interferometer. The silver coatings on opposite surfaces of the plane parailel 
plate are replaced by high reflecting multilayers. In turn, the plane parallel plate is usually replaced by a 
layer that serves as the spacer, High reflecting multilayers are superior to silver coatings * when only small 
amounts of absorption can be tolerated and when durability becomes an important consideration, One arrange- 
ment is illustrated in Figure 21,39. When all the layers of multilayers, B, and By , are quarter wave 
layers at A = Ag , the optical path of the separating layer, S, should be an integral number, v, of half 
waves at Ag. It is not difficult to see that at norma! incidence the transmittance is unity at % = Ao for the 
idealized system that contains no absorption, scattering or departures from the rigid design of Figure 21.39. 
First, one notes that the spacer layer S is an absentee layer at Ao. Layers 1 and 1' are then effectively 
in contact and comprise a half-wave or absentee layer. This now places layers 2 and 2' effectively in con- 
tact to form a third absentee layer. One concludes that all opposing pairs of layers form absentee layers at 
Aq -- and, indeed, that the filter becomes an "absentee filter" that must have transmittance unity. 


21, 10.8. 2 The behavior of the filter at % # Ao can be appreciated and evaluated as follows from the theory 
of Fabry-Perot interferometers. With reference to equation 16-(103} we note that the parameter, A, is now 
given by ; 


A = |p| jos | (213) 
in which p, and pt, are the complex reflectances of the "coated" surfaces of the spacer, 8, Figure 21,39, 


since the spacer has been assumed to be non-absorbing. Let T denote the time averaged energy transmittance 
of the filter. Then T = W where W is the quantity given by equation 16-(107). From this equation we see 


- Ir x | 
ro[2 
aT = [> 2Acosa + Az (214) 
¥ Si 


lver coatings having extremely small amounts of absorption can be produced by evaporation; but the required technique 
is not well known and the silver coatings are not likely to remain low-absorbing. 
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Figure 21.38- Plot of the spectral transmittances obtained by achromatizing the system (HL) 5H of 
Figure 21.35. by the addition of a 4/8 layer of low refractive index at each end of the 


multilayer. The notation for the multilayer thus obtained is 
plotted data have been taken from the files. of Dr. H. Jupnik, 
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Figure 21.39- A narrow pass band, interference filter consisting of a spacer layer coated with high 
reflecting, quarter-wave multilayers By; and Bg that consist of seven alternating 
layers. : 


in which 7 and 7 are the complex transmittances of multilayers B, and Bz , Figure 21.39, and’. 


a= 479s4s 4 arg(po) + are (ry) . (215) 


a 
where Rs and d, are:the refractive index and thickness, respectively, of the spacer. . The transmittance . 
T is maximum when 


a= var (216) 


where the integer -y is called the order number of the filter or interferometer. The corresponding wavelength 
is usually indicated by A, in Fabry-Perot interferometry. By eliminating @ from equation (215) with the aid 
of equation (216), one obtains the result 


ge : 
2ns ds + 7 [are & ) + arg ©, = Udy « (217) 

Sharp peaks of transmittance T = W are produced by. equation (214), as illustrated by Figure 16,19, when the 

equivalent equations (216) and (217) are satisfied. These sharp peaks are the narrow pass bands. 

21, 10, 8. 3 Suppose now that the numerous conditions of Figure 21.39 are met by the interference filter at . 


A= A, .~. Then py = py and p, is determined from equation (212) with N = 7. Because we have chosen 
Hy >Mg> A turns out to be real and negative. We may write , 


s in | 
e, =|a le . (218) 
The phase change on reflection can be taken as either of the two physically indistinguishable values, ta. The 
simplest way of interpreting equation (217) at A = Ag is now to take A, = | Py | elT and pt = | Pol eit 


since these are physically indistinguishable. Correspondingly, 


arg (p,) + arg (ey, )} = 0; A=AG- (219) 
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' i 1 
Then, simply, 


angdg = vdrAy at rAzaAQ. , / , (220) 
Hence we may regard the integers v of Figure 21.39 and equation (220) as the same integer, i.e. as the spec- 
tral order number of the filter. Equation (220) explains why an interference filter can exhibit two pass bands 
in the visible region. Suppose that 4, is chosen at the red end of the spectrum, Here, A, = Ay. If yp is 
high enough, it can happen that at a shorter wavelength Ap <4 the order number is increased to v+1. In 
other words, it can happen that | i 


@ngd, = (v+ t) Aya >, (221) 


where Ay,, < Ao . Because equation (217) and its simplifications are conditions for maxima of T, the. . 
wavelength ,,, defines the center of a subsidiary pass band. By increasing v (increasing d, ), one obtains 
additional pass bands.in a specified spectral range such as the visible region. ee hs 


21,10. & 4 The widths of the narrow pass bands are important properties of the interference filter. These widths 
can be evaluated as follows. From equation 16-(1L3), - ; ee 


laa| = + ; | (223) 


' 





where Aq is a particular departure of a from its value @, at the wavelength A,, at which T is maximum. 
This departure of @ from a, changes T from T = Tyaximum | tO Tmaximum /2. Let us assume for 
Simplicity that the variation of the phase changes on reflection arg (po) and arg (p', ) with wavelength can 
be ignored. * By differentiating a with respect to 2 in equation (215), one obtains : 


lac| = pb faal . - (223) 


We evaluate the derivative at the center of the pass band under consideration where’ = Ay. Let 2ngd, 
be eliminated from equation (223) with the aid of equation (220). Then | 


laq| = vag taal . . * (224) =, 


By eliminating Aa from equation (224) with the aid of equation (222), we obtain the formulae 


Ay 1-A ! 
alaal = wee ee a 225 
lal = <P | | (225) 
ay 1-bl be, 
= — : Se ; : (225a) 
*V'lel [Po 
= Ay i (225b) 
vt ! 
where the finesse (16) f is defined as i 
f£=aVA /(i - A). , (226) 


laa is the half-width of the pass band of the filter at the selected order number p. By definition, |Aa| is 
the departure of A from A, that causes the transmittance of the filter to drop from T max, a A, to 


Tinay,/2 at A= Ay t [4A|. When [Po | = jes | . : 
7 , 
2jaal= 22 1-lpol | (227) 
ye 
where |q,| is evaluated at the wavelength Ay. At the wavelength A = Xo, Po canbe calculated from 


equation (212) provided that the high reflecting multilayer falls in the class governed by lequation (212). Equa- 
tion (227) shows that the half-width is decreased by increasing |p | or the order number v. At fixed A,, 
the order number is increased by increasing the optical path ngdg of the spacer. 


In some applications, arg (P.) is deliberately made a rapid function of wavelength in order to utilize the dispersion of the 
phase changes on reflection for obtaining narrow pass bands. : 


(16)P. Giacomo, Rev. D'optique, 35, 317 (1956). 


| 
| 
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21.10, 85 As an example of the evaluation of a half-width from the theory, let us now consider the type of in~- 
terference filter of Figure 21.39 with ny = 2.35, ny = 1.38 and ng = 1. 38. This choice corresponds to 
the use of ZnS and M, Fe as the material of high and low refractive index, respectively. We suppose that 
the multilayers B, and By are quarter-wave systems at Aq = 5550 Angstroms and that the spacer is a half- 
wave spacer at X4,. We compute the half-width at the main transmittance peak located at A, = A, where 

vy = 1. In applying equation (212), we may take n, = ng = 1.38, nyyy = 1, ny = 2.35 and N= 7. Ther 
|Po| =,0.9797 and |Pol” = 0.9598. Then from equation (227), |AA| = 36.2 Angstroms, The half-width 
may be decreased to 12.07 Angstroms by choosing v = 3. In practice, further reduction of [aa] is accom- 
plished by increasing |p,| , i.e. by increasing N or by choosing a pair of dielectric materials for which the 
ratio ny /ng is higher. We see that half-widths of one Angstrom or less become difficult to attain. 


21,11 MATERIALS AND TEXTS 


Whereas many scattered publications deal with the optical properties of substances that are suitable for use as 
thin films, the writer is unaware of a publication that contains an exhaustive summary of the optical properties 


’ of the many possible materials from the ultraviolet region into the region of the infrared. 


One of the longest tables of the optical and mechanical properties of materials that are used in making thin films 
will be found in L, Holland, "Vacuum Deposition of Thin Films,"* John Wiley & Sons, Inc. (1956). 


Quite detailed discussion of the optical constants and properties of metallic films is included in O. S. Heavens, 
"Phe Optical Properties of Thin Films," Butterworths Scientific Publications, London (1955). This book in- — 
cludes scattered information about the optical constants of other materials such as Zn 8S, Sb, O3;, Ge and 
Te. : 


A useful list of the optical constants of metals and inorganic compounds appears in most editions of "Handbook 
of Chemistry and Physics," Chemical Rubber Publishing Co. : : 


A book by W. Lewis, ‘Thin Films and Surfaces," Temple Press Ltd, London, First Edition is devoted to the 
structure, properties and production of various thin films. Emphasis is placed upon aluminum and alloys con- 
taining aluminum. , S : : 


The excellent work of Dr. Georg Hass and his associates has contributed information about the optical proper- 
ties and formation of thin films -- especially the oxides of titanium, silicon, aluminum and rare earths, .As 
one example, see Georg Hass, Vacuum, 2, 331-345 (1952). This publication contains a substantial list of 
references. 

The following texts may be consulted for much additional, valuable discussion relative to thin films. 


Auwarter, Max, ed. -- "Ergebnisse der Hochvakuum technik und der Physik dunner 
Schichten, " Stuttgart, Wissen schaftliche Verlagsgessellschaft (1957). 


Mayer, Herbert -- "Physik diinner Schichten," Stuttgart, Wissenschaftliche Verlagsgesellschaft, 
1950, Volume 1 and 2. 


Vasicek, Antonin -- "Optics of thin films," Amsterdam, North-Holland Publishing Co., 1959. 
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' 22 INFRARED OPTICAL DESIGN 


22, 1 INTRODUCTION 


22. 1. 1 General. The basic principles of optical design for the infrared region are the same as those 
for visible and ultraviolet light. The differences arise mainly from the nature of the materials which must 
be used, and from the operational and environmental requirements of most of the current applications. 


22, 2 INFRARED OPTICAL MATERIAL 


22. 2.1 Image converter tube. Reflecting and refracting materials suitable for use at the various infra- 
red ‘wavelengths, have been discussed in Section 16. In particular, reference was made to the publication 
by Ballard, McCarthy, and Wolfe, tabulating information on currently available materials. (Development — 
work is active in this field, and the designer should keep abreast of the situation with appropriate journals 
and other sources of possible information on new materials). Only general comments on materials wil. - 
be made here, although they will be extended somewhat in the subsequent portions of this section. Radiation 
in the 0.8 to 1. 2n: region is used with night vision devices employing image converter tubes, suchasthe 
"Sniperscope". These are ordinarily "active" devices. That is, they are used to look at objects which 

are illuminated by infrared light from a source which is under control of the user. The light source is. 
usually a tungsten lamp or carbon arc covered by a filter which absorbs the visible light whilé passing the 
infrared. The effective wavelength range results from the combination of the spectral characteristics ‘of 
the source, of the filter, and of the photo-sensitive cathode of the image converter tube. 


22, 2. 2 Infrared imagery. In infrared use, an objective similar to a photographic objective forms an image, 
in infrared light, on the photocathode of the tube. ‘The illuminated areas of the cathode emit electrons which 
are accelerated and focussed on a fluorescent screen at ‘the opposite end of the tube, thus forming a visible 
image which can be viewed by the user with the aid of a magnifier. ; 


22. 2. 3 Glass for infrared usage. Ordinary optical glass transmits satisfactorily in this region and is . 
always used. However, the dispersion characteristics of the several types become much more nearly alike 
in the infrared than they are in the visible and, as a consequence, much stronger powers of crowns and. 
flints are required to obtain achromatization. For example, a doublet with a 100mm. focal length, made of 
light barium crown (1. 5725/57. 4) and dense flint (i. 6170/36.6), and achromatized in the visible, will have 
a crown with a 36mm. focal length and a flint with a focal length of 57mm. If the same glasses be used to. 
achromatize the doublet in the region from 0. 8:to 1.24, the crown must have a focal length of 19mm. and 
the flint 23mm. The chromatic aberration of a single crown lens in this region is approximately two-thirds 
to three-quarters of that for a lens of the same glass from the C line to the F line in the visible, and some 
slight advantage can be taken of this fact. It is still true, however, that in using a basic lens type, e.£-, 

a Petzval, it is sometimes necessary to replace a single crown lens by two, in order to avoid the high- 
order aberrations which would otherwise result from the strong curves necessary for achromatization. 


22, 2. 4 Optical glass infrared absorption. Radiation in the region from the visible to about 3. 5p is 
within the range of usefulness of lead sulfide cells. Ordinary optical glass begins to absorb slightly at about 
2.0n, and the absorption becomes very great at approximately 2. 6 to 2.7, depending on the type. 
Consequently, ordinary glass cannot be used for systems requiring performance beyond 2. 7p. Although the 
usefulness of lead sulfide cells extends to 3.5n or beyond, it may happen that the combination of (1) the 
spectral characteristics of the source, (2) any filters in the system, (8) the intervening medium such as 
air, and (4) the lead sulfide cell itself, will produce a situation under which only-a very small proportion 

of the response of the cell would be lost by using ordinary glass. In such a case, it is worth while to con- 
sider carefully whether the loss of a slight amount of response is sufficient to outweigh the advantages of 
using ordinary glass. It is well to study a number of glasses in this connection, since there is some 
variability in transmission from type to type, remembering that the flints as a class, transmit slightly 
better than the crowns. 


22. 2. 5 Materials suitable for wavelengths beyond 2.7. The materials available and suitable for use 

at wavelengths beyond approximately 2.7 have, for the most part, refractive characteristics quite dif- 
ferent from those with which the designer works in the visible and the near infrared. Indices of refraction 
range from approximately 1.35 (lithium fluoride) to 4.4 (germanium). The range of dispersion character- 
istics is even more striking. With ordinary glass, the ration of v values available for achromatization 

is limited to about 2. 4:1 or less, In the infrared, this range may run as high as 46:1, the value for a 
positive silicon element and a negative element in the 3. 5 - 5.5% region. In spite of this great range of 
values of optical constants, it usually turns out that for reasons not primarily optical, only a few media 
are available for a given application. The designer must make his selection from those few, and determine 
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by trial which combination allows him to get the best correction within the limits of allowable complexity 
of the system. For this reason, among others, reflecting systems are frequently used.) The reflectors 
are completely achromatized, of course, and have nearly constant reflectance over a large range of 
wavelength. Refracting elements are used with the reflectors to control aberrations. ; 

; : 


i : 
| | ' 


22.3 ENVIRONMENTAL REQUIREMENTS 


22.3.1 Current applications. Currently, most designs of infrared optical systems are intended for use by. 
the Military, and therefore the systems must meet Military requirements for serviceability after long 
exposure to adverse environmental conditions. In particular, many ‘infrared systems are to be airborne, 
and roust meet stringent requirements for compactness and lightness of weight, as wellias the ability to 
withstand rapid changes in temperature and humidity without damage, These requirements place more 

rigid limitations on the choice of materials, and on the elaborateness of system, than are encountered in - 
other applications. | | | . 


: i i i 
22.3.2 Choice of materials. The choice of material for the windows of airborne equipment is one which 
must be based primarily on considerations of this nature, These windows aré sometimes flat, but are 
more frequently dome-shaped, since they are used with scanning equipment. Being exposed on the ex- 
terior of the vehicle, they must be resistant to the variations of temperature and humidity to be expected ~ 
in service, The material must be hard enough to withstand excessive scratching; for example, from dust 
Kicked up during take-off and landing. Particularly when used in supersonic vehicles, the material must 
be able to withstand the thermal shock resulting from friction with the atmosphere. When heated from 
such friction, it must not radiate much energy in the infrared region in which the optical system is 
operating; otherwise a false signal may be generated or a true ore obscured. Of course,’ a material radiates 
only in the region ‘in which it absorbs (See Section 16) and therefore, ordinarily a material transmitting well 
enough to be considered for use as a window will not give trouble in this respect. However, because of the 
scarcity of suitable materials, it is. sometimes necessary to consider those which do have slight absorption 
in the region of use and the possible effect of such unwanted radiation must be considered. In this connection, 
it is important to know the transmission characteristics of the material at elevated. temperatures, since ° 
these characteristics may differ Significantly from those at ordinary temperatures, 


22.3.3 _Size limitations. The window material must be obtainable in pieces large enough for the intended ° 
use. This requirement frequently rules out a number of otherwise promising materials. Some attempts 
at getting around this difficulty have been made by using segmented windows made up of:a number of $ 
small pieces, and by replacing domes by polyhedrons made up of small, flat pieces. Such structures do not 
seem to have been generally satisfactory, however, probably because of the difficulty of providing adequate 
strength in combination with freedom from excessive obscuring by the supporting framework. 

| : 
22.4 OPERATIONAL REQUIREMENTS 
22.4.1 Detection of infrared. To be useful, the infrared optical system must feed the energy it collects 
into a photosensitive device of some type. Fundamentally then, the design of the complete infrared instrument 
requires similtaneous consideration for the optics, the photosensitive device, and the associated equipment 
(usually electronic in nature), with respect to the performance requirements to be met. (With respect to this 
discussion, photosensitive devices will only be described for the purposes of orientation, ; . 
22. 4,2 Classification by instruments. Infrared devices are customarily classified by systems engineers as 
"image forming”, or "non-image forming". An "image forming" device is an instrument whose output is a 
visual pictorial display of the field viewed by the device. An example is the "Sniperscopeée" previously men- 
tioned. A "non-image forming" device is an instrument whose output is a signal, which is usually electrical. 
An example is an instrument giving information of the presence of a target of some nature ina particular por- 
tion of the field of view. This classification, while logical from the systems engineer's point of view, is not 
always very significant to the optical designer, since the optical systems of many “non-image forming" de- 
vices must actually have an optical image somewhere in the system in order to permit the location of a target 
within a particular portion of the field of view. Similarly, some "image-forming" devices, ‘which depend on 


Scanning procedures, require optical systems which simply condense the energy from a small field onto a 
photocell. i I 


22.4.3 Classification by wavelength range. For the optical designer, a more useful classification of infrared 
devices is by the wavelength range which the instrument utilizes. For the purpose of this discussion, the 


range of the near infrared will include the region from 0.75 to 3. 0x:and beyond the near infrared will include 
" the region from 3. 0p to 10002. . f : : 
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22.5 THE NEAR INFRARED REGION 


22.5.1 Current applications. There are three types of commonly used systems which work in the near infra- 
red; that is, in the region from the visible to about 1.3. All three are image formers, both in the systems 
sense and in the optical sense. They are the infrared photographic process, the image-converter tube sys- 
tems, and the triggered radiation system. Ordinary optical glass is suitable at these wavelengths and the 
optical design is quite similar to that for photographic objectives, within limitations discussed in 17.7.2 


22. 5. 2 Infrared photography. Infrared photography uses plates or films similar to those of photography with 
visible light, excépt that the emulsions have been sensitized by the addition of infrared-sensitive dyes. 


22.5.3 Infrared image converter systems. 


22.5.3.1 The system using an infrared image converter tube has an optical objective which forms an infrared 
image on the photosensitive cathode of the image converter as-shown in Figure 22.1. The cathode emits elec- — 
trons into the space within the tube, the rate of emission from a given area being proportional to the intensity 
of illumination of the area. The electrons are ‘focused by electrostatic or electromagnetic means, in order - 
to form an image on an electron-sensitive phosphor at the other end of the tube. - The phosphor emits -visible 
light, and the image can be seen by viewing the phosphor with the eye, usually with the aid of a magnifier. . 


22. 5.3.2 Specifications for the components of the system are determined by a compromise between the desired 
performance characteristics and the state of the tube-maker's and the optieal designer's arts. There are usu- 
ally rather stringent requirements for compactness and portability. The instrument must operate as a tele- 
scope of a certain power, usually unity or greater. It is desirable to have a fast objective, since this increases 
the range at which the instrument is effective. Given the desired field angle, the size of the cathode of the tube 
determines the focal length of the objective, or vice versa. The electrostatic tubes (which are the sort usually 
used in this country) operate at a magnification less than unity. The sub-system consisting of objective and 
tube can then be considered as having an equivalent focal length equal to the focal length of the objective multi- 
plied by the magnification of the image tube. (Both the objective and the electrostatic tube invert the image, so 
an erect image is presented on the phosphor.) For example, if the system is to.have 1-1/2X power, the ob-  - 
jective has a focal length of 50mm, and the image converter has a magnification of 0.7X; then the focal length 
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Figure 22.1- Optical schematic of an image converter system. 
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of the front system is 0.7K . 50mm = 35mm, and the magnifier must have a focal length of about 23mm. 
| 1 ‘ 


22,5,3.3 The photocathode usually must be rather sharply convex toward the incident light, since the electronic, 
as well as the optical system, has field curvature. Thus, its curvature is of the opposite sign to that necess- 
ary to match the natural curvature of field of a refracting objective... For this reason, 


outer portions of the field; the work must then be divided between two elements. In addition to correcting the 
curvature, the field lens introduces coma, astigmatism and distortion, since it is not located exactly at the 
image. The coma and astigmatism must be balanced in the main part of the objective. | 


magnifier through which the phosphor is viewed. 


22. 5.3.4 The electronic system of the image tube produces strong pincushion oa the image on the 
| ; 


phosphor. This distortion, together with that of the objective and field lens, is dealt with, if at all, in the 


22, 5.3.5 The viewing lens system must be considered as a magnifier rather than an eyepiece. (See Section 13) 3 


Since the phosphor is a self-luminous surface, it emits light in all directions, and there is no natural exit ._ 
pupil such as is present in an ordinary viewing telescope, This is an advantage in that there is more 
freedom to position the eye of the observer than would be the case with the a 
it results in the necessity of correcting the magnifier for spherical aberration and coma, in order to avoid 
weird distortions and blurrings which can occur if the observer's eye does not happen to be exactly on axis. 
(This correction can be much cruder than necessary in an objective, since the pupil of the eye accepts 

only a portion of the bundle from a given object point at any one instant). 


22, 5.3.6 The conditions of use are such that it may be advantageous to use one or more aspheric surfaces in 
the magnifier. Aspherics of sufficient precision can be made by processes suitable for mass production. 
Such a magnifier is shown schematically in Figure 22.2. The magnifier consists of an eye lens and a field 
lens. One surface of the eye lens is aspherized to correct for spherical aberration. The bending of the lens 
is chosen to minimize coma. The field lens is aspherized to compensate for the pincushion distortion at the 
phosphor. (The aspheric may be given a slight power on axis to facilitate fabrication. ) 
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Figure 22, 2- Aspheric Magnifier. 
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presence of an exit pupil. However, ‘ 
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22.5.4 _The triggered radiation type. 


22. 5.4.1 Instruments of the this type depend on the ability of some phosphors to store energy when ir~ 
radiated by short wave radiation, and to emit it as visible light when triggered by irradiation with infrared. 
The short-wave radiation may be ultraviolet (or visible) light, or that from a bit of radioactive material. An 
objective forms the infrared image of the scene being viewed on the phosphor. The various parts of the phos- 
phor emit visible light in proportion to the intensity of the infrared radiation. 


92. 5.4.2 In this system, it is necessary to provide optical means of inverting the image, since the system 
would otherwise perform like an inverting astronomical telescope. This may be done by using a lens or a 
prism erecting system, either preceding the phosphor (thus working in the infrared) or between the phosphor 
and the eye. (Other ingenious means have been used in special designs). : 


22.6 THE INTERMEDIATE AND FAR INFRARED REGION 


22.6.1 Distinguishing characteristics. 


22. 6.1.1 Design in the region beyond the near infrared has two main distinguishing characteristics, in addition 
to the necessity of using materials other than optical glass. One is the limitation on image quality. The other 
is the limitation imposed by the combination of the performance requirements and the characteristics. of the 
types of energy detectors which must be used in many applications. ; : : 


22. 6.1.2 Aside from these limitations, the design requirements are much as they are in other wavelength 
regions, and the designer must be prepared to deal with requirements quite similar to those found in other 
optical designs. 


22. 6, 2 Limitation on image quality. 


22.6. 2.1 Since the diffraction limit of resolving power (see, 16. 28) depends on the wavelength of the light being 
used,, the best image quality obtainable from a source with a given aperture is much poorer in the infrared than 
in the visible., Taking 0.56, as typical of the visible region, the resolution at 3p is five times as coarse, and — 
at 10p is eighteen times as coarse as in the visible. Since there is no gain to be achieved from improving the © 
correction beyond the point at which the Rayleigh criterion is satisfied, the designer may stop his work with a 
residue of aberration which it might be well worth while to remove if he were working in the visible region. He 
may also have to warn the proposer of the system of the limited resolving power which can be obtained. 


22, 6. 2.2 Currently the resolution requirements of most systems are even coarser than the limit which would be 
imposed by diffraction. However this is not always the case, even at present, and as the infrared art develops 
it is likely that there will be many more requirements for performance near the diffraction limit. 


22.6.3 General functions of the optical system. 


22. 6.3.1 As an aid in discussing the relation of the energy detector to infrared optical design it is worth while 
to review the functions of the optical instrument in general terms. 


22. 6.3.2 Every optical instrument is designed to obtain information concerning the radiation characteristics of 
a portion of space. This portion of space is called the field of view of the instrument. It may be, for example, 
the crater of‘an arc, as in emission spectroscopy; @ volume of space, as in absorption spectroscopy or in an 
infrared search system; or a surface, as in a slide projector.. The radiation may or may not originate in the 
field; that is, the field may or may not be self-luminous. In emission spectroscopy and pyrometry the field is 
self-luminous. In absorption spectroscopy and with active viewing systems it is not self-luminous. In missile 
guidance systems a part of the field, the target, is self-luminous, while the background light for the most part 
originates outside the field of view. ‘The importance of the distinction between self-luminosity and non-self- 
luminosity is only secondary. More basic is the question of whether it is possible to control the nature of the 
radiation, either in the design of the equipment or during its use. 


22. 6.3.3 One important function of the optical system is the rejection of radiation from outside the field of 
view. The field stop in many instruments is an embodiment of this function. In other cases, as in certain 
types of scanning systems, the limitation of the field is obtained by more elaborate means. 


22, 6.3.4 The type of information to be obtained from the field depends on the application. In spectroscopy, the 
object is to obtain a measure of intensity as a function of wavelength, without regard to the portion of the field 

of view from which the radiation comes. In spectroscopic systems for on-stream process control, the object 
is, in addition, to present this information, or a portion of it, as a function of time. In image-forming systems, 
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| 
the object is to have rather detailed information concerning radiation intensity as a function of position through- 
out the field. If the image-forming system is of the "color-translation"t type, .at least some information about 
the spectral distribution of intensity at each point of the field must also be provided. In infrared search sys- 
tems, the object is to know, from moment to moment, the presence and location within the field of small areas, 


or targets, having radiation characteristics slightly different from those of the remaining background portions 
of the field. | | ; 

| | 
22.6.4 Detector characteristics. i 

. : i 
22.6.4.1 The manner in which the information is obtained from the incoming radiation, and in fact, subject to 
the over all requirements for the instrument, the precise nature of the.information, depends greatlyon the kind 
of energy detector which can be used. ! : : 


I 1 


22. 6.4.2 To the optical designer, the energy detector is the last surface of his system, which must receive and 
absorb all the useful energy collected by the system. The nature of the detector and its associated equipment 


imposes limitations on his choice in bringing this about, and also on the minimum of light-gathering power which > 


he must build into the optical system. Several characteristics of the detector are worthy:of discussion. 


22,6. 4.3 For the purposes of this discussion, the detector may be considered as a figurative "black box" with 
an input, the radiation, and an output, usually an electrical signal in infrared devices. Ordinarily it is more 
useful to consider the input as flux, or flux per unit area of the detector, rather than as total energy. The flux 
may be expressed in watts, or in some other unit of power. As will be seen in the following paragraph, it is 
frequently necessary to consider the distribution of the flux as a function of wavelength. The output is meas- 
ured in appropriate units, in megohms for example if it is the change in electrical resistance of the cell due 


to the incident radiant power. The responsivity of the cell is the output per unit input; in' our example the num- 


ber of megohms change in resistance per watt of input. (The term sensitivity is sometimes used for what is 
here called responsivity, but the word sensitivity has also been employed for a number of other concepts, so 
its use will be avoided altogether in this discussion.) : ; ' : . 
: | ‘ 

22. 6.4.4 Two qualifications must be put on this concept. In the first place, the output per unit input may de- 
pend on the wavelength of the radiation. Thus to characterize a detector adequately it is necessary to give its 
responsivity as a function of wavelength; and to predict its response, the distribution of the incident power as 
4 function of wavelength must be known. As a class, the detectors known as photoelectric detectors are highly 
wavelength dependent, The thermal detectors as a class have substantially constant responsivity regardless 
of wavelength, and the spectral distribution of the radiation can be ignored. : =i: 


f 
22. 6.4.5 The second qualification arises from the fact that the output may not be strictly a linear function of 
the input, even allowing for spectral effects. .Many detectors show saturation effects when strongly irradiated. 
Frequently the detector is operated under conditions such that the response is substantially linear. In other 
cases the concept of responsivity must be modified suitably. | 7 


22.6.4, 6 Another important characteristic of the cell is called its detectivity. It is a measure of the smallest 
input, or smallest change in input, that can be reliably detected. All detectors have a random output, not re-. 
lated to the input, known as noise. As a rule of thumb, the increment. of input necessary to produce an incre- - 
ment of output equal to the noise may be taken as the minimum detectable input. When expressed as power, . 
this is known as "noise-equivalent power”. The larger the noise-equivalent power, the poorer is the detector 
for small inputs. The reciprocal of the noise~equivalent power is-called the detectivity. (The word sensi- 
tivity has sometimes been used to mean the detectivity.) Detectivity depends on the type of detector, on the 
way it is made, and on the environmental and electrical conditions under which it is used. Ordinarily the de- 
tectivity is improved by keeping the detector area small. : 


22.6.4. When the input is suddenly changed, the output does not change instantaneously, but takes a finite 
time to adjust to the new level. The time constant is a measure of the time required for such an adjustment. 
It is important in predicting the response of the detector to short bursts of radiation, and in determining its 
‘suitability for use in scanning systems and in other systems in which the input is made to vary at high fre- 
quency. Asa class, thermal detectors have much larger time ease than photodetectors. 


22, 6. 4.8 In choosing the size of the detector it is to be remembered that flux density, rather than total flux 

on the detector, is the criterion of the amount of output which will be dbtained. For example, if two square 
lead sulfide cells of similar characteristics be operated under similar conditions, but the ‘area of one is twice 
the area of the other, then the outputs of the two will be equal when the flux per unit area on the two is the 
same, although the total flux on the larger is then twice that on the smaller. Sometimes a large cell may be 
operated under conditions not practical with a smaller one so as to produce a higher output at a given flux den- 
sity (for example, a photocell of large area can safely be Operated at a higher bias voltage than a small one), 
but in many cases this is not practical (for example, the voltage available for biasing may be limited) and flux 
density is the criterion of the output obtainable. In general this is an (oe situation, since it is usually 


at 
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possible to use a more compact optical system to produce a given flux density on a small area than on a large 
one. Within limits, small detectors have better detectivity than large ones of the same kind. As a consequence 
in critical situations where detectivity is an important characteristic small cells are used. In photoconductors, 
dimensions of a few tenths of a millimeter are common. 


22, 6.4.9 The responsivity of a detector may depend somewhat on the way the flux is distributed over its sur- 
face. There may be local “hot spots" which are more responsive than the rest of the surface. Since the photo- 
conductive cells are used with a bias voltage, the response depends on the way the radiation falis with respect 
to the points at which the leads make contact with the detector. ‘For this reason it is desirable to plan the op- 
tical system so that the non-uniformity will not be a disadvantage. This ordinarily means that the detector is © 
not placed at, or immediately adjacent to, an image plane, put rather at an image of the entrance aperture of 
the system. 


22, 6.5 Target detection and location. 


22.6.5. 1An important class of problems is exemplified by airborne infrared search systems. - In applications 
of this sort it is necessary to have a large field of view, and to detect and locate small, weak targets which 
are at great distances from the optical system. as 

22. 6.5.2 There may be large amounts of radiation in the field besides that coming from the targets which it is 
desired to detect. Such radiation is called "background". The problem thus ig one of distinguishing the radi- 
ation of the target from that of the background. It is necessary to take all possible advantage of differences’ 
between the target and the background. One important difference lies in spectral distribution, the target.ra- 
diation usually having a peak wavelength different from that of the background. (The spectral distribution must 
be evaluated at the optical system. The intervening, atmosphere is in effect a part of the field of view, and its 
absorbing and scattering characteristics must be taken into account.) Contrast between target and background. 
is further increased by the use of optical filters to absorb as much as practical of the radiation at -wavelengths 
at which the background is stronger than the target. (For a discussion of infrared filters see Ballard et al, loc. 
cit.) Choice of the type of detector depends in part on its having adequate responsivity in the spectral region 
near the peak wavelength of the target. : 


22. 6.5.3 The technique known as spatial filterin: is frequently used to take advantage of the dimensional dif- 
ferences between the target and other sources of radiation likely to be in the background. For a discussion. of 
spatial filtering see, for example ,Aroyan. * ; : 


22.6, 5.4 Detection and location of the target within the field of view is accomplished by dividing the field into © 
elements by some means and observing either the difference in flux between an element and adjacent ones, or 
the change in flux in each element with time. Since the intensity difference between target and background is 
small, the detector must be chosert and used so as to have good detectivity, and the optical system must have 
a large aperture to insure that the difference between target and background can be recognized by the detector. 


22. 6.5.5 An attractively simple scheme for providing the necessary subdivision of the field uses an objective 
which forms an image of the field at its focal plane. In the plané of the image is placed a rotating opaque plate 
carrying a set of small apertures so arranged that at any instant a single aperture is transmitting light from 
some small portion of the image, and during a single rotation of the plate the whole image is scanned. A con- 
denser system placed behind the image plane collects the radiation and brings it to the detector. (The conden- 
ser is usually designed to form an image of the aperture of the objective on the detector.) The rotation of the 
plate can be related electrically to the output of the detector so that the system as a whole recognizes the por- 
tion of the field from which radiation is being transmitted at any instant. Attractive though it is, this simple 

. scheme is rarely adequate because of the simultaneous requirements of large field and wide aperture. The 
inadequacy is not due entirely to lack of ingenuity on the part of the optical designer, but results from a fund- 
amental limitation on the light-receiving ability of a small surface. 


22, 6.6 Receiving ability of a surface as a limiting factor. 


22. 6.6,1The method used in the following analysis of the light-receiving ability of a surface is old, though it 
does not seem to be so well-known as desirable. See for example Drude. ** The method applies to any surface 
through which all the useful energy must pass, and thus its conclusions apply to focal surfaces as well as de- 
tector surfaces. 


22. 6.6. 2 Suppose the instrument to be confronted by a black body,the surface of which is at least large enough 


a 
*Aroyan, G. F, "The Technique of Spatial Filtering." Proc. LR. E. 47; 1561-68; Sept. 1959: 
**Drude, Paul, “Lehrbuch der Optik, " Leipzig, 1900. English trans., "The Theory of Optics, N.Y. and Dover, 1959 
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to fill the whole field of view of the instrument. That is, it is large enough so that any ray which enters the 
optical system and passes into the surface whose light-receiving ability is being investigated can be considered 
to have originated in the surface of the black body. It is convenient though not necessary’ to assume that the 
black body is infinitely distant from the instrument. Assume that the black body is at some fixed, uniform 
temperature. 
22. 6.6.3 Suppose that the surface whose light-receiving ability is being investigated is the surface of a black 
body which is at the same temperature as that of the external black body. It follows from the second law of 
thermodynamics that, regardless of the nature of the optical system,; the internal surface cannot receive from 
the external one an amount of flux greater than that which the internal surface itself is radiating, for otherwise 
the system would be acting as a self-operating heat pump. In most systems the flux received by the internal 
surface from the external one will be considerably less than the maximum, due to the finite aperture of the 
system, absorptions within the system, etc. | é 


22,6.6,4 Let I be the number of watts per unit solid angle radiated by either surface per unit area of the sur--_ 


face in the direction normal to the surface. This quantity is determined by the black body temperature, and 
for our purposes is to be considered constant. Let A be the area of the surface whose light-receiving ability 
is being investigated, and n the index of refraction of the medium on that side of this surface on which the’ ~ 
light is incident. (The detector surface may be exposed to air, for example, or it may be in optical contact 
with glass, light reaching the surface through the glass.) Let Fy be the total flux radiated by the surface 
into the medium with which it is in contact. Then it can be shown that ! 

F, = 47In? A ‘ : y - 
(Drude, loc. cit.) Then IF, also represents the upper limit of the flux we can hope the surface would.be able 
to receive from the external black body. i : i 
: : t : 
22, 6.6.5As an example of the significance of this result, suppose that a system is contemplated which has an 
objective aperture 150mm. in diameter, at the front of the system. It is desired to have the objective focus 
the energy from a 20° field (i.e., from 0° to 10° off-axis) on an image plane, and then to; condense the light 
on a photocell. It is desired to determine the minimum focal plane area and minimum cell area, It is first 
necessary to write down the expression for the flux received at the aperture from the 20°/field. For purposes 


of later discussion this formulation will be made more elaborate pan would otherwise be necessary. Let 
i ae 


A = the area of the aperture = 75? 7 sq. mm. 
: | i : . 
22, 6.6, 6 It can be shown that the element of flux dF received at the aperture from that elemental portion’ of 
the external blackbody which lies in a direction making an angle a with the axis of the system (i.e., with the 
normal to the aperture) and which subtends a solid angle dw as seen from the aperture is 
aF = I A cosa dw. 


\ . i ‘ 
Here X has the same value as in (1) since both the internal and the external blackbody aré at the same temper- 
ature. The quantity A cosa _ is the projection of the area of the aperture in the direction of the source. 
From the point in the external blackbody on the axis of the system the aperture appears circular. From points 


farther away from the axis the aperture appears foreshortened, so that the effective area jis only A cosa. 
Let | j 


B(a) = A cosa 
and name 

B(a@) the effective aperture function. 
Then 

dF = I B(a) dw. 


22, 6.6, 7 It is convenient to consider the elementary part of the external blackbody as being the annulus in- 
cluded between the two cones corresponding to field angles of a@ and ee da respectively. Then 


dw = 2a sina da 
aF 


W 


2” 1B(q@) sine da (2) 
F 


2alfe Bla) sina aa. (3) 
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Here a' is the maximum value of the field angle from which radiation is to be collected. 
22. 6.6.8 In this example, since B (a) is known, (3) can of course be written 
F=2c14 sf cosa sina da. 
= #IK sin? a', 4 
or substituting for A and @', 
F = 071757 sin? 10°. (8) 
The second law and equations (1) and (5) then require 
F< F,, 
whence 
721757 sin? 10°. < win? A 
and 
A > 152 x sin? 10°/n? = 533/n”. @ 
‘Thus if the focal surface must be in air, so that n = 1, we must expect its area to be greater than 533mm 2, 


Similarly, if the detector be optically immersed in a medium having an index of refraction n = 2.2, its area - 
must be greater than 110mm“. Adetector having this area would have too poor a detectivity in many applica- 


tions. 


22. 6.6.9 The treatment in the example can be generalized. In the example it was tacitly assumed that the sys- 


i tem had rotational symmetry about the optic axis. Even if this is not the case it is still convenient to assume - 


a set of spherical coordinates centered at some point in the optical system, using a for the polar angle and 
B for the azimuth angle. Consider an elementary portion of the external blackbody which lies in the direction 
(a, 8) and subtends a solid angle dw as seen at the optical system. Consider a bundle cf rays.starting from 
the element of blackbody. When the rays reach the system, some will pass in and reach the focal plane and 
ultimately the detector. The others will be excluded by the various apertures of the system. The cross-sec- 
tional area of that portion of the bundle which does eventually reach the detector may be called the effective 
aperture of the system for the direction (@,f). We denote it by B (a,f), which may be called the effective 


aperture function of the system. 
22. 6. 6.10The flux collected by the system from the element of the blackbody is then 


aF = IB(a,f) dw ) 


(we assume for the present that absorption and similar losses are negligible) and the total flux collected by 
the system is : 


F=1 fy Jp B(e,6) aw ) 


the integral being taken over the whole field, i.e., overall directions (a, 6) for which B (o,f) # 0. It 
follows from the second law of thermodynamics, and from (1) and (8) that 


J So B(a,f) dw < an? A. (9) 


‘29. 6.6. 11]t is important to note that in (9) the radiation intensity, I, of the blackbody has cancelled out, and 
(9) is a condition on the characteristics of the system itself, regardless of the nature of the actual radiation 
field with which the system may be confronted. The expression on the right hand side may be taken as repre- 
senting the maximum light-receiving ability of a surface of area A. The equation gives a fundamental limit 
to the combination of field coverage and aperture which can be achieved with a surface of area A. 


22.6. 6.12When the system does have rotational symmetry we can proceed as in the example, considering 
B(a,f) to be a function of a only, and obtaining (3) which with (1) yields 


2 f° B@) sina da <n? A = s (10) 
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22.6.'7 Practical limits and techniques. : 


22.6. '7,1 Of course practical difficulties prevent attaining the limiting light-receiving ability. To do so would 
require bringing in rays at all angles of incidence to the surface up to 90°. This is difficult to accomplish be- 
cause of the precision required in constructing and focussing, and because of the resulting sizes and shapes 
required for the optical components. As a rule of thumb, something like 1/2 to 3/4 of the limiting light-receiv- 
ing ability can be utilized. The former requires angles of incidence pf 45° or greater atthe surface; the latter, 


60° or more. Consequently in practice one is limited to 


i 


Si, Sp B(a,f) dw S kan? A (9") 
or : 
a 
2 J" B(@) sina da < kn? A : (10") 
wherein k may be 1/2 to 3/4. Losses by absorption and reflection in the system must of course also be taken, ‘ 
into account. \ i ' : aie ais 


22, 6.1.2As another example, suppose it is desired to monitor at 120° field, and that a detector area of 0. 25min 2 
is chosen as having optimum detectivity under the expected operating conditions. Assume further that from 
knowledge of expected targets and backgrounds an aperture of at least 4400mm 2 is considered necessary to 
insure that the target will be recognized by the detector. (This aperture area is that of a circle 75mm in di- 


ameter). It is desired to use a simple scanning system of the type described in 22.6.5.5. The designer must: 
decide whether he can do this. : i . 
1 

22,6.%.3 It is evident at once that although in use the scanning plate permits only a small| portion of the field 

to be viewed by the detector at any instant, nevertheless the system must be designed so that, if the plate were 
removed, the detector would view the whole field at once. That is , the light-receiving ability of the detector 
must be made to cover the whole field at the full aperture. , ; . : 


22. 6.7.4 Without attempting to decide for the moment how it can be accomplished, assume that B (a) is to 
be made constant for the whole field of view, and equal to 4400mm? -, Then equation (10') becomes 
60° 1 
8800 f sina da © 0.25kn? ; 
° = 1 2 I 
or 


8800 (1 - cos 60°) < 0.25k n2 , 


! 

i 
Assuming k may be taken as 3/4, this becomes 4400 < 0.1875 n2 . | 
22.6.7. 5If the cell is to operate in air, or a vacuum, n = 1, and the inequality obviougly is not satisfied. 
The system as proposed cannot possibly meet the requirements. The scheme would have to be abandoned and 


another adopted which permits the detector to be employed in a system with adequate aperture but with a limi- 
ted field. ! : 
| : 


22.6.7.6 There are various ways of doing this. A simple one consists essentially of building a system of : 
adequate aperture and suitably small field, and then pointing it rapidly first at one portion of the field and then 
another. Thus each part of the large field is observed intermittently, although not continuously. The pointing 
is usually done by rotating mirrors. Another scheme causes the detector to scan the image at the focal plane 
of an objective by moving it about in the focal plane. The difference ketween this scheme! and the one origin- 
ally suggested lies in the fact that here the whole light-receiving ability of the cell is operative on the small 
portion of the field being viewed at the moment, while in the former only a small part was used at any instant, 
the rest being blocked off by the opaque portions of the rotating plate.’ Still other schemes use an array of 
cells to scan the image, or a mosaic of cells fixed in position in the image plane, or a combination of these 


methods. See Figurei22.3. A complete discussion of choice of an optimum system is too lengthy to be included 
here. | i 


22.6,7.7 In equations (9), (10), (9') and (10') the square of the index of refraction, n2 , : appears on the right 
hand side. This is indicative of the fact that the light-receiving ability of a detector surf. ice is increased if it 
is in optical contact with some medium other than air. From analogy with oil-immersion: microscope objec- 
tives, it is customary to say that the surface is immersed in the medium. The increase in light-receiving 
ability is analogous to the increase in numerical aperture of a microscope objective obtained by using an im- 
mersion system. The surfaces of the glass or crystal on which the cell is formed must’be so disposed as to 
permit light from the field of view to strike the cell at all incidences from zero up to very high angles. If the 
substrate is simply a plane parallel plate in air, for example, the critical angle of refraction in the glass will 
limit the light-receiving power to that which the cell would have in air; If the cell is placed at the center of 

a hemisphere of the glass, however, the full light-receiving power can be used. 
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Figure 22.3 - Examples of basic scanning systems. 
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Figure 22.4- Illustration of advantages of an immersed detector. 
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22.6.7.8 The benefits of cell immersion are often overlooked, and the design of a system is thereby made 


harder. However, as the possibilities become more widely 


appreciated, cell makers are giving more attention 


to the problems of producing immersed cells. These problems are difficult, because in addition to being a 
suitable material for supporting the cell, the substrate must also transmit the desired radiation. The higher 
the index, the greater the increase in light-gathering ability. Strontium titanate, for example, has an index 
of 2.2, and increases the light-receiving ability of the cell by a al of 4.8. 


22.7 SUMMARY AND CONCLUSION. 


22.7.1 Advantages and disadvantages. In infrared work the designer may meet problems as varied and 


complex; as those encountered in the visible part of the spectrum. 
are the:same at all wavelengths, the same basic design principles 
ant differences to which he must become accustomed arise from the natures of the available oj 


Since the laws of reflection and refraction 
are used in both regions. The most.import- 
tical materials: 


on, the one hand, and from the requirements of some of the currently important infrared applications in the, 


other. In addition he must remember that the resolving power ob 


tainable with a given aperture is poorer than 


in the visible, due to the longer wavelength of the light. Out to about 2. Ty he may use ordinary glasses, but . 


must! allow for the fact that the dispersion characteristics of th 


e several glass types are more nearly alike: . 


than in the visible. Beyond 2.7 he must use materials whose characteristics may vary widely from those 
of optical glass, sometimes favorably and sometimes not. He will want to use reflecting systems more 
frequently than in the visible, The use of many infrared devices for military applications! particularly 


airborne ones, adds requirements of ruggedness, resistance 


to adverse environmental conditions, compactnéss 


and lightness of weight to the optical ones. Most such devices are part of instruments which are complex 
combinations of optics, mechanics and electronics, and the choice of the basic optical characteristics is only 
part of the process of choosing the optimum design parameters to meet the performance goais for the whole. 
instrument. The designer needs to know enough about the characteristics of the whole instrumént anc the inter - 
relationships of its parts to be able to contribute intelligently to the decisions in the choice of parameters, 
Especially, he needs to know something about the energy detectors used in the infrared, and how their‘ ~* 


limitations of responsitivity and detectivity limit his design. 
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23 MICROSCOPE OPTICS 


23.1 INTRODUCTION 


23.1.l Scope. The material in this section will be devoted primarily to a discussion of the compound micro- 
scope, its characteristics, components, and various special purpose adaptations. However, in any discussion. 
relating to visual instruments, the designer must keep in mind that the eye of the observer is an integral part ; 
of the optical combination, and that the degree of optical perfection in the human eye is as influential on the final 
retinal image, as is the degree of image perfection formed by the instrument's optical elements. The reader is. 
urged therefore, to refer to Section 4 for a discussion of visual optics. 


23.1.2 Functional relationships of microscope components. 


23.1.2.1 The primary function of the high-power,compound microscope is to obtain information regarding the 
structure and optical characteristics of small specimens. This information is obtained by visually interpreta- 
ting the manner in which the light transmitted by, or reflected from, the specimen is affected. ; to 


23,1.2.2 Usually, the specimen must be illuminated by intense artificial light, and it is only in rare and special 
cases that the specimen can be self-illuminated. However, the action of the specimen on the illumination system 
used may consist of absorption, reflection, diffraction,. scattering, birefringence, or localized changes in the 
phase of the illuminating light waves. The purpose of the microscope then, is to form an image, based on the 
action of the specimen on the illuminating light waves, which can be interpreted in terms of the particular in- 
formation with respect to the specimen, that is desired. 


23.1.2.3 Since the human eye is only sensitive to color and intensity contrasts, the information derived from the 
image by the observer must be interpreted from these two effects. 


23.1.2.4 The primary source of light can be of any number of high intensity light sources, however the light 
used must be concentrated on the specimen by a condenser system. The specimen affects the light as stated : 
in paragraph 23.1. 2.2, and the objective system of the microscope must be capable of receiving the altered light 
so that the maximum effects of diffraction, absorption, scattering, etc., may be transmitted by the objective 

and appear in the image as interpretable spacial variations. : : 


23.1.2.5 In order to interpret the spacial variations in illumination, the objective must be capable of accepting 
and transmitting a wide angular beam of light, since the effects of the specimen on the light, as previously men- 
tioned, especially diffraction, fan out from the specimen over wide angles. In the important case of diffraction, 
the more of the spectral orders the objective can receive, the more exact is the correspondence between the 
specimen and the structural details of the image. , 


'23.1.2.6 Another requirement of the microscope objective is that the points and lines in.a specimen be imaged 
sharply, so that the details in the image have a point by point correspondence with those in the specimen. This 
requirement necessitates a high degree of correction for aberrations. 


93.1.2.7 All the available information regarding the specimen, as a result of its action on transmitted or re- 
flected light, is contained in the primary image formed by the objective. As long as this information is con- 
tained in the primary image it is useless, since it must be interpreted in the brain of the observer. The sim- 
plest method for increasing the interpretability of the image is by means of magnification. By means of the 
eyepiece, the smallest significant details of the image can be resolved by the human eye. 


23.1,2.8 There are other intermediate means available for interpreting the information from a specimen. The 
primary image may be magnified by projection, and formed.on a photographic plate. The image could also be 
viewed by a television tube and an enlarged image presented on a screen. 


23.1,2.9 To summarize then, the compound microscope is an instrument which transforms the action of a small 
object specimen on light waves into interpretable visual impressions, and in a broad sense any apparatus which 
accomplishes this function may be designated as a microscope. 


23.2 CHARACTERISTICS 


23.2.1 General. The compound microscope is characterized by the following requirements: high magnification 
(without a Sacrifice of definition over a restricted size of field), a comparatively small true angular field, an 
illumination system, and resolution limited only by the wavelength of light and the numerical aperture of the 
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objective. Similarly, it is desirable that the oblique aberrations be as well corrected as is consistent with the 
requirement for axial definition of the highest possible order. Thesé characteristics determine-the basic de- 
sign of the compound microscope. : / 

23.2.2 High magnification. Since the major function of the compound microscope is to view extremely small 
specimens, it must be capable of magnifying to such a degree that the smallest resolvable detail can also be 
resolved by the human eye. The highest useful magnification, expressed in diameters, is approximately a 
thousand times the numerical aperture of the objective used in the microscope. It should be noted however, 
that the compound microscope is not always used to view extremely small specimens and, in some instances, 
magnifications as low as 25 diameters are advantageous for viewing larger specimens. 

23.2.3 True angular field. The true angular field of the microscope is, in most instances, small due to the 
following factors. The diameter of the primary image cannot be larger than that of the eyepiece, and present 
day eyepieces have become standardized in order to afford interchangeability with those of different manufac-" 
turers. The optical tube length, i.e., the image distance of the objective, in practice has become standard- . 
ized, within limits, so that it is not difficult to interchange objectives made by different manufacturers, with- ~ 
out significantly changing the magnification and correction of the objective. Since the true angular field, -a , | 
can be expressed as Ba at 


a 
tm 3 = Z, 


where y is the half-diameter of the primary image, and d is the optical tube length, it may be seen that the - 
true angular field has a maximum valve in practice. The exceptions ‘to this characteristic are the special 
microscopes which have extra large diameter eyepieces, and hence larger true angular fields. ‘Actually, the 
size of the primary image is limited by the field diaphragm in the eyepiece, and this diaphragm must always 
be slightly smaller than the outside diameter of the eyepiece itself. In so-called negative type eyepieces, it 

is the virtual image of the diaphragm formed by the field lens which limits the primary image formed by the 
objective, but since the magnification of the field diaphragm by the field lens is not large, the statements a- 
bove regarding field size are still applicable.. The true angular fieldiof the microscope may be considered to - 
have a, maximum value of less than 7°. For example, the half-diameter of the primary image field may be 
taken as not exceeding 10mm. , and the optical tube length as 170mm. Substituting these values in the equation 
previously mentioned, it will be seen that the. true angular field is i : 

23.2.4 Illumination. The intensity of illumination in a compound microscope is a major factor due to the 
usually small size of the specimen being viewed, and because of the high magnification required to resolve the 
details of the specimen. As a result of the intense illumination required, light from an artificial source must 
be condensed onto the specimen. It is noted that in some cases, sunlight or skylight are used for illu- . . 
mination. Most specimens are thin and transmit light. For such specimens, the illumination falls on the back 


of the specimen, and the light is transmitted through the specimen into the microscope. ,For opaque specimens, 


the illumination is condensed upon the upper surface and only the light which is reflected from the specimen 





enters the microscope. This method of illumination is designated as'vertical illumination, For most specimens. 


however, transmitted illumination is used. 


i i ion i i : i ‘for it is upon 
23.2.5 High resolution, High resolution is a basic requirement of the compound microscope, 
this characteristic that the ability of the microscope to distinguish the fine details thereof » is based. 


i 


23.2. 5.1 Factors determining resolving power. In compound microscopes, the source. of light is most often 
an incandescent lamp provided with a condenser (in photomicrography and micro-projection, arc lamps are 
often used), The lamp condenser concentrates the light into a second condensing system, which is a part of 
the microscope proper and is known as the substage condenser. When vertical illumination is required, the 
substage condenser is not used, and other various forms of condensers are employed to condense light onto the . 
specimen from above. Therefore, the resolving power of the suteroercte depends on the following factors: 
(a) the size of the angle of the illuminating cone of rays passing through the 
specimen. | ; 
(b) the ability of the optical system to accept that which has been transmitted 
by the specimen and to transmit a wide cone of nares 
(c) the refractive index of the material between the specimen and the first 
surface of the optical system comprising the microscope's objective. 
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23.2.5.2 Limit of resolution. The concept of numerical aperture (N. A.) is essential in expressing the limit 

of resolution of the microscope. As illustrated in Figure 23.1, n is the refractive index of the medium in which 
the specimen, S, is immersed; @ is the half angle of the cone of incident rays; and the numerical aperture 
(N. A.) of the cone of rays is n sin @. In a compound microscope, a glass cover slip, and in the case of immer- 
sion objectives a layer of immersion fluid, intervenes between the specimen and the entrant surface of the opti- 
cal system. ‘In this case, the numerical aperture becomes the product of the lesser index of refraction and the 
sine of the angle @ in that medium. The limit of resolution of the compound microscope, i.e. , the least dis- 
tance between two objects that can be seen as separate, is equal to the wavelength of light (A) divided by the 

sum of the numerical apertures of the substage condenser and the microscope's objective lens. 


23.3 COMPONENTS OF A COMPOUND MICROSCOPE 


23.3.1 General. In order to realize the requirements for microscopic observations, the simplest form of an” 
optical system is shown schematically in Figure 23.2. Figure 23.3 illustrates how these optical components. _ 
(except the light source A and the lamp condenser B of Figure 23. 2) are incorporated into a modern comipound 
microscope. In Figure 23.3,the mirror below the substage condenser and the reflecting prism in the body be- 
tween the objective and eyepiece are for mechanical convenience and are of no optical significance. ‘The initial 
optical element of many compound microscopes is a mirror, which reflects light from the source into the re-" 
mainder of the optical system. The mirror usually presents no design problems. One side is flat and reflects 
the light into the substage condenser. However, when extremely low powered objectives are used, the. substage 
condenser usually will not illuminate the entire field of view because of its increased size. In this instance, the 
substage condenser may be removed, and the second side of the mirror, which is concave, will condense the 
light onto the specimen. , 


23.3.2 IMumination systems. 


23, 3.2.1 Simple illuminator. The simplest form of illumination for a compound microscope is a broad diffusing 
source, such as a ground glass, placed in front of an incandescent bulb. This source is imaged directly onto 
the specimen by means of the substage condenser (Figures 23.2 and 23.3).However, any granules in the ground 
glass would be visible in the field of view unless the image of the ground glass was slightly defocussed. There-~ 
fore, such a source is satisfactory only for low power microscopy, because of its lack of illumination for high 





Figure 23, 1- Determination of numerical aperture. 
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power work. It should be noted that when the source of light is focussed directly onto the specimen, the illu- 
mination is designated as critical illumination. ‘A more efficient microscope illuminator than that discussed 
here previously is shown in Figure 23.4 and consists of a monoplane filament lamp -behind which is a 
spherical reflector and in front of which is a condenser--generally a two lens system. The filament of the 

lamp is near the center of curvature of the spherical reflector, and the reflected images of the strands of the 
filament are located between the strands themselves. This not only allows the reflected light to be utilized, 

but also forms a more nearly uniform primary source of light. The condenser in this system may be focussed 
so that the light source is imaged in the vicinity of a ground or opal glass, which in turn is focussed by the sub- 
stage condenser onto the specimen (critical illumination). 


23,3. 2. 2 From the preceeding paragraph it can be seen that critical illumination has the defect of not provid- 
ing completely uniform illumination over the area of the specimen, and especially for photomicrography this 
is disadvantageous. A system known as Kohler {llumination is used to overcome this difficulty. In this. sys- 
tem, the‘lamp house condenser is used to focus the primary light source onto the substage iris diaphragm," 
placed at the front focal surface of the substage condenser, shown in Figure 23.4. Hence the light emerging. 
from the substage condenser consists of parallel rays, which are re-imaged by the microscope's objective: at 
its rear focal plane. The substage condenser now focuses the lamp house condenser, Figure 23.2, onto the’ 
Specimen. Since the lamp house condenser is nearly uniformly illuminated by the light source, the field of 
the specimen is very uniformly illuminated. For cases in which the field must be uniformly illuminated, e.g-, 

hotomicrography, a form of Kohler illumination must be used unless the light source is very uniform as with 
a ribbon ent p- : 


23. 3.2.3 Optical requirements for an illuminator. 


23.3. 2.3.1 The spherical mirror offers no design problem other than that of its aperture’ being large enough 
so that the reflected light will pass through the optical elements that follow. 


23.3, 2.3.2 The lamp house condenser should be large enough so that its image (formed by the-substage con- 
denser on the specimen--Kohler jllumination) will fill the field of view. In addition, the focal length of the 
lamp house condenser should be correctly determined, in order that the particular primary light source will 
be large enough to fill the substage iris diaphragm. 


Substage Iris Diaphragm Eyepiece Field 


Lamp Condenser Specimen Diaphragm 


Light Source 


Ai I re 





Substage Condenser Rear ae 


Lamp Iris Diaphragm 


Spherical Reflector \ 
Eyepiece 


Figure 23. 4- Kohler Illumination, schematic diagram. 
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23.3. 2.3.3 An iris diaphragm is often located very close to the lamp'condenser. With this design, the conden- 
ser (in Kohler illumination) and the iris diaphragm are imaged on the specimen, and if the iris diaphragm is 
adjustable in diameter, its image can be made to precisely fill the field. An adjustable iris diaphragm will. 
prevent illumination of a greater area of the Specimen than is necessary, and will also prevent scattered light, 
with its resultant loss of contrast, from entering the microscope. ! 
23.3, 2.3.4 The lamp condenser is usually a two lens, air-spaced system. It should be as well corrected for 
spherical aberration as is possible. .The focal length must be correctly determined in order to image the fila- 
ment of the lamp large enough to fill the iris diaphragm of the substage condenser (Kohler illumination) at a. 
convenient distance (approximately 15 inches). The diameter of the condenser must be large enough so that 
its image, as formed by the substaze condenser, covers the Specimen field, when viewed with a 16inm focal’ . 
length,(10x) microscope objective. It is readily apparent then, that the smaller the light source, the. greater 
must be the speed of the condenser. : . 


23,3, 2,4 Vertical illuminators. For Opaque specimens, vertical illumination is required for seeing surface. , : 


details. Vertical illumination requires that the specimen field be uniformly and intensely illuminated, and..-- 
that the illuminated field be limited to that portion of the specimen which is in the field of view. If the illumi= 
nated field is not limited as mentioned, an undesirable amount of light is scattered by the unviewed portion of 


the specimen, by the edges of the objective lenses, or by the walls of the objective. This scattering will re- 
duce the contrast in the visual field. ; I \ 


23.3, 2.4.1 Vertical illuminator, type A. In this type of vertical illuminator, as shown in Figure 23.5, the in- 


cident light is focussed on the specimen by being passed through the objective, in,a reverse.direction, and - 
onto the specimen. The light source in this type is usually a low voltage, concentrated,filament bulb, located 
in a housing extending laterally to the axis of the microscope. The system consists of the light source, a con- 
denser with an iris diaphragm mounted near the light source, a second condenser, and a semi-reflector at 

45° to the microscope'’s axis for throwing light into the rear of the microscope's objective. The two conden- 
sers image the lamp filament at the exit.pupil of the objective. The second condenser images the iris dia- - 
phragm (and the first condensez) at a virtual distance of about 160mm from the microscope's objective. There- 
fore, an image of the iris is formed by the microscape's objective on ‘the Specimen and it is uniformly illumi- 
nated. The field covered by the illuminated spot on the specimen can be regulated in size by adjusting the di- 
ameter of the field iris diaphragm, thereby preventing the scattering of light. : 


Condensers 





\Light Source 
t 


45° Semi-reflector 


Figure 23.5- Vertical illumination. 
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23, 3.2.4, 2 Vertical illuminator, type B. In this type of illuminator, the light is not sent backwards through 

the objective, thereby preventing damaging internal reflections. This type of illuminator is best explained by 
picturing a condenser with a cylindrical hole through it axially, and the microscope's objective extending through 
this hole. In the actual design, the condensing elements surround the microscope's objective, and the illumina- 
ting cone of light is completely insulated from the objective's optics. Light is introduced into the condenser 
from the side through the use of an annular shaped full reflector. Such systems are called epi-condensers. 
Since the light must clear the lower rim of the microscope's objective and impinge on the specimen, it is ob- 
vious that the working distance from the objective to the specimen must be kept fairly large, therefore, this 
method of illumination is limited to the lower powers and numerical apertures of the objectives. 


23.3.3 Subst: condensers. The substage condenser concentrates light onto the specimen at a numerical aper- 
ture equal to that of the objective. There are two general classifications of condensers: the non-achromatic. 


and the achromatic. 


ee 


23.3.3.1 Non-achromatic. The non-achromatic substage condenser is used with achromatic microsco| 
jectives which will be discussed in paragraph 23.3.4.3 , : 


23.3.3.1.1 The most common non-achromatic substage condenser is the Abbe condenser with a numerical 
aperture of 1.25. It is a two lens, air-spaced system, with a double convex lower lens and a plano-convex, 
hyperhemispherical upper element. When immersion fluids are used, the working distance between the upper 
plane surface and the image of -he light source is equal to'the optical thickness of the microscope's slide, plus 
a small space of a few tenths of a millimeter between the upper surface of the condenser and the slide: Refer- 
ence to Figure 23..6 shows that no attempt is made to correct the chromatic aberration of the Abbe condenser, 
since both elements have positive power. The only variables available to the optical designer are the refractive 
indices of the elements, the shape of the first lens, and the separation of the two elements. The designer roust 
adhere to a given working distance from the upper plano surface to the upper surface of the microscope slide, 
so that the light source (usually at a distance from infinity to a foot) can be focussed onto the specimen. In 
addition, the required numerical aperture is an additional consideration. A third requirement is that the focal 
length be, such that the light source is imaged at a size sufficient to cover a specified area of the specimen, when 
the size and distance of the light source have been specified. (In practice, the light source is at least two 
inches in diameter at a minimum distance of one foot, and the field to be covered is that of a 16mm focus mi- 
croscope objective). The requirements of numerical aperture and field coverage will determine the focal 
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Figure 23, 6- Optical layout of a 1.25,NA Abbe Condenser. 
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length of the front or first lens. The only aberration the designer may control in an Abbe condenser is spher- 
ical aberration. In the initial design of an Abbe condenser, graphical methods are useful and they are usually 
followed by mathematically triangulating a set of axial meridional rays through the system. In this way, the 
back lens may be bent to correct for spherical aberration. In conclusion, the two lens Abbe condenser is most 
commonly used with achromatic, rather than apochromatic objectives. For the latter, an achromatic conden- 
ser is used which more nearly approaches a microscope objective in form, construction, and correction. As 


the design principles of these condensers so closely approximates those of objectives, the reader is referred 
to paragraph 23.3.4, : 


23.3.3.2 Achromatic. Achromatic condensers are more complex than the Abbe condenser, and may consist 
of a triplet, doublet, meniscus, and front lens. This construction affords an Opportunity:for the correction of 
spherical aberration, coma, and chromatic aberration. This design will be seen to be essentially that of a 
microscope objective having the same numerical aperture, namely 1.30 and 1.40. Microscope objectives will 


be discussed in paragraph 23.3, 4.3 through 23.3.4.5. Achromatic condensers find their most useful application | _ 


when used in combination with apochromatic objectives. ; 
23.4. 4 Objectives. \ 
: f . i i ee 

23.3. 4.\ Classification of objectives. Microscope objectives are classified as achromatic, semi-apochromatic, 
and apochromatic. If a microscope objective has been designed to correct for spherical aberration for one. color 
of the spectrum, and for axial chromatic aberration for two colors, it is classified as an|achromatic microsco 
objective. If the objective has been designed to correct for spherical.aberration for two colors, and the axial 
chromatic aberration for three colors, it is classified as a apochromatic microscope objective. If the objective 


has been designed for correction between these two extremes, it is classified as a semi-apochromatic micro- 


scope objective. 


23.3.4, 2 Reasons for classification. With the magnification and resolving power (therefore the numerical 
aperture) corrected, the designer must take into account additional factors. Since the microscope is an instru- 
ment of almost fixed image distance, the magnification of the objective is almost proportional to its focal length. 
The image distance of the objective is not quite constant, since the corresponding fixed distance in the micro- 
scope is the mechanical distance from the mechanical shoulder of the objective, where itimakes contact with 

the nosepiece, to the mechanical shoulder of the eyepiece, where it in turn makes contact with the upper end of 
the body tube. When the body tube of the microscope contains prisms or other optics for ‘special purposes, the * 
preceeding statement is no longer applicable. When the body tube contains prisms or other optics for special 
purposes, the optical tube length can be made the same as that of amicroscope not having optical elements between* 
the objective and the eyepiece, through the use of auxiliary compensating lenses. The distance between the 

front principal point of the objective and the specimen must be the same for a series of objectives, if these ob- 
jectives are to be parfocal, i.e., no shift in focus should be required as a change of objectives is made. In‘ 
order to meet this Condition, the distance from the second principal point of the objective'to the mechanical 
mounting shoulder, is certain to be different with the different powers of objectives, so that a really constant 
image distance cannot be obtained. In general, the numerical aperture of a microscope objective must be in- 
creased with magnification. However, since the difficulty of correcting aberrations increases rapidly with an 
increase in numerical aperture, the complexity of construction of the objective also increases. A cemented 
doublet is satisfactory for numerical apertures below 0.25, and focal lengths of 32 and 48mm. A 16mm focus 
having a numerical aperture of 0.25 requires two cemented doublets in the system. . 


} 


' 


23. 3.4.3 Achromatic. The cost of microscope objectives depends on the complexity of their construction, and 
the cost of the optical materials used. These factors increase with the numerical aperture of the objective and 
the degree of correction required. For most routine examinations of biological or industrial materials, the 
moderate corrections and construction of the achromatic type objective are sufficient. This class of objective 
for higher powers are constructed of the following: a hemispherical or hyper-hemispherical lens known as the 
front; followed by a meniscus, the second front; a cemented component, the middle; and'a cemented component, 
the back. Some of these components can be omitted from the lower numerical apertures.;/ For example, 4 16mm 
focus, 0.25 numerical aperture objective achromat has two cemented doublets; an 8mm focus, 0.50 numerical 
aperture objective achromat has a front, no second front, but a middle and back; a 4mm focus, 0.66 numerical 
aperture objective achromat has a front, second front, a middle, anda back. A 1.8mm focus, 1.25 numerical 
aperture achromat objective has a front, second front, cemented doublet middle, anda cemented doublet back. 


23. 3.4.4 Semi-apochromatic. For more exacting routine microscopy, and for some kinds of research work, 

a higher degree of definition than that afforded by the achromatic objective is desirable. Semi-apochromats 
usually has flourite for one of its elements. Because flourite has 2 low refractive index, low dispersion, and 
a partial dispersion ratio different from glass, a better simultaneous correction for primary and secondary 
chromatic aberration and spherical aberration can be accomplished by its use as a positive element in a lens 
system. For example, if a flourite positive element is used with a flint glass negative element, a steep inter- 
face between the elements is attained, when the chromatic aberration is corrected. The over correction for 
sphérical aberration, resulting from the steep interface and the large refractive difference at it, can be used 
to compensate for the under correction of other elements. By virtue of flourite's partial dispersion ratio being 
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out of line with that of glass secondary chromati¢ aberration is favorably influenced. Constructional data for 
a semi-apochromat is shown in Figure 23.7 


23.3.4.5 Apochromats. Apochromats are the most highly corrected of any of the microscope objectives. The 
optical design considerations involved are those described in 23.3. 4.4, but they must be carried to the highest 
possible state of perfection. The correction is accomplished by the addition of optical components in the middle 
and back sections of the objective, and by the use of such crystals as alum and flourite to accomplish simul- 
taneous correction for color, coma, and spherical aberration. Flint glass of the shortened spectrum type is 
also used in some constructions. 


23.3.5 Eyepieces. There are three important considerations in the design of a microscope eyepiece. Since 
the object for the eyepiece is the image formed by the other elements of the optical system, the eyepiece can. 
be designed to correct some of the residual defects in the other elements of the microscope's optical system. 
Also, the design of the eyepiece must be such, that a virtual image is formed anywhere between the point-of. 
most distinct vision (approximately 10 inches distant) and infinity. Finally, the eyepiece must be designed to . 
correct lateral chromatic aberration. : na 


23.3.5.1 Types of eyepieces. The main types of eyepieces used in compound microscopes are the Huygerian 
and Ramsden, and the type known as compensating eyepieces. a 


28.3.5. 2 Huygenian eyepiece. For observational purposes, the Huygenian is often preferred to other eye- 
pieces, since it can be completely freed of lateral color. The Huygenian eyepiece consists of two plano-convex 
Jenses of the same type of glass (usually spectacle crown), with the field lens having a focal length approxi- 
mately three times that of the eyelens, depending on the type of correction desired. The field lens and eyelens 
are separated in the body tube by a distance equal to twice the focal length of the eyelens. The combination is, 
therefore, free-of lateral chromatism, and is most widely used with achromatic objectives (see paragraph 
23.3.4). As is the case with all eyepieces, the limiting aperture for image forming bundles of rays is the exit 
pupil of the entire optical system of the microscope. The exit pupil is generally close to the second focal point 
of the eyepiece, and if a field stop or diaphragm is used, it should be positioned at the first focal point of the 
eyelens in order that its image will be formed at infinity. To some extent in microscopy, reticles are provided, 
and it follows that these should also lie in the plane of the first focal point of the eyelens. However, when such 
is the case the reticle is magnified by the eyelens alone, and even though the eyepiece combination as a whole 
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Figure 23.7- Optical layout of a 1.8mm flourite objective. 
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| | ' : 
is free of lateral chromatic aberration, the corrections provided by the field lens are lacking and a large a-~ 
mount of aberration, particularly distortion and lateral color are introduced. To overcome this difficulty, the 
reticle used is kept so small that it is seen only at the center of the field. With respect to residual aberrations, 
the Huygenian eyepiece shows some spherical aberration, a large amount of longitudinalicolor, arid marked pin- 
cushion distortion. An additional disadvantage occurs when this type of eyepiece has focal lengths less than . 
one inch, since the eye relief is then usually too short for comfort. The reader is referenced to paragraph 6. I 
where it is shown that a lens system such as this, can be designed to have constant equivalent focal lengths 

for all colors. An illustration and aberration graph of a Huygenian aia is shown in Figure 23.8. 


ha ; 
23. 3.5.3 Ramsden eyepiece. A second type of eyepiece occasionally used with the micrdscope is the Ramsden 
eyepiece. The Ramsden eyepiece consists of two plano-convex lenses of the same type of glass (usually ordin- 
ary crown glass) and with equal focal lengths. The lenses are separated by a distance equal to two-thirds of . 
the focal length of a single element. The focal point of this combination lies outside the system and so the eye- 


piece can be used to focus on an external reticle or cross hairs. With respect to aberration, the Ramsden eye- .- 


piece has more lateral color than the Huygenian, but ‘the longitudinal color is‘only about half as great. The 
Ramsden eyepiece has about one-fifth the spherical aberration, and approximately half the distortion as found: 
in the Huygenian eyepiece. The Ramsden eyepiece evidences no coma, and important advantage over the Huy- 


genian is its 50 percent greater eye relief. An illustration of a Ramsden eyepiece is shown in Figure 23.9, and 


it is designated by usage as a positive eyepiece, in contradistinction to the negative Huygenian type. 

23, 3. 5,4 Compensating eyepiece. The compensating eyepiece is used in conjunction with apochromatic objec- ; 
tives (paragraph 23. 3. 4. 5)and as was previously stated, transverse chromatic aberration is a characteristic 
of these objéctivés. In order to correct for this aberration, an equal and opposite amount is introduced by the 
eyepiece. The eyepiece compensates the lateral color of the objective, and derives its name from this prop- 


erty. In addition to a definite amount of lateral color, the design of the eyepiece must correct for coma, spher-. 


ical aberration and axial color, and its curvature of field and astigmatism must compensate those of the objec- 
tive in so far as possible. In some cases, the observer wears.spectacles, especially when the ocular defect is 
astigmatism (Myopia or hyperopia can be compensated by simply focussing the microscope), and it is therefore 
desirable to have the eyepoint of the microscope high enough so that there is sufficient space for the spectacle 
lenses between the back lens of the eyepiece and the eyepoint. This requires the back focal length of the eye- 
piece be sufficiently large in relation to the equivalent focal length, winch determines the magnification. Such 


1.8mm Obj. 
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Figure 23.8- Optical layout of a 10X Huygenian eyepiece. 
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Figure 23. 9- Optical schematic of a Ramsden 
eyepiece. 


eyepieces are designated as "*High-Kyepoint” and are illustrated in Figure 23.10. Compensating eyepieces can 
be of the positive or negative construction. Figure 23.11 shows the general construction of several powers of 
compensating eyepieces. The design of such eyepieces is dependent on the residual aberrations of the apo- : 
chromatic objectives with which they are to be used. As shown in A and B of Figure 23. ll, these eyepieces 

aré of the negative type and are evolved from the Huygenian eyepiece by making the field lens and/or the eye- 
ens cemented doublets, for purposes of correction. The high eyepoint compens is of the positive type and: 

may be considered to be derived from the Ramsden eyepiece, by making the field lens a cemented triplet. The 
30x compensator shown is essentially a ratioed form ‘of the 10x High Eyepoint eyepiece. This construction pre- 
vents the eye distance from becoming too small, although the equivalent focal length necessarily is small in or- 
der to give the required relatively high eyepiece magnification. 


23.4 DARKFIELD MICROSCOPY 


23.4. General. In the ordinary microscope discussed previously, the illuminating bundles of rays enter the 
microscope objective and illuminate the entire field of view. The objects under examination are imaged.as 
dark or colored details appearing against a bright background. Therefore, by this usual method of illumina- 
tion, Brightfield Microscopy is. accomplished. If the specimen is small, as for example with colloidal par- 
ticles, or is practically transparent, the ordinary brightfield microscope doesnot offer sufficient contrast to 
render the objects visible. However, such particles have the property of scattering a portion of the incident 
radiation by means of diffraction, refraction, or reflection. In the field of darkfield microscopy, only the 
scattered light enters the microscope, while the direct illuminating beam entirely escapes the microscope’ s 
objective. Darkfield microscopy is accomplished by using the condenser to block the central portion of the 
light cone. The blocking of the entering light may be accomplished as detailed in 23.4.2 through. 23.4,5. In 
both darkfield microscopy and ultra microscopy (paragraph 23. 5)the objects appear to be self-luminous in a 
darkfield, and no light directly reaches the observer from an outside source. Light is only transmitted to the 
observer from the object being viewed. 


23.4, 2 Refracting darkfield condenser. A simple refracting darkfield condenser is an ordinary substage con- 
denser provided with an opaque center stop which allows only rays traversing the outer zones of the condenser 
to be transmitted as shown in Figure 23. 12.. The effective numerical aperture of the microscope's objective 
must not be greater than the numerical aperture of the obscured central portion of the condenser, in order that 
the oblique hollow cone of rays transmitted by the condenser will not directly enter the objective. The oblique 
hollow cone of light will illuminate any object at its apex or focus, the object itself then deflects a part of this 
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Figure 23.10- Optical schematic of a high eye- 
point compensating eyepiece. 
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I i 1 s 
light into the microscope, and the object will then seem to be self-luminous in a dark field. The smaller nu- 
merical aperture of the illuminating bundle is about 0.7, while the upper limiting numerical aperture of the ° 
condenser is about 1.2. While such an illuminator is suitable for non-critical work, the refracting condenser 
has too much spherical and chromatic aberration for exacting darkfield use. In order to obtain a sufficiently 
dark background, it is important to have a very thin section of the specimen receive the focussed light. This 
condition will preclude any significant amount of aberration being present in the.condenser. Darkfield conden- 
sers of the reflecting type may be well corrected for those defects and are generally used for high power work. 

i \ 


“23.4.3 Reflecting darkfield condensers. The advantage offered by a reflecting darkfield condenser, with re- 
spect to the refracting type, is its ability to form a good ring of light for darkfield work, and its ability to 
minirnize spherical and chromatic aberration in the transmitted bundle. More light will be scattered by the 
specimen if the difference between the inner and outer numerical apertures of this hollow cone is large. On 
the other hand, the microscope's objective is functioning at a numerical aperture not greater than the lesser 
numerical aperture of the hollow cone. This factor determines the amount of scattered light which can be 
used for image formation, and also determines the resalving power of the microscope. It is common practice 
to have the numerical apertures of the hollow cone cover the image from 0.7 to approximately 1.25. When ob- 
jectives having numerical apertures greater than 0.7 are used, it isinecesdary to equip them with a funnel stop. 
The funnel stop will reduce the numerical aperture so that no direct /light.passes through the objective." For 
high power darkfield microscopy, not all the light can pass from the condenser to the specimen unless the 
specimen and its slide are in oil contact with the condenser. Some reflecting darkfield condensers are made 
with spherical surfaces or aspheric surfaces. Aspheric reflecting darkfield condensers are more difficult to 
fabricate, but are theoretically better corrected than the spherical sa } 


23.4.4 Aspheric darkfield condensers. 


23.4.4,1 Paraboloid. A paraboloidal darkfield condenser is shown in Figure 23. 13 {a). This condenser is a 
plano-convex block of glass with the reflecting surfaces forming a true parabola, at whose focus the specimen 
is positioned. Since the microscope's slide is in oil contact with the upper surface of the condenser, no aber- 
rations are introduced. _ : 
23,4.4,2 Cardioid. In the cardioid darkfield condenser, the light rays undergo two reflections; one from the 
inner surface which is spherical, and one from the outer surface, which is cardioidal as shown in Figure 23, 13 
(b). This condenser, as is the case with the paraboloidal type, is free from chromatic and spherical aberra~ 
tion and, since it obeys the sine condition, is termed aplanatic. It is possible to observe particles as small as 
' i 


| 
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Figure 23. i!- Typical compensating eyepieces. 
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Figure 23, 13- Aspheric darkfield condensers. 
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0.000004mm in diameter under favorable conditions with this type condenser. The disadvantage of this type of 
condenser is the difficulty encountered in grinding and polishing a precise cardioidal surface. 


23.4.5 Spherical darkfield condensers. 


23,4.5.1 Bispheric. The bispheric darkfield condenser as.shown in Figure 23. t4 is constructed with both sur- 
faces spherical, thereby avoiding the difficulty of precise grinding and polishing (as is the case with the cardioid 
type). The highly precise spherical surfaces can then be used with only slight deviations from theoretical con- 
siderations. 


23,5 ULTRAMICROSCOPY 


23.5.1 General. As indicated in the conclusion of paragraph 23. 4.1, darkfield microscopy and siiiaanteeeacegy 
are similar in their approach to the problem of studying objects or specimens. The two approaches differ only 
in the size of the object to be observed. Darkfield microscopes deal with objects of approximately 0.2 or . 
more in diameter, that is, those which come within the resolving power of the microscope. Ultramicroscopy 
deals with objects so small that the details cannot be resolved, but the presence of the object is inferred by the 
presence of light which the object transmits in the instrument. Some of the details of the specimen viewed with 
the darkfield microscope can be resolved, but some details are so small that they show simply as points of light, 
usually in the form of so-called diffraction discs. The larger details in the specimen come within the ne 
of darkfield microscopy, while the smaller details are the concern of ultramicroscopy. 


23. 5. 2 Characteristics. 


23, 5. 2.1 Ultramicroscopes pass a narrow beam of light through the specimen at right angles to the axis of the 
viewing: microscope. With a strong light source, such as a carbon arc, ultramicroscopes are excellent for 
viewing and counting particles in colloidal suspension. Figure 23.15 illustrates the essential components of a 
slit ultramicroscope. The arc (a) is imaged by the lens (b) on the cross slits (c). The cross slits (¢) are - 
imaged by a long working distance,microscope objective (d) into cell (e), which is provided with two windows. 
The object to be viewed is introduced into the cell (e) and viewed by the microscope (f) through the upper win- 
dow of the cell (e). In the cell, the Tyndall beam can be clearly seen in the microscope. By means of an eye- 





Figure 23.14- Bispheric (bicentric) darkfield 
condenser. 
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Figure 23. 15- Elements of a slit ultramicroscope. 


piece scale, the width and length of the beam can be measured. Therefore, if the cross slits (c} are rotated. 
through 90°, the depth of the beam becomes the new width, and it cari be measured. In this way, the volume | 
of an illuminated portion of the contents of the cell (e) can be determined. In addition, the number of particles 
in the volume can be counted, and the number of colloidal particles per unit volume determined, Since the 
colloidal particles appear as diffraction discs, there is no need for high power or resolution in the viewing 


microscope. 


23,6 PHASE MICROSCOPY 


i | 
23.6.1 General. Nearly transparent materials having optical path (the product of the thickness and refractive 
index of the specimen) differences can be observed either with a phase or interference microscope. However, 
in contradistinction to the interference microscope (paragraph 23. '7),the phase contrast is accomplished by the 
recombination in the image of direct light with the light deviated by the object after modification by a diffrac- 
tion plate. It is interesting to note that a brightfield microscope may be converted to a phase’ microscope by 
the substitution of a phase condenser and phase objective. Similarly, the designer should keep in mind that a 
single contrast may be adequate for a given class of specimens, whi! 


contrasts to reveal all of their structure. 


23.5.2 Characteristics. The characteristics of a phase microscope can be seen from Figure 23.16. An annu- 
lar diaphragm is placed in front of the condenser. When the annular diaphragm is uniformly illuminated, an 
image of it is formed in the objective near its focal plane, between the lens system. It can then be seen that 
all the light passes through this ring image or conjugate area when no specimen is present. However, when 
a specimen is being examined, some light is deviated through the rest of the area of the diffraction plate in 
the objective. The placing of a diffraction plate at this point differe 


men, and the direct light from the background. 


23.6.3 Principles. 


23, 6.3.1 The principles on which the phase microscope is based are.shown in Figures 23. 17 and 23. 18. Figure 
23. 17shows a light wave A' passing through a transparent object C: You will notice that A' has slowed down 
with respect to light wave A, which did not pass through the transparent object, and accordingly the two light 
waves are out-of-phase. However, the human eye and light-sensitive photographic plates are insensitive to 
phase differences, and as a result the image can scarcely be seen or photographed. Light wave A" in Figure 
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Figure 23. i6- Elements of a phase microscope. 
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Figure 23. 17- Passage of waves through mediums. 
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23/17 passes through an absorbing medium E and is thereby reduced in amplitude as shown. However, in con~ 
tradistinction to phase differences, amplitude differences are visible. When light waves of the same phase and 
amplitude are combined in the image as shown by R & R' in Figure 23, 17, they add to produce brighter contrast. 
Similarly, dark contrast can be obtained by producing light waves which are out-of-phase or amplitude with 
each other as shown by § and S' in Figure 23.17, and combinations of amplitude and phase differences can be 
obtained which will produce lighter or darker greys. : ' 


23.6. 3.2 Light waves may be superimposed as shown in Figure 23. is Section 1 shows that the wave P, re- 
sulting from a slightly retarding particle, may be broken up into two waves S and D. ‘The central wave S and- 
the diffracted wave D, are shown again in Section 2. Section 3 demonstrates the result of using a bright con- 
trast diffraction plate. ‘The wave S has been partially absorbed, and wave D has been retarded, so that S and 
D are out-of-phase and produce a darker image. ; 


23.6. 3.3 The phase relationship of the light passing through a as of different optical paths has been altered, 
and the detail from the optical path differences, or slight absorptions of the specimen,’ will become visible 
within the microscope by the phase system elements (paragraph 23. 6. 2). By using an appropriate diffraction 
plate as previously discussed, it is then possible to increase or decrease the contrast of the image directly, 

or after reversing to change the contrast tone from bright to dark. ; 


| I | 
23.6.4 The diffraction plate. The diffraction plate consists of optical glass on which is evaporated,in vacuum, 
a very thin layer of metal, or a layer of a dielectric, or both. The layer of metal absorbs light, while the di- 
electric retards the light. The layer of metal or dielectric must be of sufficient size to cover either the image 
of the annular diaphragm formed in the objective or complimentary area of the remainder of the objective. 
These layers act upon the direct light from the background, and the deviated light from the specimen, so that 
recombination in the image will produce visible phase or absorption differences in the specimen. 


| 
23.6.4,1 The bright contrast diffraction plate absorbs, retards, or retards and absorbs the undeviated light, 
but has no effect on the deviated light. When this bright contrast diffraction plate is used, regions in the 
specimen of greater optical path will appear brighter than those of.a lesser optical path. 

| b 
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23.6.4. 2 The dark diffraction plate absorbs the undeviated light, and retards the light deviated by the speci- 
men. The tegions of greater optical path difference in the specimen will then appear darker. The effect of the 
dark diffraction plate is solely on the deviated light, and the degree of contrast is controlled by the width of the 
annulus and the thickness of the absorbing and retarding layer of the diffraction plate. 


23.6, 5 Disadvantages encountered with phase microscopy. As noted previously, phase contrast is accomplished 
in the phase microscope by the recombination of the direct and deviated light in the image, after diffraction. 
However, optical path differences and small absorption differences may be involved in this recombination and 
the resultant might be more appropriately termed “densiphase contrast" as suggested by Bennett, et. al. @) 
Presently, phase microscopes have been modified to provide variable contrast, but not to measure the densi- 
phase detail. Also, as the phase microscope redistributes the light in the image, haloes are often seen around 
the observed details, although the proper diffraction plate may lessen this condition. In addition, phase micro- 
scopes will make the optical path differences visible, but not their numerical magnitude. . 


23. 7 INTERFERENCE MICROSCOPY 


23.7.1 General. Interferometry, while well established in other fields, has only recently been applied'to mi-_ 
croscopy. Two methods of interference microscopy presently exist, the multiple beam method which is used" 
extensively in the examination of surfaces of opaque materials having good reflection and in the examination of 
transparent materials, and the two beam method. és 7 


23.1. 2 Characteristics. 


23.7.2. 1 Interference contrast. Interference contrast is accomplished by the recombination in the image of 
two beams of coherent light (from the same source), one of which is modified by passing through the specimen. 
In contradistinction to the phase microscope, the interference microscope will not produce haloes around the 
details. In addition, the interference microscope provides variable color contrast with white light illumination, 
and intensity variation in the color of the monochromatic light when monochromatic light is used. Similarly, 
with monochromatic light the interference microscope can provide measurement of the optical path differences 
in the specimen. It is interesting to note that when the thickness of the specimen is known, the refractive in- 
dex can be measured, and in the case where the specimen is placed in a media of a different known refractive 
index, both the thickness and index can be measured. Also, interference microscopes have increased vertical 
resolution, but have the same lateral resolution as other light microscopes. ; : 


23.7.2. 2 Multiple beam interference microscope. In the multiple beam method, the specimen to be examined 
is mounted between two flat,metalized,reflecting surfaces, and illuminated with parallel,monochromatic light. 
The recombinations resulting from repeated reflections of the light through the specimen produce fringés, © 
which are used to measure the optical path differences (within reasonably transparent specimens). 


23 7.2.3 Two beam interference microscope. With the two beam method, coherent illumination (from a single 
source) is so divided that part of the light passes in focus through the specimen, and the remainder passes to 
one side or is out-of-focus at the specimen. On recombining the light, the beams interfere to produce meas- 
ureable patterns from which the optical path differences can be determined. This beam separation can be 
accomplished by reflection or polarization. 


23.7. 3 Principles. 


23.7,3.1 The A O Baker interference microscope, Figure 23.19, illustrates the principles of interference mi- 
croscopy. This microscope is.fundamentally a polarizing microscope modified into a two-beam interferom- 
eter. The condenser has a birefringent plate which divides the light into two beams and the objective has a 
corresponding plate which recombines the beams after one of them has passed through the specimen. Above 
the objective is a quarter-wave compensator and an analyzer. Various eyepieces may be used to obtain differ- 
ent magnifications with the Shearing or Double Focus types of 10X, 40X and 100X objectives. 


23.7.3. 1.1 The polarizer below the condenser polarizes the light in a plane at 45° to the axis of the birefrin- 
gent plate. The birefringent plate at the top of the condenser separates the polarized light into two beams which 
are plane-polarized at right angles to each other. One beam passes through the specimen, and the other passes 
to one side of the specimen in the Shearing system. In the Double Focus system one beam focuses at the speci- 
men and the other spreads around the specimen to focus above it. The phase of the beam passing through the 
specimen is changed by the local variations in optical thickness in each portion of the specimen; while the 


- + changes in the reference beam depend on the average optical thickness of the specimen and the region around 


it in the Double Focus system; or the region to one side of the specimen in the Shearing system, as shown in 
Figure 23.20 


(i) Bennet fi H. Jupnik, H., Osterburg, H. andO. W. Richards, Phase Microscopy, pg. 11, John Wiley & Sons, New 
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Figure 23, 19- Optical schematic of AO Baker aa ioe microscope. 
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Figure 23. 20- Path of light rays through a Shearing and Double-Focus system. 


23.7.3. 1.2 The birefringent plate on the front of the objective unites the two beams and the quarter-wave plate 
changes the two oppositely polarized beams into left and right-hand circularly polarized light. The resultant 
of two circularly polarized beams is plane polarized light, the direction of the plane depending on the phase 


difference between the circularly polarized beams. Thus the phase differences in the specimen can be deter- 
mined by turning the analyzer to the position of minimum luminance, or extinction, in the image. : 


23.7.3.1.3 A vector theory (2,3) and an integration theory (4) have been proposed for the mathematical analysis 
of this type of microscope. 


23.7. 4 Interference colors. 


23.7.4. l Light passes through an optically denser medium more slowly than in a less dense medium and is re- 
tarded with respect to light through the less dense medium. The amount of retardation (phase difference) is 
proportional to the difference in refractive index for the particular wavelength considered. 


23.7.4. 2 For example, should the denser regions of a specimen illuminated with light from a mercury arc re- 
tard the blue light exactly one-half wavelength and the analyzer be set to extinguish the blue light, the speci- 
men then would be seen only in the remaining yellow-green light. ‘ 


23.7.4. 3 With tungsten light,the blue is not limited to such a single wavelength as the mercury arc, but is a 
band of light (+440 - 4902). A single particle cannot retard exactly to a half wavelength all of these blue wave- 
lengths, therefore some blue will be lost and some transmitted and the particle will appear, more or less 
yellow, depending on the amount of blue lost. 


23.7. 4.4 Phase changes affect other colors in a similar manner and the actual interference colors depend on 
the composition of the light from the illuminator and on how the optical paths in the specimen retard or ad- 
vance each wavelength (color). The relative amount of each wavelength passing through the analyzer deter- 
mines the color of the particle. 


(2) J. Roy, A Vector Theory of Phase Contrast and Interference Contrast. Micr. Soc. 75:23-37, 1955. 
(3) G. Oster, A. W. Pollister, Physical Techniques in Biological Research 29-90 Vol. Is, Academic Press, New York, 
(4) ibid (3), 310-437, Vol. I. 
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23. 7.4.5 Light is radiation to which the eye is sensitive (380-740My ) ‘and can be seen. Interference micro- 
scopy is possible with invisible, infrared and ultraviolet radiation with receptors sensitive to the radiation 
used. | ! : 


23.7.5. Measurement of the optical path requires the use of monochromatic light to avoid the color interfer- 
ences mentioned in paragraph 23.7.4, Monochromatic light is light of a single wavelength and is usually obtained 
from a single line of a spectral source. As the mercury arc has most of its radiation concentrated in a few 
lines it is the usual source for such illumination. The mercury arc has the further advantage in that the green 
line of 548mp wavelength is quite close to the maximum sensitivity of the human eye (555my). Sodium light is 
suitable, although not as comfortable for visual use. : 


23, 7,5 Hlumination and filters. 


} 
i t 


23.7.5. 2 To isolate the light from a Single line in the mercury spectrum a filter is used that transmits the light 


from the desired line and absorbs the light from the other bright lines in the spectrum of this source. 


23. 7.5.3 Some filters for use with mercury arcs are listed in Table 23.1. The least expensive is the Wratten 
62 or '14, but these transmit only about 10% of the green light and do not exclude the light 'from the yellow line. 
The Corning CS4-120 transmits more of the green and no yellow. The Wratten 77 and 77A also transmit more 
green light than the 62 or 74, but for monochromatic light need to be combined with the 58 filter which reduces 
the light correspondingly. Filters for isolating the blue and yellow mercury lines are included in the table. . 

| ! 
23.7.5. 4 For some measurement, where the highest precision is not required, approximately monochromatic 
light is adequate and may be obtained with tungsten lamps and "narrow band" filters or with "interference" fil- 
ters. The latter often have the disadvantage of low transmission. 4 

| : 
23. 7.5.5 The H85-C3 or H100-A4 (formerly AH3 and AH4) mercury arcs are satisfactory for many visual ap- 
plications, but require long exposure when photomicrographs are to be made. More intense mercury arc 
sources such as the B-T-H 250 and the Osram HB0200 give more light, especially when monochromatic light 
is used, and are desirable for photography. i 

. | 

23.7, 5,6 Light from the mercury arc without a color filter can be = for variable color contrast microscop 
















Mercury line 

Relative energy _ 

Bye Relative 
luminosity 

(100 at 0. 555) 


Blue, 0. 436. Green, 0.546, Yellow, 0.5771 
80% _ 100% ~ 88% 


i 


1.8 98.4 89.8 ! 








% % ‘ % i 
Filter ‘Trans. # Rel. Vis. *| Trans. #Rel. Vis. *| Trans. #Rel. Vis. * 
Corning CS4-120 0 - 44 43 0 - 
Corning CS-584 22 3 Qo -- 0 - 
ford 625 0 - 35 34 8 » 6 
Wratten 50 6.4 0.9 6 : 0 0O 0 
Wratten 62 0 - 10 9.8 0.5 0.4 
Wratten 74 0 - 10 9.8 0.2 , 0.2 
Wratten 77A 6 68 67 0 7 0 
Wratten 77A 58 0 29 28 0 0 
Wratten 77 0 - 74 B 0.5 1 0.4 
Wratten 77 58 0 - 31 31 0.06 pe 
Wratten 58 0 - 42 31 li 9 
Wratten 22 o - 0 - 71 | 62 





t 
*Relative luminosity - Relative energy - filter transmission - relative ! 
luminosity of the ICI Standard Observer. 


#Trans.= transmittance. i 


‘Table 23, 1- Table of visual efficiency of isolating 
filters for the H100-A4 Mercury Arc 
(based on nominal values from manu- 
facturer's literature). 


| 


| 
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although it will be seen that the mercury light has very little orange and red as compared to tungsten or day- 
light. When used with a filter.the path differences in the specimen are seen only in the color of the filter, but 
with variable intensity. 


23.8 POLARIZING MICROSCOPE 
23, 8. | General. 


93. 8. 1. \ The polarizing microscope is a brightfield microscope modified for examining the specimen in polar- , 
ized light, with auxiliary equipment for measuring the effect of the specimen on the polarized light. A labora- 
tory microscope can be used with polarized light by placing discs of Polaroid under the condenser and in or on 
the ocular. Such simple polarization will reveal the colors in birefringent materials and show strain. 


23, 8.1.2 For measurement, a specialized microscope ig.necessary. The polarizing microscope has a polar- 
izing prism of the Nicol or Ahrens type under the condenser. The chemical type has a cap analyzer over the: 
eyepiece and the petrographic type has the analyzer in a slide so that it can be pushed into or out of the optical 
axis in the body tube of the microscope. The upper lenses of the condenser are arranged.so that they may be 
moved into or away from the optical axis of the microscope. ae 


23.8. 2 Characteristics. 


23, 8.2. | Strain-free optics are necessary in the design of a polarizing microscope, and the objectives are 
usually mounted in centering rings of a quick change type of nosepiece. 


23. 8.2.2 When a Bertrand lens is pushed into the optical axis, it forms, with the ocular, a telescope for viewing ~ 
the back aperture of the objective. A slot is provided for moving a quartz wedge or other compensators into the 
optical axis. . : 


23. 8.2.3 The ocular contains cross hairs and is positioned in the ocular tube to prevent rotation. The polar- 
izer is rotatable to position it at 180° to the polarization angle of the analyzer and a centering rotatable stage 
with graduated scale and vernier are used to measure the orientation of the specimen. : : 


23.8. 2.4 The improved Polaroid is satisfactory and is used to replace the expensive crystal polarizers in some 
modern instruments and many special compensators, multiaxis stages and other auxiliary equipment are avail- 
able and useful. The birefringence of biological materials is small, and more elaborate polarizing micro- 
scopes have been built to meet this need. One marked improvement is the rectifier for compensating ‘depolar- 
ization from the curved objective lens that makes possible the use of the near ly full aperture of the oil immer 
sion objective. 


23. 9 FLUORESCENCE MICROSCOPES 
23. 9.1 General. 


23.9.1. Fluorescence microscopy can be accomplished with a brightfield microscope when the specimen is 
irradiated with ultraviolet radiation. A source of filtered radiation (usually a high pressure mercury arc) is 
necessary and an ultraviolet absorbing filter is placed on, or in, the ocular to prevent ultraviolet radiation 

not absorbed by the specimen from reaching the eye. A front-surface,aluminized mirror is more efficient than 
a silvered mirror. 


23.9. 2 Characteristics. 


23. 9.2.1 For short wavelength ultraviolet, necessary in the study of some minerals, the condenser and slide 
must be of quartz or other UV transmitting materials, or a catoptric condenser be used. Long wavelengths 
(>330mp.) UV pass through the ordinary microscope optics and they are satisfactory. 


23. 9.2.2 The most efficient system uses a crossed filter technic with a brightfield condenser. The lamp filter 
passes the radiation absorbed by the specimen and the ocular protective filter is chosen to absorb the ultra— 
violet, but to pass the light emitted by the specimen. When an efficient cross-filter system is not possible, a 
darkfield condenser is used with a thinner UV isolating filter. A colorless UV filter is usually required for the 
ocular as some of the UV may be scattered by the specimen into the objective. 


23. 9, 2.3 Achromatic objectives and Abbe condensers are preferable as the chromatically corrected ones often 
contain fluorescent materials which introduce glare and reduces visibility. The Abbe NA 1.40 will concentrate 
more energy on the specimen than the usual NA 1.25 condenser. ; 
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23, 10 THE STEREOSCOPIC MICROSCOPE 
23.10. 1 General. 


23,10.1,1 The bi-objective, binocular microscope, reinvented by Greenough is made by combining two micro- 
scopes, Figure 23.21, so that the right eye sees with the right hand side,and the left eye with the left hand side. 
As each eye receives a separate disparate view, true stereopsis occurs. When the angles of the objective and 
ocular convergence are the same,true or orthostereopsis is provided. By changing these angles increased or 
decreased depth can be provided. ! 


23,10, 2 Characteristics. 


23.10, 2. Prisms are included to erect the image and such instruments are useful for dissection and for the 
examination of small parts. : : 





aperture to about 0.12 and there is no advantage in using magnifications over about 120X. 
| | 


i ; oe 
23. 10, 2, 2 Since two objectives are required, the mechanical limitations of placement limits the numerical |” 


.23. 10, 2.3 A recent modification places the paired objectives in a rotatable turret with a single,large, cor- 
rected lens between them and the specimen. By turning the turret, magnification can be readily varied within 


the limitations of the cycloptic microscope. Another improvement is to build the paired objectives into a zoom, 


system so that the magnification can be varied continuously throughout its range. 


| 
' 


23, 1. PETROGRAPHIC MICROSCOPE 
! 
23,11, 1 General. 


23.11.1.1 The optical system of the petrographic microscope has been so adapted that the methods of petro- 
graphic measurements can be made. | . ' 


t 
i 
i 





Figure 23. 2l- Optical schematic of a stereoscopic microscope. 
j z 
| 
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Figure 23. 22- Optical system of a petrographic microscope. 
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23.1.2 Characteristics. 


23.11,2.1 Substage condenser. The substage condenser is made up of two parts one of which is designated as 
the lower fixed lenses of the condenser and the other as the swing out upper lenses of condenser. When these 


| 


MICROSCOPE OPTICS 


two systems are working together,the NA of the combination may be as great as 1.40. When only the lower 


part is used,the NA may be as low as 0.25. At the lower (front) focal plane of each of the above condensers, is 
located an iris diaphragm designated in Figure 23.22 as the lower iris diaphragm and the upper iris diaphragm. 
Beneath the lower condenser and between it and the lower iris diaphragm is the polarizer which may consist of 
a Nicol or Ahrens polarizing prism or a sheet of Polaroid. The polarizer is generall: 
with an angular scale. A detent stop may indicate the zero setting of the polarizer. 


| i . . . 
23. 11.2.2 Objectives. The objective lenses used in the petrographic microscope are identical in design with 
the achromatic series of microscope objectives already mentioned. However these objectives must be free . 


from strain otherwise their birefringence will interfere with measurements made upon mineral specimens. 


i i , ; 
23. 11.2.3 Analyzing system. The analyzer may be a Polaroid plate or:a polarizing prism of the Nicol or Ahrens * 
type. The light passing from the objective to the eyepiece is convergent. Since a polarizing prism will produce 
astigmatism under such circumstances, it is necessary to parallelize the light traversing the. polarizing prism.’ 
For this purpose a negative lens is used below the analyzer to cause the convergent light to become parallel. 
Above the analyzer is placed a convergent or positive lens of such focal length that the rays are focussed on 
the cross hairs of the eyepiece. These lenses need not be achromatic as the image forming bundles of rays |. 


are of such a small aperture. The introduction of these compensating lenses necessarily change the initial 


magnification and to avoid having different magnifications when the analyzer is inserted or: withdrawn from its 
position on the axis of the instrument, the compensating lenses are fixed inside the body tube. The analyzing 
prism itself is protected against dust, fumes, and moisture by two windows labelled in Figure 23.22 as protec- 
ting plates. These plates should not be plane and parallel as there would be detrimental reflections between 


the surfaces of the plates. These windows should be in the form of menisci of zero power! 
i : 


23. 11.2.4 Amici-Bertrand Lens: This lens is located in such a position, and is of the correct focal length to 


image the back focal plane of the objective onto the cross hairs of the eyepiece. It will be seen that in this 
case the entire microscope becomes a telescope focussed for infinity. :Of course,when the, Amici-Bertrand 


lens is slid out of the instrument the system is a microscope. The Amici-Bertrand lens. may be focusable and 


equipped with an iris diaphragm. 


t i a 
23.11. 2,5 Eyepieces, The eyepieces in the illustration are of the Huygenian type with the. eyelens focusable’. ° 
upon the cross lines of the reticle. The entire eyepiece is prevented from rotat 
screw,in the eyepiece engaging a slot in the upper end of the body tube. 
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_24 DESIGN PHASE OPTICAL TESTS 


24,1 INTRODUCTION 


24.1.1 Uses. Optical testing methods are ‘widely used in all branches of scientific and technical work. The 
basic techniques, or modifications thereof, enable some of the most sensitive and precise measurements man 
has ever known. Gage blocks may be measured to better than 0. 0000001" with relatively simple interfero- 
metric apparatus while velocities of satellites hundreds or thousands of miles away may be measured with the 
Doppler shift techniques common to older astrophysics problems. : 


24.1.2 Related fields. It will be noted that from time to time reference will be made to work that has been 
done in the field of microwave antennas. This has been done in the belief that it will be very instructive to be- 
come acquainted with design techniques involving wavelengths that are frequently approaching a tenth of the radi- 
ating aperture. Further, the use of aberrations, interference, diffraction, and control of aperture illumination 
are discussed and demonstrated in a way frequently difficult at light optics frequencies. The very recent a- 
chievements in light optics where the aberrations are all reduced (save color) to the diffraction-limited stage is 
many years old in the microwave-antenna field. Microwave antenna designers borrowed heavily from older op~ 
tical techniques and it is quite possible that a study of their efforts will be highly rewarding to the light-optics 
designer. : ; 


24.1.3 Methods and problems pertinent to optics. 


24.1,3.1 While these methods cover a wide gamut, discussion in this section will be confined to a small sam- 
pling of the methods particularly suitable to the design, construction, and evaluation of visual optical systems. 
A few words regarding the origin of the testing problems which will be encountered will be in order. , 


34,1.3.2 The design of an optical instrument is obviously predicated on a need having been established. Some- 
times the nature of this need is such that electrical and mechanical considerations may dictate, to a consider- 
able extent, the physical shape of the optical system. However, even after this has been determined there ‘still - 
remains the problem of translating the customer's purely optical requirements into a form that is Significant to 
the lens designer. Field of view, curvature of field, transmission over 2 given spectral band, distortion, etc. 
can be specified rather accurately and unambiguously. Questions, however, as to image quality and what figure 
of merit is to be used in deciding whether this or that design will most closely give the customer the informa- 
tion he seeks when he uses the instrument, raise problems that have yet to be solved completely. There seems 
to be more and more evidence of late that to phrase the probiem in this way--viz. that the optical instrument be 
an "information handling system" -- is preferable to the more vague requirement that it be a system that forms 
a good image. Agreed, the former actually sounds more vague, but current effort indicates the above sentence 
is probably correct. f 


24,1.3.3 The postulating of a figure of merit implies that one must test proposed designs to see if they meet 
the assumed theoretical criterion. Once the design is firm, the optician takes over and now he must perform 
tests to see that his construction faithfully follows the prescription given to him by the lens designer. Here we 
must point out that there is another testing step necessary.’ The optician's job may be considered complete and 
accurate when the radii, edge thicknesses, center thicknesses, spacings, indices, etc. agree with the specifi-. 
cations handed down by the lens designer. The fact that the optician's work is presumably accurate does not, 
however, serve as a complete check on the usability ‘of the system. It must be remembered that the designer 
used some theoretical criterion such as amount of energy in a point image, phase front or Seidel aberrations. 
The next step therefore is to see how well the constructed system lives up to his predictions in one or more of 
these respects. ‘ . 


‘24.1:3.4 There is little doubt that the ultimate test of any system is a field test under the original conditions 
imposed in the customer's specifications. A system can conceivably be excellent in the laboratory and yet be 
so sensitive to vibration that it is useless in the field. Further laboratory testing under simulated field condi- 
tions is therefore indicated, installation in field equipment being attempted only after the prototype has been 
tested thoroughly in the laboratory. 


24.1.3.5 Here is another point that should be strongly raised. Granted that field tests are the ultimate in one 
sense, we should not lose sight of the fact that the nature of field tests frequently is such as to cloud the per- 
formance of the optical system by the introduction of parameters not basically a part of the problem. The 
writer clearly recalls airborne cameras yielding several hundred lines per minute resolution in the laboratory 
and only 20-30 lines per minute in the air. The trouble was definitely not with the camera or optical system but 
rather with the mechanical mounting in the plane. Some more or less absolute standard of perfection based on. 
the customer's optical requirements is therefore mandatory. Tests in this category are extremely valuable. 
Resolving power, sine-wave tests, ‘etc, fall into this category. 
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24.1.4 The testing program. 


| : 
24,1.4.1 A consideration of the principles outlined above indicates that the complete testing program rather 
naturally falls into the following categories. It should be pointed out that many more types of tests are known 


in each category, but space permits only this limited sampling. 


24.1.4.2 Testing during the design phase. 
(1) Calculation of the Seidel Aberrations 


(2) Calculation of the Spot Diagrams 


| i 1 
(3) Determination of the phase front and perhaps the predicted diffraction by knowing © 


the phase front and amplitude distribution over the aperture, 
24.1.4.3 Testing during the manufacturing phase. 
(1) Foucault Test 
(2) Star Test 
(3) Ronchi Test 


. ‘ | 
(4) Interferometric Tests and/or determination of phase front. 


(5) Measurements of curvature of field, astigmatism, transmission; field of view, 


front and back focal lengths etc. 


24.1.4.4 Testing during the evaluation phase. 
(1) Any or all of the tests in 24. 1.4.3 above. i 


(2) Measurement of the resolving power. 
(3) Measurement of the sine-wave response. 


We will now proceed to discuss each of these tests. 


24.2 CALCULATION OF THE SEIDEL ABERRATIONS 


24.2.1 Object-image relationship. From a strictly theoretical point of view, an optical system may be said to 
be perfect if its response is "collinear" i.e. points are imaged as points, lines are imaged as lines, and planes 
are imaged as planes. A further qualification is required--namely that the definition just ‘given applies strictly 
and only to an optical system where the magnification is unity for all image points. While such systems do have 
significance, most optical systems require either minifications (telescopes, field cameras, etc.) or magnifi- 
cation (microscopes, etc.). We therefore qualify the concept of collinearity by adding that magnification or mini- 
fication may exist, but should be constant for all points in the image. |The above definition, even with its quali- 
fications, applies more to photographic than to visual optical systems because of the reference to a flat focal 
surface, While curved focal surface systems have been used in photography, they are rare because of the practi- 
cal problems involved in film handling. Almost all photographic systems require a flat focal surface, i.e. a © 
focal plane. For visual optics we may relax this requirement somewhat. Indeed the ideal system is one whose 


curvature of field matches that of the eye. | 
t 


24.2.2 The importance of Seidel Aberrations. It has been found possible by Seidel ) to!express the deviation ~ 
of an actual image produced by a system, from the theoretically perfect system by a series expansion, This 
Series expansion was given previously in Section 8. The monochromatic deviations from the ideal 

flat focal surface collinearity are called aberrations and include spherical aberration, coma, astigmatism, 
curvature of field and distortion. To the extent, then, that this series lexpansion accurately depicts what happens 
to an image point, the calculation of these Seidel aberrations constitute a powerful first approximation in the de- 
Sign of an optical system. It is equally clear that the calculation of these aberrations may be considered as a 
theoretical test of such a system. The method of calculating these aberrations, and the detailed significance of 


each has been previously treated, The subject is raised here again to point out the use of these aberrations in 
the theoretical tests which may be applied to an optical system. The reader should refer to Sections 8-10 
for more details, It should also be pointed out that these aberrations are strictly geometrical and that 


(1) Seidel: Astronomische Nachrichten, 43, 289-332 (1856). 
| 
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two different systems may have the same aberrations and yet show quite different images due to the fact that 
the wave nature of light is completely ignored {except for the variation of index with wavelength). 


24.2.3 Seidel Tolerances. The criticism sometimes levied is that it is pointless to design a system on the 
basis of purely geometrical optics because of the neglect of interference etc. To our knowledge no optical 
system has been designed, at least in recent years, without reference to the wave nature of light. Frequently 
this is done by explicitly placing tolerances on the aberrations by reference to the Rayleigh () stipulation that 
the maximum path deviation from a given object point to a given image point be not more than a/4. Discussions 
of this may be found in Conrady (9) and Martin) . These optical tolerances are: 


For primary marginal spherical, 

permissible primary LAY = 4yN sin? UL, () 

For primary zonal spherical, {assuming LA' = 0) a 
permissible LZA' = 6/N' sin? Uty a 
For primary Coma (Coma,) he 
permissible Coma, = + Yan sin Uy (3) 
For focal range, ce 
Focal range = A/N' sin Uy (4) 
For astigmatism, Ast's 

permissible Ast's = /4N' sin? UL, : (5) 
For curvature of field, 

permissible X' = focal range = /N sin? Un 6 


Note: Ul is,the angle between the ray and the axis, N' is the index of refraction in image space; and.A is the 
wavelength of the radiation. 


24.2.4 Use of the Seidel Tolerances. One should use these tolerances with exceeding care particularly with 
high speed systems. This occurs because the focal range allowed by the a/4 path difference criterion is as- 
sumed small compared with the actual focal length. Secondly the field angle is assumed sufficiently small so 
that sin2(U'm) = 1/4 sin? Ut. One should further regard these tests as representing a theoretical arbi- 


trary standard which may be too tight or too loose in special circumstances. For fast systems {microwave 
antennas are a good example outside of the field of visual optics), the tolerance on spherical aberration as com- 
puted from (1) is too loose--usually by a factor of 4 or more. The tolerance on coma is too loose for many visu- . 
al systems where the coma may be the most serious aberration and every attempt should be made to reduce it 
sensibly to zero. The astigmatic tolerance is usually too tight, and a lens may be expected to produce good re- 
sults even if the astigmatic tolerance is exceeded by a factor of 2. ss 


24.2.5 Conclusions. . The subject of Seidel aberrations from purely geometrical optics is considered here in 
conjunction With tolerances imposed by physical optics because they have been the prime standards against which 
lenses were compared until the relatively recent present. Most lenses still are designed on this basis today 
although there are some who think that sine-wave response calculations may replace them in future years. In 
conclusion we may say that the reduction of aberrations to within, or at least close to, the stipulated tolerances 
is a necessary but not sufficient condition that to assure a lens so constructed will perform well. Actually the 
reduction of the aberrations to the specified limits results in a wavefront that is sensibly spherical in image 
space. The true image, however, involves amplitude as well as phase, and the Seidel aberrations give no ex- 


plicit information regarding amplitude. 


24,3 THE SPOT DIAGRAM 


—_———— 
(2) Lord Rayleigh, Collected Papers, vol. 1, pp- 415-459. 
(3) Conrady, Applied Optics and Optical Design, pp- 136, 395, 434 et seq., Dover, (1957). 


(4) Martin, Technical Optics, vol. 1, p. 139, Pitman, (1948). 


also Jacobs, Fundamentals of Optical Engineering, 443, McGraw Hill, (1943). 
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24,3, 1 Introduction, In the past, the labor involved in doing any but the simplest of ray tracing was such that 
relatively few rays were traced in the actual lens design process. With the advent of electric desk calculators, 
it became possible to trace,more rays in the same time. As a result tracing rays out of the meridional or. tan- 
gential fan became more.common. It was not until the relatively recent present that the designer was freed of 
this time limitation by the development of the high-speed, electronic-computing machinery. It is now possible 
to trace hundreds of rays in the same time it took to trace just a few some years ago, This has resulted in . 
lenses being designed much more carefully than ever before. The aberrations determined by tracing rays as 
just discussed are definitely an approximation that is very good under some circumstances, but the usual Seidel 
third-order aberrations are frequently misleading: higher order aberrations sometimes being dominant. 

; i ; 
24.3.2 Aspherics. Another factor brought into being recently is the use of aspheric surfaces. Desk calcu- ° 
lators orno, tracing through aspheric surfaces can be a monumental task when done by hand. There is ample 
evidence, however, that freed from the restriction of purely spherical surfaces, the designer can almost als 
ways do a far better job with aspherics than he can with spherical surfaces. 7 


24.3.3 Development and limitations. One of the first testing techniques that took full advantage of the power 
of the large computers was that evolved by Herzberger ©) and later by Hopkins (9 and was called the "spot. . 
diagram." In essence the entrance pupil is divided into equal ‘areas,’ and a ray is traced through the center of 
each area~-the assumption being that the energy represented by each ray is the same. The intersection of these 
rays with an assumed focal plane was a spot, hence the term "spot diagram." The more compact this spot, the 
i more nearly perfect was the lens judged to be by the standards of geometrical optics, This is discussed . 
in Section 8. We should thus clearly realize that this technique is restricted to non-diffraction limited . 
systems, In this connection we should also realize that while most optical systems today are not diffraction- 
limited, there is a growing class of high precision systems widely emphasizing aspherics where the only aber- 
ration left is color, and where the performance is almost an order of magnitude better than it was ten years 
ago, For such systems, the spot diagram can serve only as a rough |first approximation. The vast majority of 
visual and photographic optical systems are aberration-limited rather than diffraction-limited so the spot dia- 
gram is still a powerful tcol. se : 


24,3,4 Techniques. -There are basically two techniques for getting 4 spot diagram. In one the required num- 
ber of rays is actually traced, and the intersection points with the assumed focal surface are plotted, In the 
other a relatively small number of rays is plotted, and the intersection coordinates of the others are obtained 
by an interpolation and extrapolation process developed by Herzberger. It should be noted here that the inter- 
polation process does more than just give the intersection points. Via the series expansion required for the , 
interpolation it also gives a set of terms not unlike those of Seidel. The difference is major, however, in that 
the Seidel aberrations work particularly well near the axis while the “Herzberger aberrations" fit well over the. 
entire aperture, Space does not permit us to go more deeply into this use of spot diagrams, but the reader is 
encouraged to refer to Herzberger's articles on this subject (5), (7), ie ! : 


24,3,5 Examples. Those interested in this subject are also urged to obtain National Bureau of Standards Re- 
port No, 5640 entitled "Numerical Analysis of a 6" {/3.5 Aerial Camera Lens (006BC035 - 15)". This report 
by Stavroudis and Sutton shows clearly the extent to which the spot diagram testing is currently employed, Not 
only are the spot diagram shown for various assumed focal plane positions and angles of obliquity, but also the 
values of vignetting, distortion, chromatic aberration, energy distribution, and resolving power are derived 
for this lens directly from the spot diagrams, It is interesting to note the excellent correction that seems to 
have been achieved in this lens. For full aperture the diameter of the Airy disk is 4.0 microns, If we inspect 
the following table, Table 24.1, taken from Stavoroudis report, we see that 80% of the total points fell within 
a circle on axis whose diameter was 3.93 microns. For an aberrationless system theory indicates there will 
be 83% of the total energy within the Airy disk. The close agreement between theory and spot diagram pre- 
diction indicates the excellence of the design, at least for on axis work. In another series of experiments 
Stavroudis and his colleagues at the National Bureau of Standards calculated the spot diagram of a completed 


lens. The comparison of the spot diagrams and corresponding actual photographs for two given positions is 
shown in Table 24.1. : 


i 
24.4 PHASE FRONT CALCULATIONS i 

i 
24,.4,1 The spherical wavefront. It has been pointed out that the Seidel Aberrations, when they are fully cor- 
rected, result in a spherical wavefront converging on the image point. Modern computing machinery has en- 
abled the designer to calculate directly the wavefront and thus determine not only the phase errors over the 
aperture but where the focal point should be placed. \ 
(5) Herzberger, J, Opt. Sec. Am 37, 485 (1947). 
(6) Hopkins, J. Opt. Sec. Am 44, No. 9, 692-698 (1954). ; 
{7) Strong, Concepts of Classical Optics, Appendix L by Herzberger, p. 537, Freeman (1958). 
(8) Herzberger, Optical Image Evaluation, National Bureau of Standards Circular No. 526, U.S. Gov't. 

Printing Office (1954). : ' 
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Focal length = 5.972460 
Plane of best focus at -0.042 mm... 


Table 24. 1- Energy Distribution 006 BCO1515, 


The table gives the diameters of the smallest circles containing 
specified percentages of the total number of points in each of the 
four spot diagrams at the plane of best focus. The common center 
of the circles for a given spot diagram was taken where the density 


of the points appeared greatest. 


The diameters are listed in microns to three significant figures . 
Note that the diameter of the Airy disk for a perfect lens as a full 
aperture of £/3.5 is 4.0p . Dr.R. N. Wolfe of Eastman Kodak Co. 
Research Laboratories made a similar series of experiments in 
1947 in conjunction with some of Herzberger's early work in this 
field ®). The subject has been extensively investigated as regards 
automatic data reduction by Goetz and Woodland (0) at BM. 
Miyamote (1), Keim and Kapany (12) as well as many others have 
studied this very interesting optical test. 


24.4.2 Technique. There are many ray tracing programs that will give this information. The one developed 
py Feder @3) is offered here. Again the techniques of using this method of testing are varied but the follow- 
ing one is typical. See Figure 24.2, Three or more rays are traced from plane PP through the entrance 
pupil, the optical system into image space. The entrance pupil is Ef. Frequently among the rays of interest 
are the upper rim ray (U}), principal ray (Pr), and lower rim ray (L). A point B' on the principal ray in image 
space is picked arbitrarily and, from the ray tracing data, the optical path length BB! is determined. . From 


the ray tracing data for rays U and L as well as those originating at other points (frequently zonal) such as D 
nts C', D', F' and Kt 


and F, optical path lengths equal to BB' are laid off along the rays. The termination poi 
are then marked and the curve passing through them constitutes the equiphase front in the plane of the paper. 
The deviations from a perfect circle (or sphere in three dimensions) are clear and corrections may be made 


as necessary. 


24.4.3 Applications and limitations, This phase front technique has long been used in the design of micro- 
wave antennas because of the optical simplicity {generally speaking) of such systems. It is particularly useful 
in optical design as the phase front may be determined experimentally by long established techniques. This 
gives the designer an jmmediate check on how well the optician has fulfilled the prescription given to him. -It 
should be pointed oiit that the diffraction pattern may now be determined, providing the amplitude distrib-. 
ution over the front is known. In some cases it is simpler to use basically the same technique but actu- 

ally determine the phase variation over the exit pupil. The amplitude distribution over the exit pupil is deter- 
mined and the diffraction pattern calculated as before. The possibility of varying the amplitude over the aper- 


_ 
(9) Herzberger, J. Opt. Sec. of Am. 37, 485 (1947). 

(10) Goetz and Woodland, J. Opt. Soc. of Am. 48, 965 (1958). 

(11) Miyamoto, J. Opt. Soc. of Am. 48, 57, (1958); 48, 567 (1958), and 49, 35 (1959). 
(12) Keim and Kapany, J. Opt. Soc. of Am. 48, 351 (1958). 

(43) Feder, J. Opt. Soc. of Am. 41, 630 (1951). 
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ture by control of aperture shape, variation of transmission, 
some years. A few of the efforts in this direction are the w 
the work of Osterberg and Wilkins 5) with microscope obj 
lumination of microwave antennas. 


or illumination with radius has been known for 
ork of Conder and Jacquinot “4 in spectroscopy, 
ectives, and the work of Silver @9) on tapered il- 


20° Off-axis at Gaussian Focus 10° Off-axis; 0.3mm in from Gaussian focus, 





| 






OPTICAL SYSTEM 





| Po 


Figure 24, 2- Determination of constant phase front from ray tracing data. 

I 

—— . 

(14) Conder and Jacquinot, "Méthode pour l'observation des radiations de faible intensite au voisinage d'une raie 
brillante" Compte Rendus de l'Académie des Sciences (Paris), 208, 1639, (1939). 

(15) Osterberg and Wilkins, 'The Resolving Power of a Coated Objective," J. Opt. Soe. of Am. 33, 553 (1949), 

+(16) Silver, "Microwave Antenna Theory and Design" 187, McGraw Hill (1949) i 
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25,1 INTRODUCTION 


25.1.1 General. Intrinsic in the design of most optical systems is the calculation of the Seidel aberra- 
tions. In this Section we will outline procedures for measuring these aberrations experimentally during either 
the production or the evaluation phase. In this connection it should be noted that over the years different labo- 
ratories have developed their own techniques for making these measurements. Frequently the difference be- ~ 
tween techniques is not so much a matter of difference in basic principle, as it is in the equipment that a par- 
ticular laboratory happens to have on hand, While there are, then, many, many different ways to make each 
measurement, we will limit ourselves to one example of each, The interested reader may consult the refer- 
ences for additional information. ; —— 


25.1.2 Theory, vs practice. Before leaving this introduction to the measurement of Seidel aberrations, ‘.... 
afew words of caution are in order. Aberrations may be completely isolated only in theory. The 
actual image embodies, simultaneously, all aberrations pertaining to it. This, of necessity, complicates the 
measurement, and particularly complicates the detailed checking of the theoretical predictions as to the values 
of the individual aberrations. It should be-pointed out also that the accuracy with which the aberrations need to 
be measured is a function of the importance of the particular aberration to the job at hand. The experiments to 
be described generally assume a white light source. Chromatic effects are determined by use of the appropri- 
ate filters, : 


25.2 FOCAL LENGTH 


25.2.1 Importance of focal length. Certainly one of the fundamental constants of any optical system that is 
of prime importance in the evaluation of the significance of all Seidel aberrations is focal length, Not-only is 
the value of the focal length of importance, but also a precise statement of the point from which the focal length 
is to be measured is mandatory. Some years ago an aerial camera lens was designed and simultaneously the 
camera body was fabricated, presumably for the same focal length systems. When the lens was installed in the - 
body, a photographic check showed hardly any semblance of an image. To say that it was "out of focus" was. 


charitable. The error was tracked down ultimately to the fact that focal length meant measurement from the- 


" secondary principal point to the lens designer and meant from the rear surface to the machinist. Through 


human error, both lens and body were allowed to be fabricated on this erroneous basis. | Since the secondary 

‘principal point lay several inches inside the lens, the horribly blurred image was not surprising. Recently 2 
similar situation developed in a missile-tracking systein where the optical designer measured the focal point 
with respect to the front surface and the machinists assumed that it was measured from the rear surface (the 
optics involved a thick mirror). Since the system was quite fast with short focal length, the one inch central 

thickness of the thick mirror played havoc with the performance of the system when finally assembled. 


25.2.2 Measurement of focal length. While there are many methods for measuring the focal length of an . 
optical system ©) (4) , one of the most accurate for lenses of medium focal length employs the nodal slide. 
A photograph of one in use at the National Bureau of Standards is shown in Figure 25.1.° The essential part of: 
the nodal slide is the provision for moving the lens system longitudinally with: respect to a vertical axis of _ 
rotation. This vertical axis is mounted so that it may be positioned longitudinally with respect to a collimator 
of appropriate size. Usually the object for the collimator is a very small point source set at the focal point of 


the collimator. 


25.2.3 Test setup, The equipment is set up as shown schematically in Figure 25.2, In use the magnifier or 
microscope is set up approximately at the focal point. The lens under test is then moved backward and forward 
along the nodal slide until rotation of the nodal slide through a small angle, B, produces no sidewise shift in the 


image. The focal length is then the distance between the axis of rotation of the nodal slide and the appropriate 


-focal point of the magnifier or microscope. ‘There are many variations on this technique, some employing auto 
‘collimation, some focusing the image on a card, etc. Negative optics may also be tested in this manner by 
the addition of a positive lens of known characteristics. Knowing the position of the secondary nodal point (co- 
incides with the principal point if the index of refraction of image space is air), the focal length may be speci- 
fied with respect to the vertex of the rear surface (this distance is known as the "back focal length") or to any 
other convenient part of the lens. 


(Q) Cheshire, Trans, Optical for (London) 22, 29 (1920-1921). 

(2) Kurtz, Jour. Opt. Sci. of Am. and Rev. of Sci. Instr. 7,103 (1923). 

(3) Searle, Experimental Optics, Exp. 37, 185 Cambridge Univ. Press (1925). 
(4 Wagner, Experimental Optics, Exp. 67, 136, Wiley (1929). 
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Figure 25, 1- Nodal slide developed at fhe U. S. 
National Bureau of ae 


L = collimating system 


Lx = system under test | 





| 
| 
Figure 25, 2- Measurement of focal length by use 
of visual nodal slide. , 
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25.3 LONGITUDINAL SPHERICAL ABERRATION 


25,3.1 On-axis performance. Of considerable importance in almost all optical systems is the on-axis per— 
formance. Since tne principal use of many visual optical svstems is tracking in one form or another, systems 
are ultimately pointed directly at the target, The nature of the image on-axis is thus important. A factor also 
of much significance is the degree to which the system may be “opened up" and still maintain a good image. 
This latter requirement invoives spherical aberration. , . 


25.3.2 Hartmann test, While there are many techniques for doing this ) (6) , the simplest is perhaps the 
Hartmann test ( (@) ©) . It may be done either photographically or visually and can be made reasonably 
sensitive. it is probably not as accurate as a newer method developed by Washer, but is chosen here for its 


directness and simplicity. 


25.3.3 Test procedure,- Blocking off all but holes 1 and’8 in the Hartman Disk shown in Figure 25. 3 will give 
the marginal focus, Holes 2 and 7 should be located at the zonal positions, and their intersection will give 
the zonal focus. The paraxial focus may be determined with holes 4 and 5, or by direct inspection of the lens, 
_stopped down to a very small circular aperture. From the data just obtained the longitudinal spherical ” ; 
aberration may be determined. Filters may be ‘used to get the aberration for different colors if so desired. 





Figure 25. 3-Measurement of spherical aberration by the Hartman Test. 
(After Strong's, Concepts of Classical Optics, W.H. Freeman and Co. 1958) 


(5) Washer, Jour. of Res. of Nat'l Bureau of Stinds 61, No, 1, 31, (July 1958). 


(6) Monk, Light-Principles and Experiments 349, McGraw-Hill (1937). 


(7) Strong, Concepts of Classical Optics, 354 Freeman (1958). 
(8) Hartmann, Zeit. f. Inst. XX IV, 1 (1904); and subsequent papers in 1904. 


(9) Bureau of Standards Scientific Papers No. 311 and 494. 
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25.4 COMA | 


25.4.1 Asymmetrical flare, asymmetrical flare produced by coma is one of the most)important aberrations 
to eliminate. The reason for this is that most of the other aberrations produce an image degradation that is — 
more or less symlmetrical with respect to the principal ray. For example this means that even though 
astigmatism may be present, the system may be pointed with a high degree of accuracy by centering the point, 
of greatest density of the image on the cross hairs, etc. When the image is degraded asymmetrically, this 
same procedure can produce‘a Pointing, or boresight, error. ; : : 


25.4.2 Colli on Coma, being an off-axis aberration, is somewhat difficult to separate 
from astigmatism, Usually in testing ‘optical systems the optician will simply use a collimator to illuminate his 


lens at successive angles off axis. The focal Plane image is then studied, .and, if the flare is more than that. 
allowed in the specifications, the system is reworked. : : . 


25.4.3 Hartmann disk, Coma may be demonstrated to a fairly successful degree by use of the Hartmann disk | 


Placed before the Tens with the lens illuminated by off-axis parallel light and image space then studied, as 
indicated in the measurement of spherical aberration. Another simple method for measurement of coma’ - * 
using the Hartmann, method is described in Hardy and Perrin (19) , and refers toa method described previdusly . 
in the National Bureau of Standards Scientific Papers No's, 311 and 494, ; 


25.5 ASTIGMATISM AND CURVATURE OF FIELD \ 


25.5, 1 Measurement of astigmatism, Astigmatism may be measured accurately by a Series of Foucault Tests 
with the knife edges at right angles in the basic manner described in the section devoted to the Foucault test, 
It may also be measured quite simpiy by the arrangement illustrated in Figure 25.4. In practice, the lens 
under test, Ly, is rotated and the traveling microscope, M, is adjusted until the image of the reticle, R, 
‘is found. The microscope is then adjusted; first until the vertical lines are in best focus; then until the 
horizontal lines are in best focus. L is then rotated to Successive angles up to the maximum field angle, ’ 


and the positions of best focus as just described measured at each angle. A plot of the positions of best focus 


> 


', horizontal and vertical lines, one also notes the Position of best overall focus of the central point in the grid ‘ 
system, the curvature of* field may be determined, 





IAA AANA 
VASAASVY VY 






AWA 






i 
| 
I 1 
I 
! 


Figure 25. 4- Measurement of astigmatism with a grid reticle. 


(10) Hardy and Perrin, The Principles of Optics, 382, McGraw-Hill, (1932). 
(11) Jenkins and White, Fundamentals of Optics, (2nd edition), 139, McGraw-Hill, (1950). 
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25.5.2 Determination of curvature of field. Generally, curvature of field may be determined with respect to 
the flat’'focal plane of a camera by placing a flat glass plate with a grease pencil mark across a qiameter in 

the position occupied ty the film. The grease pencil mark is towards the camera lens. One then notes the 
position of the traveling microscope when focused on the grease pencil mark. The camera being set up similar 
to that in Figure 25.4, the microscope is then focused on a star image (or central point of the reticle). The 
difference between the two readings is a measure. of the curvature of field. Curvature of field measurements | 


are very important in visual systems as the curvature of field of the object must match that of the eyepiece or 
else considerable image degradation ensue. . 


25.5.3 Consistency of test procedure, One should note clearly in all of these testing methods that if a system . 
is to be used visually, then ideally it should be tested visually. Photographic testing does have its advantages, 
however, as it furnishes a record. ; ; 


25.6 DISTORTION 


25.6.1 Importance of distortion study. In optical systems designed essentially for visual observation and 
study of objects on-axis, the aberration known as distortion is really not too important.. There‘are many 
systems, however, where, while the target may be centered in the eyepiece, measurements must be made “ 
over the entire field of view. An example of such a system is a rangefinder. daege ee 


25.6.2 A rapid check for distortion: Distortion may be measured photographically very simply by replacing 
the microscope in Figure 25. 4 by a good quality camera, known to be well corrected over the field of the 
optical system under test. The grid reticle is then photographed and the distortion, whether pin cushion, .~ 
barrel, or irregular, is immediately obvious when D is set = 0. - 


25.6.3 _An accurate distortion measurement for small optical systems. An excellent method of making this 
measurement for small optical systems with the basic nodal slide has been outlined by Washer, Tayman, and 
Darling (12), The procedure is as follows: 


(a) The optical system under test is placed on the nodal slide shown in Figure 25..2, : 
(b) A measuring microscope is adjusted with respect to the lens until a focus is found. 


(G) The lens system is then moved in the usual way along the nodal slide until small rotations 
(the microscope having been kept in focus by longitudinal movement) show no lateral " 
movement of the image. . eee 


(ad) Assuming that the focal length, £, is now measured or known, it is clear that if the 
microscope were moved off-axis yet remaining in this focal plane that the distance to the 
lens would now be f sec B. : : 


(e) If now, instead of moving the microscope, the lens is rotated in the nodal slide by an 
angle 6 and moved longitudinally a distance (f sec B -f) or f (sec p - 1) toward the’ 
collimator, the microscope should again’ see the image clearly. Actually the image will 
probably not be on-axis and the microscope will have to be moved laterally a small ~ 
distance to pick it up again. 


(2) The reading of the micrometer measuring this lateral shift is noted as R. 


(g) The lens is now rotated through an angle -8 and the microscope, when repositioned, 
gives a reading L. ; 


(h) The_distortion, D, at: the angle 8, is then given by the simple expression, 
= AR-L) sacgp. 1 
Dg= 5 se B (1) 
25.7 AUXILIARY OPTICAL MEASUREMENTS 
25.7.1 Introduction. In the fabrication and testing of optical instruments, it is frequently necessary to make 


measurements that are made considerably less frequently in regular machine shops. One of these measure- 
ments is the radius of curvature of spherical and aspherical surfaces: another is the measurement of the index 


refraction, 
25.7.2 Radii of curvature. 


25.7.2.1 The radius of curvature of an optical surface whose diameter is on the order of 1 - 3't may be done 
very conveniently with a spherometer (18), ‘This device takes many forms--one of which is shown in Figure 11.9. 
(12) ‘Washer, Tayman, and Darling, Journal of Res. of N.B.S., 61, No. 6, 509 (1958) . 

(13) op. cit., (10), Pe. 366. 28-5 
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Figure 25.5- Basie diagram for measurement of 
distortion by nodal slide 


| 





Figure 25.6- Elementary spherometer. 
i 
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25.7.2.2' Inuse, the central spindle is screwed up and the three legs placed on the surface in question. The 
spindle is screwed down until it just touches the surface. The spherometer is then placed on a flat surface and 
the distance, S, the spindle must be advanced to meet the flat is noted. The procedure is reversed for a con- - 
cave surface. The radius of curvature of the surface is then obtained from the following equation, 


.- @ s . 
ras + 5 (2) 


where d = the average distance between the legs. 


25.7,2.3 For large surfaces the Foucault method described in paragraph 25. 8.2 is used. For very small sur-" 
faces, less than about an inch across, a different method is employed. A provision is made for illuminating 
from the side, the cross hairs or reticle of a Gauss eyepiece, or equivalent, in a microscope or short focal 
length telescope (the choice depending upon the curvature of the sample to be tested). The microscope is fo- 
cussed first on the surface of the sample, and the longitudinal position of the microscope recorded. The. | 
microscope is then racked back until there is no parallax between the illuminated cross hairs and the image _ 
from the surface. The cross hairs are then at the center of curvature. This position of the microscope is.also 
recorded. The difference between the two positions is the radius of curvature. A telescope would be used. in’ 
exactly the same way for greater radii of curvature. A similar technique can be used for positive surfaces. 


25.7.3 Index of refraction. 


25.7.3.1 Where itis possible togrind and polish a small sample of the mater ial , the.” 
spectrometer furnishes a very fundamental, method for measuring the index of refraction. The theory and. 
method are outlined in Hardy and Perrin (14 and Sawyer (151, With a good spectrometer the values of the in- 
dex so determined are good to + .00003.° A high precision spectrometer is shown in Figure 25.7. 


25.7,3.2 For many samples it is not possible to get the sample in the form required for the: 
spectrometer and for these the refractometer is frequently well suited, One of the many refractometers is the . 
Pulfrich (16). This method, based on refraction at the critical angle, will give values correct to + 2 parts in 

the fifth decimal place, and is shown schematically in Figure 25.8. ; 





Figure 25.'T- The Guild-Watts precision spectrometer. 
(14) op. cit., (10), 549 z 


(15) - Sawyer, Experimental Spectroscope, 55, Prentice Hall, (1944). 
(16) op. cit., (10}, 350. 
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Figure’ 25.8 - Schematic of the Pulfrich refractometer, 


25.8 OPTICAL DEVICES, TESTING SYSTEMS AND PROCEDURES 


25.8.1 Interferometry principles. 
aahetometry principles. 


25,.8.1.1 The most common and simplest method for testing flatness of polished surfaces of glass or other 


transparent material utilizes interference fringes that are formed between the tested Surface Sj and an opti- 
cally flat surface S» as illustrated in: Figures 25.9 and 25.10. The preferred source of light is an unfiltered, 
tubular, Cooper-Hewitt lamp, L, which is provided with a 


diffusing reflector, R, anda diffusing glass plate, 
G. The advantage of the arrangement of Figure 25.9 is tl 


hat it permits the interference fringes to be viewed 
at normal incidence. The Bositions of the light source and the eye may be interchanged. Figure 25.10 illus— 


iormal incidence is sacrificed to gain greater freedom 
as regards working space. The light emitted by the Cooper-Hewitt mercury lamp is preponderantly green. 


It can he rendered quite monochromatic at 5461 A, whenever desired, by means of readily available optical 
filters that can be held near the eye. The interference fringes are usually viewed in unfiltered light. Con- 
trast in the fringes is improved by placing black felt or paper beneath the Optical flat in the Manner indicated, 


25.8.1.2 It should be noted that the interferometer surfaces S, and 82, 
close contact, Excess dust and other dirt must be removed in order to reduce the thickness d of the air- 
film between surfaces Sand $ 2- Because the separation ‘d of the surfaces § 1and S» is simall,-the result- 
ing interference fringes belong to a select class of fringes known as Fizeau or as Newton'sifringes. The prin- 
ciples underlying these fringes have been discussed in paragraphs 16.12.1.2 and 16.13.14. 5. These fringes 
are characterized by the following important properties and Propositions. 


Figures 25.9) and 25.10, are in 


(a) The interference fringes appear in good contrast when one focuses 
upon the air-film between the interferometer surfaces, S, ands., 
provided that the reflectances of these Surfaces are approximately 


alike. It is often said that the fringes appear to be localized in the 
film. | 


(b) Because the Separation, d, of the interferometer: surfaces is small, . 
the location laterally of the fringes between the surfaces does not 
depend markedly upon the angle of incidence, provided that one views 
the fringes approximately along the normal to the surfaces 8, and 8, ‘ 

i : 

, | 
| 
| 


25-8 


| 
| 
' 








Downloaded from http:/www.everyspec.com 


PRODUCTION PHASE OPTICAL TESTS Mit- HOBK—14t 





Dust, etc: 


Figure 25.9 - Simple interferometer for viewing Fizeau fringes or Newton's fringes at normal incidence. - 





Black felt 


Figure 25. 10- Most commonly used method for illuminating the interferometer. The fringes formed 
between surfaces $, and S_ are observed at near - normal incidence. 
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(c) Bach fringe marks the locus (lateral) of points for which the separa- 
tion, d, is a particular constant. This constant is different for each 
fringe. : 

| 


(d) When either surface is moved or distorted by the application of force 
or heat, each fringe moves in such a direction as to maintain the con- 
stant separation, d, associated with that fringe. : 


(e) Upon passing from one fringe to the next fringe of equal brightness or 
darkness, the separation, d, changes by. one half wavelength. | 


() Upon passing from a bright fringe to the next dark fringe, the separa- 
tion, d, changes by one fourth wavelength. It is assumed tacitly, in 
(ce) and (f) that the surfaces do not possess discontinuous jumps. 


i 1 . 
(g} When surfaces S and S 2 are of nonabsorbing materials such as glass, 
dark fringes occur at separations, d, for which 


d=vB5v=0, 1, 2, 3, 4, etc. ' , : (3) 
and bright fringes occur at Separations, d, for which 
a=ut;u=1, 3,5, 7, ete. 4) 


' 
i 
‘ wherein 2% denotes wavelength. i 
i 
| 


Of these propositions and properties, (c) and (d) are of the greatest importance to the maker of optical flats. 
These two propositions or rules enable him to interpret the fringes for high and low aréas on the surface under 
test. The optical worker recognizes fringes as contour lines on a contour map of his surface, Movement of | 
the fringes upon application of pressure serves to distinguish the up-hill direction. Propositions (e) through 
(g) reveal the heights between contour lines. It is emphasized that propositions (e) and (f) are more general 
(and hence more often correct) than (g). : 


25.8.1.3 As one tests for flatness of a surface, the fringes become straighter as the surface becomes flatter, 
The effect of reducing the angle of the air-wedge between surfaces Si and S2by the removal or crushing of dust 


particles, is to widen the fringes and to increase their curvature except when Sj is optically flat. Let, h_ de- 


note the fringe width, i.e. the distance from one bright fringe to the next. For optical flats of high quality, the 
degree of flatness can be specified by requiring that any fringe shift from straightness shall not exceed a stated 
fraction of the fringe width, h, over a stated diameter or other dimension of the tested Surface. As an example 


of the sensitivity of the method, a fringe shift b/5 corresponds to a change of separation, d, by the amount 
10. Fringe shifts smaller than h/10 become difficult to detect and to measure in this type of interferometer. 
: | ; 


25.8.1.4 Ina second, and often preferred test for optical flats of high quality, the surfaces S, and Sz are 
placed so closely in contact or are rendered so nearly parallel that a single fringe spreads over surface $1. 
This broad fringe is examined for uniformity of color with an unfiltered source of light.| It is customary to - 
specify without further qualification that the surface shall be es to a uniform color". 
1 
25.8.1,5 | The following procedure applies to that great class of test cases in which the departure of more 
than one fringe from flatness is tolerated. If the test surface is convex, only qne area will contact the refer- 
ence flat and this area will be surrounded by a number of alternately dark and bright Newton's fringes. The 
Specification of flatness may be stated as the number of allowable Newton's fringes per inch, or other unit. If 
the test surface is concave, a ring-shaped area will contact the reference flat. The number of concentric 
fringes within this area can be counted and compared with the maximum tolerable number of Newton's fringes 
ber inch or other unit. In practice, the surface 8 is likely to display one or more convex or Concave areas. 
Close examination of the fringes will distinguish between these convex and concave areas. If pressure is ap- 
plied to a convex area in such a manner as to reduce the separation, d, between surfaces a given fringe about 
the area of closest contact must move outward from its center in order to maintain the locus of points for 
which d is a given constant. 


| 
25.8.1.6 No essential modification of the. method of Figures 25.9 or 25.10 is needed for testing spherical 
surfaces. The reference flat, S2, is replaced by a concave or convex reference surface whose radius is 
equal to the desired radius of the completed test surface. Suppose that surface S, has a smaller radius than 


surface Sp» as illustrated in Figure 25.11. Concentric Newton's fringes will appear around point O. The maxi- 


mum allowed number of Newton's fringes per inch along the radial direction from O may be stated as the per- 
missible departure of surfaces S, from the "test glass" having the surface of reference Sg. For surfaces, Sj, 
of high optical quality, the radius of surface $1 will be made to match that of Sg. At the match point, ‘it will 


25-10 






Downloaded from http://www.everyspec.com 


PRODUCTION PHASE OPTICAL TESTS MIL-HDBK-14) 





Black felt. 


- Figure 25. 11- Arrangement of the interferometer surfaces S, and S» for obtaining Newton's fringes. - 


be possible, as in paragraph 25.8.1.4., to place surfaces S, and So into sufficiently close contact so that a 
single fringe spreads over surface 8,. For work of highest quality, it is customary to specify that this single 
fringe shall be made uniform in color. ro 


25.8.1.7 The method of the sagitta (see paragraphs 16.13,1.1 and 16.13.1.6 ) enables one to make a good 
estimate of the radius of surface S, when this radius departs only slightly from that of the test glass.°.Conse- - 
quently, it is not always necessary to provide a test glass whose radius is equal to that of the completed sur- 


face Sy. 


25.8.1.8 When elliptical fringes appear around point O, Figure 25.11, surface S, is not spherical. The - 
minor and major axes of the elliptical fringes may be measured, and the ratio of the minor axis to the major 
axis computed. This ratio is a measure of the ellipticity of surface 5, and is often utilized as a specification 
of the maximum tolerable ellipticity. When departures of many fringes from the test glass can be tolerated, 
another measure of ellipticity is to count the number of fringes along some convenient length in the direction of 
the major and minor axes of the elliptical fringes and to utilize the ratio of these fringe counts in specifying the 


tolerable ellipticity. 


25.8.1.9 An extreme amount of irregularity in the shape of the fringes is an indication that the tested sur- 
face has been improperly polished or molded. "Orange peel" and other defects of polished surface produce 
irregularities in the observed pattern of fringes. . 


25.8.1.10 Contrast in the fringes deteriorates as the reflectances a, and a2 of surfaces S,andS g become 
more unlike. The light beams reflected from these two surfaces can interfere to produce systems of fringes 
having zero intensity in the dark fringes (and hence displaying maximum contrast) only when the amplitudes, 

aj and ag, of the two, coherent, interfering beams are alike. The distribution of intensity in the fringe sys- 
tem when a, and ag are unlike can be ascertained from paragraphs 16.1.1.3, 16. 1.1.5,. 16.8.1.1, 16.8. 1.2, 
and 16.9.1.4. In spite of reduced contrast in the fringes, the interferometers of Figures 25,9 and 25.10 are 
often applied to testing polished surfaces of metals. With metals and other opaque substances, surface Sg of 
Figures 25.9 and 25. 40 must be that of the opaque material. . 


25.8.1.11 The reflectance of the "test glass'’ can be increased by the deposition of a high reflecting coating 


or by increasing the refractive index of the test glass. In this way, contrast in the fringe system will be im- 
proved in testing high reflecting surfaces. Metallic surfaces and coatings produce phase changes on reflection 
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that differ from zero (as in the reflection from a glass-to-air interface) or that differ from 2/2 (as in the re- 
flection from an air-to-glass interface). Consequently, Equations (3) and (4) require modification. However, 
the effect of the modified phase changes on reflection is only to shift the location of the fringes. Asa result, 
the interpretation of sections 25.8.1.3 to 25.8.1.9 remains unchanged when applied to coated or metatlic 
surfaces. For testing surfaces of high quality, any coating applied to the test glass must be extremely uniform 
in thickness and composition because phase changes on reflection can vary appreciably with thickness and com- 
position of the coating. | ; 

25,8.1.12 As the reflectance of surfaces §, and S, is increased from that of polished glass, the nature of 
the interference fringes formed by the interferometers of Figures 25.9 and 25.10 alters gradually until, final- 
ly, these fringes are classified as multiple beam interference fringes. Inter-reflections between surfaces S; 
and Sp serve to sharpen the fringes formed by the reflected or the transmitted light beams in the manner dis- 
cussed in paragraph 16.17. With suitable chan ges inthetechnique of observation, these sharp (nar- 
tow) fringes can be used to detect and measure surface irregularities as small as 10 A gstroms in height... - . 
Polished surfaces are found to be rough terrains whose hills and valleys vary in height and depth from 10 to 120 
Angstroms. These smalt irregularities are not visible in the “double beam" interferometer of Figure 25,10. 
when surfaces 81 and Sp» are of polished glass, | | : : 7 
25.8,1.13 The interferometer method of Figures 25.9 ~. 25,11 is essentially a "contact" method. Experi- 
ence and care are required in order to avoid undue Scratching of one surface by the other. Life of the test glass 
is shortened by wear and scratching. A number of convenient interferometer techniques can be applied to‘test- 


ing flat surfaces without placing two surfaces in contact. However, existing interferometer methods for avoid — 


ing contact between two spherical surfaces are either so inconvenient to manipulate or so difficult to interpret: 
that the contact method remains the standard method of the optical shop. : 


25.8.2 The Fizeau Interferoscope. 

25.8.2.1 ' The Fizeau interferoscope, Figure 25,12, is a double beam interferometer 'that permits one rela~ 
tively flat surface, 8), to be tested against another ftat Surface, So,: without placing these two surfaces in con- 
tact, The increased "working distance", d, is made possible without undue loss of contrast*in the fringes by 
restricting the effective size of the light source to a pinhole, H, and by. illuminating the pinhole with monochro- 
matic light. Since improved monochromaticity and smaller pinholes entail loss of light, the ultimate working 
distance, d, is restricted by the required level of. illumination. Distances of d greater than 2cm must be con- 
sidered "large" and should be avoided in designing and planning the interferoscope. Fizeau interferoscopes 
have been varied in design to meet the needs of various users. The pse of beamsplitters as illustrated in- : 
Figure 16.2 is tobe avoided inorder to conserve light. The instrument illustrated in Figure 25.12 


ing surface S, against surface Sg, the two sets of leveling screws, Ly and Le, are adjusted in the order men- . 
tioned so that the light beams reflected from S1 and Sg are refocused by the collimator as images of the pin- 
hole, H, at the aperture, A, When the pinhole images formed at A are brought almost into unison by further 
relative adjustments on screws L and Lg, straight fringes will appear on the observer's retina as he looks 
through the aperture, A, provided that the test surface, $1, is optically flat. Interpretation of the interference 
fringes remains the same as with the simpler interferometers of Figures °25,9' and 25.10. Except for the more 
convenient and elegant manner in which the relative inclinations of surfaces 31 and S2 can be adjusted with the 
aid of the leveling screws, the procedures and methods of sections 25.8.1.3 - 25. ait. 5 apply again. 


25.8.2.2 Many optical workers use the Fizeau interferoscope exclusively for ascertaining the degree of par- 
allelism of the surfaces of a plane parallel plate. One surface, &, bf plate, Pi, is first made optically flat. 
With interferoscopes of the type illustrated in Figure 25.12, test plate, Pz, is removed from table, Tg. The 
leveling screws Ly are adjusted so that the two beams reflected from surfaces Sj and Sia are focused within 
aperture A as images of pinhole, H. If both surfaces of plate Py arb optically flat but are not quite parallel, 
the fringes are parallel to the line of intersection of surfaces Sj and.S1;, The fringes Curve as surface S41 
departs from flatness. As $4) is made optically flat and brought into parallelism with 81, a single fringe of 
uniform intensity spreads over the field of view determined by the aréa of plate Pj. Equations (3) and (4) must 
be modified to include the refractive index n of plate Py. Thus dark, fringes occur when 


nd=vd ; v=0,1, 2, 3, 4, ete. ; (5) 
and bright fringes occur when 


nd=u%; w=1, 3, 5, 7, ete. : (6) 


‘* See paragraphs 16.4 and 16.5 for the effect of monochromaticity, pinhole size and separation, d, on fringe contrast. Other 
principles underlying the use and interpretation of the Fizeau interferoscope are discussed.in 16.2 and 16: 2.2. 
| 


' | 
| . : 
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Figure 25.12- A Fizeau interferoscope. 
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In other words, dark fringes occur when the optical path nd of the plate is equal to any integral number of half 

wavelengths, and bright fringes occur when the optical path is an odd number of quarter wavelengths. These 

conclusions can be expected intuitively when one considers that the phase change on reflection will be 2/2 at 
surface S;, and 0 at surface Sj, so that the difference in the phase changes on reflection is 1/2. The beam 
reflected from 81; passes through plate P, twice, and thus is increased in phase by twice the optical path or 


2(nd). Because the phase change on reflection is 4/2 at the air-to-glass interface, S,, the two interfering 
beams proceed toward the observer with a phase difference, A, given by - ‘ 


MIL—HDBK-I41 


"y= and - 9/2. gw 


KE now, nd is given by Equation (5), A = (v- 1/2) X so that destructive interference takes place. But if nd 
is given by Equation (6), A = (u - 1) 4/2. Since 1-1 must be an even number, (~1)/ 2 is an integer 

and A is an integral number of wavelengths, Hence we verify that constructive interference takes place when 

the optical path obeys Equation ;(6):. : 


25.8.2.3 As an example of the sensitivity of the Fizeau interferoscope in testing for parallelism of the two “ 
surfaces of a plate, tet us suppose that the diameter of the plate'is cm, that its refractive index is 1. 5,. that 
the wavelength A is 0.5461 x 10~?mm and that the optically flat surfaces define a wedge whose optical path. © 
differs by 2/2 at the extreme ends of the wedge. Suppose that a bright fringe appears af the thin edge of ‘the 
wedge. A bright fringe must appear at the thick end of the wedge since the optical path is greater by 4/2 at 

the thicker end of the wedge. This conclusion follows at once from Equation (6) 3 for if ind is increased by 
v2, i is increased to the next odd number, p +2, the spectral order number of the next bright fringe, Equa~ - 
tion (5) will be satisfied at the center of the plate so that a dark fringe occurs here. The field of the plate will 
appear very nonuniform. It presents one dark and two bright fringes. Despite this nonuniformity, the angle, a, 
between the surfaces of the plate is less than one second of arc. Since nd changes by \/2 across the plate, the 
thickness of the plate changes by 9/2n. Therefore t 


. 546 8 ; 
a= ae = OSL ee = 3.64x 10-6 radians or 0.75 seconds of arc. If the variation of intensity 


across the plate is reduced to 0.1 fringe, a@ will be reduced to 0. 075 seconds. ; 


25.8.3 A Modified Michelson Interferometer. 


25.8.3.1 A flexible instrument, with the aid of which any surface ‘(whether glass or metallic) can be tested 
for flatness against an optical flat without contact, is illustrated in Figure 25. 13 as a specialized form of ° 
Michelson's interferometer. If S; is a surface of polished glass, surface S_ is chosen as polished giass. If 
surface $4 is metallic or high reflecting, an optical flat Pz having surface reflectance approximating that of 
81 will be provided. The user can afford to supply several optical flats since these flats will not have to be re- 
placed because of wear and scratches. The housing, H, is compact and rigid. It is designed to support the 
beamsplitter and the optical flat, Pg, with minimum vibration. The line OB is pointed in the vertical direc- 
tion so that the test plate, P1, is simply laid upon an auxiliary, stable support, Q. The arms OB and OA of 
the interferometer witl be designed so that these arms are nominally of equal length and'so that these arms are 
easily adjusted for equal lengths. Adjusting screws L can be utilized both for equalizing the lengths of the 
arms and for tilting surface S, with respect to 5, to control the fringe width. The mechanism for tilting plate 
Pz must be designed with great care because it is this mechanism that determines the operator's convenience 
in making quick and certain adjustments of the fringe widths as well as in checking arms OB and OA occasion- 
ally for equality by finding the "white light position". Supports Q should be ground to equal thicknesses in or- 
der to avoid hunting for the white light position each time Q is replaced by another support, An auxiliary, 
tiltable mirror M is provided for deflecting the light beam toward we observer. ¢ 
t I 
25.8.3.2 | Michelson's interferometer does not differ in principle from the interferometers of Figures 25.9 
and 25.10. Consequently, the conclusions of paragraph 25. 8.1.2 remain valid and the methods of paragraphs 
25.8,1.3 ~ 25.8.1.5 apply again.: Figure 25.14 illustrates why the Michelson interferometer oehaves as the 
interferometers of Figures 25.9 or 25.10. ! 
25.8.4 4 The Twyman-Green Interferometer. 
25.8.4.1 The Twyman-Green interferometer is similar to the Fizeau interferoscope as regards basic prin- 
ciples* and interpretation. In both of these interferometers, the allowable optical path difference between the 
two interfering waves is increased by reducing the effective size of the source to that of 'a pinhole and by in- 
creasing the monochromaticity of the source of light. If, for example, mercury arcs are utilized, they should 
be operated at reduced pressure and followed by a high quality filter for 5461 Angstroms, The Twyman-Green 
interferometer hag many points of mechanical similarity with Michelson's interferometer. However, Michel- 
3on's interferometer is invariably intended for use with broad sources of light. : 


| 

* The principles underlying the ‘Twyman-Green interferometer are discussed in paragraph 16.3. 
\ 
I 
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Michelson's interferometer as a method of Fizeau fringes. The observer sees surface S2 
as though it were located at Sy , consequently, the fringes are formed as by reflection 


from two surfaces, S, and Sy , that are in close contact. 
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25. 8.4.2 Emphasis in the design of the Twyman-Green interferometer is placed upon taking advantage of the 
permissibly large optical path difference, d, between the two arms of the interferometer in measuring the vari- 
ations of optical paths through plates or prisms. The instrument is not intended for regular use in checking 
flatness of surfaces. For maintaining best contrast in the fringes, the optical paths OA,and OB, Figure 25.15, 
should be kept approximately equal. Accordingly, end mirror, M2, is mounted on a slide that permits Me to 
be moved without appreciable wabble along the line AO: An iris diaphragm whose opening can be reduced to 
0.75 mm, or less, in diameter is ordinarily used as pinhole, H. By means of this adjustable iris, the observer 
can choose his own compromise between brightness and contrast of the fringes, End mirrors, Mj,and Mg, are 
adjusted by means of suitable mechanisms (not shown) involving screws, Ly and Lg, until pinhole images of H, 
formed after reflection at the end-mirrors, appear within aperture, iA, at the rear focal plane of the telescope. 
If these pinhole images are not too far apart within A, fringes will be seen when the eye is placed behind A. One 
obtains the desired fringe width by further adjustments of Ly and Lg. Failure to obtain|good fringes as the pair 
of pinhole images is brought into unison indicates that the optical path difference between arms OA and OB is 
too great. . | 


25.8.4.3 Figure 25,15 illustrates the arrangement for testing plates, P. Suppose that one knows that the 


surfaces of the plate are optically flat and that he wishes to check the uniformity of the optical paths through-the. : 


plate. These optical paths can differ due to nonparallelism of the surfaces or due to.nonuniformity in the-re- 
fractive index, n. In one procedure the end mirrors, My and Mg, are adjusted so that/one fringe spreads 
over the field of view before plate, P, is inserted. The effects of introducing plate, P, are then observed. If 
the broad fringe is left practically undisturbed, the optical paths through the plate are sensibly uniform. The 
appearance of straight fringes indicates that the surfaces of the plate are not parallel. Irregularities inthe 
fringes indicate that the refractive index is not constant. Let At and An denote variatiohs in the thickness, t, 
and refractive index, n, of the plate, respectively, and let Ad denote the corresponding variation in the opti- 
cal path difference, d, between the two arms of the interferometer. If An is negligibie, 


| 
Ad = 2(n - 1) at wavelength numbers. | (8) 
| 
If At is negligible, 
Ad = 2 An £ wavelength numbers, (8a) 


| 


The factor, 2, enters because light waves traverse the plate twice. 


The following principles should be kept in 
mind. i : : 


i : 
(a) Each fringe is associated with a particular value of Ad, 
(b) When one of the arms of the interferometer is altered in length by 
pressing upon the plate that supports the elements of the interfer- | 
ometer, each fringe moves such that Ad remains constant. With 
respect to the problem of interpreting the fringe system for the 
direction of the wedge that produces the straight fringes, one has 
only to shorten or to lengthen one arm of the interferometer and to’ 
note the corresponding movement of the fringes. 
| 
(c) In passing from one fringe to the next fringe of equal darkness or 
brightness, Ad changes by unity. 
(d) In passing from a bright fringe to the next dark fringe, Ad changes 
by 1/2. i 
25.8.4.4 The base plate of the Twyman-Green interferometer is grooved or otherwise ‘constructed so as to 
permit the end mirror, Mi, to be swung into orientations for testing prisms, etc. The configuration for test- 
ing right angled prisms is illustrated in Figure 25,16. Mirror, M1, is adjusted for the desired fringe width. 
If all surfaces of the prism are known to be optically flat, the observed fringes reveal the degree of uniformity 
of the refractive index of the prism. More frequently, one will not have explored independently the degree of 
flatness of the surfaces of the prism. In such cases the observed fringes reveal the combined effects due to 
departures from surface flatness and due to inhomogeneities in refractive index. This method does not appear 
to have been modified to yield information about the angles of the prism or about deviation by the prism. 


25.8.4,5 The following expedient is used, as the occasion demands] for distinguishing between effects due to 
inhomogeneity of refractive index and due to inadequate flatness of surface. The method is particularly effec- 
tive in testing plates. As illustrated in Figure 25.17, plate, P, of Figure 25.15 is "immersed" between two 
optically homogeneous plates, E and F, that have outer surfaces of high degree of flatness. These plates are 
preferably, but not necessarily, plane parallel plates. For best results, the refractive indices of the immer - 
sion oil and of plates E and F should match the refractive index of 7 test plate, P.” It ¢an be useful to 
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Figure 25.16- Modification of the location of end mirror M, for testing prisms in 
the Twyman-Green interferometer. : 
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Figure 25.17- Method for obviating surface flatness of the test plate; P. 
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"immerse" the prism of Figure 25.16 between two plane parallel optical flats. However, it is not possible to 
avoid lack of flatness at the reflecting surface of the prism. 


25.8.4.6 | Twyman-Green interferometers are provided, as illustrated in Figure 25,18, with an accessory 
fixture for observing spherical aberration of objectives throughout a wide range in focal lengths. Suppose that 
neither the collimator nor the test objective L possesses spherical aberration, Then rays from the axial point 
within pinhole, H, will be converged upon the axial point, C, at the rear focal plane of lens, L. If a spherical, 
convex mirror, Mj, is placed as indicated with its center of curvature at point C, all rays, ef, will be re- 
flected back upon themselves and will emerge from lens, L, as normals to a plane wave that is propagated to- 
ward the beamsplitter. This plane wave interferes with the plane wave reflected from Mg in the other arm of 
the interferometer to produce upon the observer's retina a family of straight fringes whose fringe width depends 
upon the angular adjustment of the end-mirror, Mg. In particular, a single fringe can be spread over the field 
of view. If the test objective has spherical aberration, all rays, ef, cannot be ref lected back upon themselves. 
Consequently, the wave emerging from objective, L, will not be plane and will interfere with the plane wave 
from the other arm of the interferometer to produce interference fringes that display axial symmetry’ provided 
that the elements of objective, L, have axial symmetry and are well centered. : a ge lad 


25.8.4.7 | With objectives having long focal lengths, it is preferable to locate the convex mirror, My, near the 
objective. This means that spherical reflectors having a series of radii should be provided. With objectives 
having short focal lengths, such as microscope objectives, the available working distance will not permit a con- 
vex reflector, M,, but rather a concave reflector, M{, centered about point C must now be used, 


25.8.4.8 In actual practice, the exact location of the center of reflector, M,, with respect to the axial point 
near the rear focal plane of lens, L, is problematical and becomes often a matter of choice. The spherical 
aberration can be less with respect to a focal plane that falls on one side or the other of the paraxial focal plane. . 
Secondly, some consideration will show that the observed spherical aberration is not necessarily that of the ob- 
jective alone. When the test objective has spherical aberration, the observed aberration is, in fact, the aber- 
ration of the combination consisting of the test objective, L, and the spherical mirror, M,. Interpretation of 
the fringe displacements for the spherical aberration of the objective alone is not without objections of funda- 
mental nature. But inspite of this difficulty, the Twyman-Green interferometer method is one of the better 
methods for indicating actual or relative amounts of spherical aberration in objectives of high optical quality. 


Objective, L 





Figure 25,18- Adaptation of the Twyman-Green interferometer to the observation of 
spherical aberration of lenses, L. 
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25,9 THE RONCHI TEST 


25.9.1 Introduction, One of the fair ly common tests used currently ay 0} 


i 
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ptical workers is the Ronchi Test (7), 


This technique actually falls into a class known as the "shadow-fringe method". The geometrical aspects 


of the technique are outlined in Figure 25.19, 


25.9.2 Theory. 


25.9.2.1 The essence of the theory is as follows. Let us Suppose as a start, 
star image at the paraxial focus, O, Figure 25.19. (The edge ray shown wil! 
0.) Now if a plane grating of 4-8 lines/mm (Jentsch method 18 and 19) or 10 
positioned at an arbitrary distance, g, from the focal point, O, as indicate 
would be formed on a screen placed in a plane of projection arbitrarily dist: 


| 


.that a lens,’ L, produces a perfect 
1 not pass through B but through 
~20 lines/mm (Ronchi method) is - 
d in Figure.25.19, a shadow of it 

ant p from O1 Since we are, for 


the present, considering a perfect lens, rays from all parts of the lens aperture pass through O and this point 


is the single center of projection of the grating onto the plane of projection. 
grating has exactly the proportions, over. all its area, of the grating itself, i, 


constant magnification over its area of 


Se 
“Y +x 5 


This ideal aberrationless case is usually not found and there is some sg) 
edge ray in the figure) with the intersection points of other rays filling 
dercorrection). Thus there is no longer’a single point which can be considered as the ce: 
the entire grating. In this case the shadow image of the grating cast on the plane of proj 
ing size scale over its area because centers of projection for points on the entire area o: 


B and O. The magnification for any point on the grating becomes a f 
the ray passing through that point in accordance with the expression 





a+§_ _ p-8 
Vy ex &-5 





| 


| 


Hence the shadow image of the 
.e. without distortion and with a 


(9) 


pherical aberration, S, (shown for the 
the space between/O and B (simple un- 
nter of projection for 
jection will have a vary- 
f the grating lie between 


‘unction of the spherical aberration, S, of 


Plane of 
‘Projection 


. 
Figure 25. 19-Geometrical theory of the Ronchi Test. 
(After Martin's, Technical Optics, Vol. HL, Pitman Pub. Co. 1950) 


G7) Ronchi, Ann. d. R. Scula Normale Supriore di Pisa, Vol. XV (1923) 
(18) dJentsch, Physikal Zeitschr, XXIX, 66, (1928) 
(19) Martin, Technical Optics, Vol. Il, 289, Pitman, 1950 
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5.9.2.2 The complete theory must take 
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if the grating is composed of straight lines its shadow image will show the lines as curved, and from the geom- 
etry of the figure, it can be shown that the curvature indicates the amount of spherical aberration present. 


into account not only the geometrical aspects outlined briefly here, 
but aiso the fact that interference may well be significant if the grating is as fine as those used by Ronchi or if 
more definitive interpretations are required. F. Toraldo Di Francia (20) has treated this subject in quite some 
detail, and the interested reader is urged to consult his paper. 


25.9.3 Ann Arbor Tester. 


25.9.3.1 There has appeared 2 commercial unit known as the Ann Arbor Tester based on this principal and 
manufactured by the Ann Arbor Opticat Co. The tester is the device on the right of Figure 25. 20. 


25.9.3.2 The following Figures 25.21 and 25. 22 are taken from the instruction booklet furnished with the instru- 
ment. Figure 25. 21 [4@)-@] shows the testing of an eight-inch focal length spherical mirror as a.175 line/ 
inch grating is moved through focus on axis. Figure 25.21 [(6@)-(@)] shows the patterns obtained with the Op- 
tical Tester and a thirty-inch focal length paraboloid cut 7° off axis. The pattern in (5(a)_] shows the tester on 
the optical axis while 5(b) | shows the tester off axis; ((5(c)_| and ('5(d)"] were taken in the same positions but 
the parabolic mirror was rotated. The experimental arrangement is shown in Figure 25, 22. : a 


25.9.4 Jentsch's grid method. A similar testing technique using the coarser gratings of Jentsch is shown in 


Figure 25. 23 taken from Martin (21) and showing the presence of spherical aberration, One optical shop checks 
all its work with this technique finding it a very sensitive and simple method for examing mirrors and lenses. 


‘The shadow ~ fringe. method has much in its favor as an experienced worker gains 2 feeling quickly as to the 
nature of the defects of the system under test.. : 

.25.9.5 Summary. In the last analysis, however, all optical tests depend upon evaluation, and the experience 

of.the optical worker himself is a vital factor. It is largely a matter of what the workers in a particular labor- 
atory have previously used, One of the largest laboratories in the United States does practically. no Ronchi-type 

testing as they have accumulated other equipment and know -how over the years that gives them the information 


they need. 


Plane Mirror 


VY 
I 


Ly 


i, 


Focal plane 
of lens 
under test. 





Ann Arbor Testor 


Figure 25.20- The Ann Arbor Tester. 
@0)di Francia, Optical Image Evaluation, (NBS Circular 526), 161, U. S. Gov't. Printing Office, (1954). 
(21)Martin, ‘Technical O tics, vol. i, p289, Pitman, (1948). also Jacobs. Fundamentals of Optical Engineering. McGraw 


Hill, ie 
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| : | 
: \ : i 
{a) -6.063" (b) -0.031" : (c) -0. 006" 





| 
(qd) 0.000" (e) 0.008" (f) 0.025" (g) 0. 054" 





Figure 4 
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(a) 


Figure 5 


Figure 25. 21- Patterns seen with the Ann Arbor tester for various optical systems, / 
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DETERMINING THE OPTICAL AXIS OF OFF-AXIS PARABOLIC MIRRORS 


Often off-axis parabolic mirrors are received from the fabricator without mark- 
\ ings indicating the side of the mirror which is toward the optical axis. Also, even with such 
markings, only the plane containing the axis is defined, and it is still necessary to locate the 


axis. 


tical axis is easily determined by observing the pattern 
Only when the Tester is on the optical axis will the fringes 
grating when using an 


The position of the op 
obtained with the Optical Tester. 
be equally spaced and parallel to each other and to the lines in the 


arrangement as shown in Figure 25. 20. 

The resulting patterns for the Tester in the correct and other positions with re- 
spect to the axis can be seen from the patterns pictured in Figure 25.21. Figure §(a) in 25.21. 
axis of a 30" focal length parabolic 


shows the pattern obtained with the Tester on the optical 
mirror cut 7° off-axis. This position is illustrated above, with the Tester at A and the edge 
of the parabolic mirror closest to the optical axis at A'. Figure 5(b) in 25.21 shows the pat- 


tern when the Tester, parabolic mirror, and plane mirror are still in the correct plane, but 
the grating is located outside the optical axis (B in the Figure above). 


Figure 25. 22- Detérmining the optical axis of off-axis parabolic mirrors with the Ann Arbor Tester. 
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1 and 2 are shadow fringes outside the caustic. ‘3 and 4 are shadow fringes inside the caustic, 


Il 
i 
1 


The appearances follow in ‘the progression 1, 2, 3, 4. 


‘Figure 25,.23-Jentsch's grid met! 


| 
hod. 


' 


(From Martin's, Tech. Optics, Vol. Hl, Pitman! Pub. Co. 1950) 


25.10 FOUCAULT TEST 


25.10.11 Introduction. 


25.10.1.11. Having been given a lens or mirror Surface prescription and having ground and polished the sur-. 
faces by hand or machine methods, the question arises as to what areas need to be "figured", i. 


and yet most delicate of all such techniques of surface testing was developed by 
method requires, in its simplest form, merely a pinhole, a knife edge; the lens or mirror, and the eye of the 


1 





observer. The system is shown diagrammatically in Figure 25,24 for ‘a mirror. 


25.10,1.2 In essence, the Pinhole provides a small source of ‘light which illuminates theisurface of the mir- 
eye. If we assume that the spherical surface . 
S striking the mirror will be focussed 

e of the system, then F also will be at 


ror but which is so shielded that it sends no light directly into the 


at some point, F. If the pinhole is located at the center of the curvatur 


25.10.1,3 Assuming that the eye is placed close enou: 


45.10.1.4 The extreme delicacy of this measurement will become mdre obvious if we study Figure 11.28 
where a highly exaggerated error is present. Suppose there is an error of sto 


422) Foucault, Ann de L'Obs. de Paris, V, 197 (1859). 
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Foucault (22) in 1859. The 


igh to the image so as to view the mirror in the Max-. 
wellian sense (i.e. the eye receives all the rays coming to the focus), then the mirror Surface will be evenly 


, the mirror surface will appear to go 
bright to completely dark as the knife passes through F, Again for reasons to be discusse 
quite happen. If the knife edge is displaced toward the mirror from F then as it cuts into the beam the lower 
side of the mirror is darkened gradually and not until the beam is completel: 
If the knife edge is displaced from F away from the mirror, the reverse occurs. Clearly |then the point where 
the intensity varies most rapidly with knife edge movement from bright to dark is the focug. If the knife edge 
always remains in the plane of the pinhole, then there will be only one place where the mirror darkens uni- 
formly and rapidly with lateral displacement of the knife edge. This point is of course the ‘center of curvature. 


Yy occulted will/the eye see no light. 


pe, angle, 6. The rays hitting 5 


from completely 
d later this does not 









e 
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Figure 25.24- Experimental arrangenient for a Figure 25.25- Schematic demonstration of 
Foucault Test of a mirror. sensitivity of Foucault testing. 


this area will then be deflected from the correct focus by an angle of 2@ and the focal point for this area will be 
moved laterally a distance_approximately equal to FO x 26. If the surface has a radius of curvature.of ten and 
a slope angle error of 10~° radian, then the deflection is 1074 inches or .025 mm. An error this size on a lens 
of such small curvature would be barely detectabte but on a larger focal length system it would be ctearly visi- 
ble. The test is actually so sensitive that slope angle errors of 107® radians are easily seen on the long focal 
length mirrors used in some telescopes. : 


25,10.1.5 Errors of this type usually appear as zones on the surface rather than isolated areas. Unfortu- 
nately while Foucault tests are very ‘common, they are almost always done visually and few photographs are 
taken. The photographs of some drawings from Strong (23) dre shown in Figure 25.26. The artistry of Roger 
Hayward, illustrator for Strong, clearly shows the variations in mirror illumination produced under the 
Foucault Test. 


25.10.2 Detailed discussion of-Foucault Test for spherical surfaces. 


25.10,2.1 The preceding discussion has been highly qualitative and obviously over-simplified in some re- 
spects. To begin with the focus is never a pure geometrical point as we have demonstrated earlier. Secondly, 
the surface of even a "perfect" mirror does not appear all bright or all dark. It has been known for a tong 

time that at the edge of a circular mirror there appears a very bright ring even when the knife edge has appar- 
ently cut through all of the rays. Banerji (24) has also observed that the surface for a real system with finite 
focal area does not grow continuously darker as the knife edge advances but rather the entire surface pre- 
sents large variations in illumination. The peak illuminations get smaller and smaller until finally the whole. 
surface is dark. Lord Rayleigh (25) attempted to explain the first of these two effects and was relatively suc- 
cessful. It remained for Zernike @9), Gascoigue (27), and recently Linfoot, in his articles and more recently in 
his book (28), to carry the interpretation of the Foucault patterns into the realm of the quantitative. Linfoot 
shows that the patterns may be determined analytically for an aberration-free system by assuming that electro- 
magnetic waves originate at the surface being tested and combine according to the usual interference principles, - 
In the event that the system is not aberration free, one must assume that the electromagnetic waves start at 
the pinhole and are reflected from the surface in the usual way. 


(23) loc. cit., (7), 296,297 

(24) Banerji, Astrophysical Journal 48, 50, (1918) 

(25) Rayleigh, Phil. Mag. 33, 161, (1917) 

(26) Zernike, Physica 1, 689 (1934) 

(27) Gascoigue, M. N, 104, 326, (1945) 

(28) Linfoot, Recent Advances in Optics, 128 at req. (1955) Oxford 
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| | 
(a) Spherical mirror tested at the (b) Parabolic mirror tested with _{c) Spherical:mirror with a 
center of curvature. a flat testing mirror. raised annular ridge as 


tested at the center of 
curvature, 





| 

i | j 

: | : 

(d) Spherical mirror tested with a flat {e) Parabolic mirror tested at the mean 
testing mirror. center of curvature, 


; | 
Figure 25. 26-Foucault test appearances. 
| 
(From Strong's, Procedures in Experimental Physics Prentice-Hall Inc., 4938) 
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25.10.2.2  Linfoot concludes that the variation of illumination, D(x', y'), of the knife edge is given, to a good 
approximation, by the equation 


+00 (r-iux! - fh 
De, y)- 2 frase “3” Wa, v) dv (11) 
2m 0 = 
Where 
2mxy 
Be ae 
vy = 24 
AS 
isvV¥-1 
s = distance from the vertex of the surface to the knife edge. 
Wu, v) = + f f ®&» eR t WD ax dy 
E(x, y) = illumination over the surface 


Note carefully that (x, y) represent coordinates of a point on the surface under test; (x., y ) represent the cor- 
responding coordinates in the plane of the knife edge; and (x', y') represent the corresponding coordinates in 
the image of the x,, yy, plane. , 


25.10.2.3 ° An application of this equation to a true mirror with knife edge central gives Figure 25.27 (from 
Linfoot). Here the brilliant zone around the edge of the mirror is clearly predicted. 7 





Isophotal lines for a true mirror under the Foucault test, with the knife edge central. 


20 20 
0 10 
0 0 


4 o A 


Intensity distribution along the horizontal diameter (after Linfoot}. 


Figure 25. 27- Isophotal lines and intensity distribution for a mirror. under the Foucault test 
{From Linfoot's, Recent Advances in Optics, Oxford Univ. Press, 1955) 
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25.10.2.4 If the knife edge is kept in the central plane but moved a distance, C, laterally we see the oscilla- 


tions of Benerji (29). In this diagram C' = ame » Where C' is the distance moved in the plane of the image of 
the knife edge. s . i ; 

t I i 
25.10.2.5 A practical problem frequently occurs in using the Foucault Test for surfaces of low reflection. 
The small pinhole that must be used results in very low light intensities, and the low light intensities make de- 
tection of the Foucault shadows difficult. To improve the situation a slit may be used. The slit must not only 
be narrow, but also of a length such that the aberrations of the system under study are effectively constant 
over this length. The details for interpreting the pattern resulting from this type of Source are given in 
Linfoot (30). ef : 
i i 


25.10.3 The Foucault Test applied to non-spherical mirrors, 
epi to non-spherical mirrors, 


25.10.3.1 The Foucault Test can be used for paraboloidal as well as spherical mirrors. To simplify the 


interpretation, an additional flat is required as shown in Figure 25,28. For paraboloidal mirrors one May, use-.- | 


several modifications of the basic Foucault test. One employs a flat mirror with a hole in the center. The ° 


arrangement is equivatent to that shown, but the observer looks along the axis of the surface being tested. oa: 


25.10.3.2 Another modification is the technique developed by Gaviola (81). ‘This method is more sensitive : 
than the basic test and is particularly useful as a guide in very close control of zonal errors. The experi- . 
mental arrangement is shown in Figure 25,29. ‘The Gaviola technique depends on the fact that for off-axis 


areas of a paraboloid the positions of best focus do not lie on the center line of the paraboloid but rather lieon | 


a caustic which originates at the center of curvature. The method is essentially as follows. First the paraxial 
focal point is determined by the regular knife edge method. From this datum the equation of the. caustic for the 
non-aberrated paraboloid is calculated. Next one calculates where the center of curvaturd (ti, n,; ) should be 
for a given facet or area. A knife edge is then used to determine where the center of curvature actually ia = all 
of the paraboloid except the facet in question being covered up. The déviations At, Anj | of the actual center of 
curvature from the ideal center of curvature for various facets. are used to map the true surface of the mirror. 
Symmetry about the center line is assumed, : i : : 


Plane Mirror 





| 
i 
| 


Figure 25. 28- Foucault Test set-up for 
paraboloidal mirrors. 


{29) loc. cit. , (24) 
(80) loc. cit. , (28), 146 i 
(31) Gaviola, JOSA 26, 163 (1936); also Strong, loc. cit., 23, p. 298 ! 
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Observed 
Facet, 


Figure 25. 29-The Gaviola technique of Foucault Testing. 


{After Strong's, Concepts of Classical Optics, W.H. Freeman and Co. 1958) 


25.10. 4 The Foucault Test applied to lenses. The previous discussion may have left the impression that the 
Foucault test is really applicable only to mirrors, This is not so. Basically any type of system may be tested 
with the same advantages accruing. Several examples are given in Strong (82). The esseritial technique is the 
same in each instance with modifications made as dictated by the system under test. In each case, itis the 
possibility of inspecting the zonal contributions more or less individually rather than seeing them in their 
integrated form which makes this test so important. Recently one of the leading pr ecision optical makers _ 
commented that due to the increasing use of aspheric surfaces, virtually all of his lenses and mirrors were 


tested by this method. 





25.11 THE STAR TEST 


25,11.1 Introduction. It has been pointed out before that the choice of optical testing technique is frequently 
strongly related to the individual and his particular experience. It is generally acknowledged that H. Dennis 
Taylor carried the star test to its present heights and his disparaging comments on the knife-edge, or Foucault, 


test are interesting to read (83). 


25.11.2 Technique. 


25.11.2.1 The star test, as practiced by Taylor actually used a star as source of parallel light. The most 
frequently used star was Polaris although for checking achromatism, he also used the bluish star, Vega, and 
the reddish star Orionis. Today with the press of work, etc., it is seldom practical to depend on the visibility 
of the night sky, and artificial stars are used. One of the best "stars" is made by piercing a needle point, well 
- honed, to varying degrees into layers of very thin tinfoil backed up by something like a very hard plastic or 
ebonite. Several trials should result in a very small perfectly round hole. The resulting aperture i8 then illu- 
minated by a Pointolite lamp or equivalent and placed at the focus of a well corrected collimator as shown in 
Figure 25.30. Without much doubt, one of the best collections of star test photographs appears in Taylor's 
book and repeated also in Twyman's 84. It is reproduced in Figure 25.31. For convenience reference will be 
made using the figure numbers that appear in the photograph from Taylor, following in parentheses our figure 


number e.g. Figure 25. 31(10a) is Taylor's Figure 10a, etc. 


a 
(82) Strong, Procedures in Experimental Physics 70-72 Prentice Hall (1953) 
(33) Taylor, The Adjustment and Testing of Telescope Objectives, 50, Grubb, Parsons and Co. (1946) 


(34) Twyman, Prism and Lens Making, 369, Hilger (1957) 
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Lamp. Pinhole 


| 
| 
— 


"Star" L, Ly Microscope 


Figure 25.30- The experimental arrangement for 


- a star test. 


i i 


I » 4 


! | 
25.11,2,2 The star test technique consists of examining the image of the star with a fairly high power magni- 
fier or telescope. It is pointed out clearly by Taylor that a careful examination of the observers own eye is . 
mandatory if a correct analysis of the system under test is to be obtained. The tests such as rotating the ob- 
jective are simple to make. Hi the astigmatism rotates with it, the fault is with the objective, if not, the fault 
is with the eye. | i i é 
25.11.2.3 In most instances more information is to be gained by examining the image out of focus and watch- 
ing what happens as it goes through focus than trying to evaluate the system by an examination of only the in- 
focus image. The perfect figure will expand concentrically in an even fashion as the image passes through 
focus, with the intensity varying regularly in the ring structure. A perfect lens is shown in Figure 25.31 (17) 
while Figure 25.31 (18) shows the variation as a welt-corrected lens passes through focus. It will be instruc- 


tive to consider the principal star tests in the manner of Taylor, and:this will now be done with frequent refer —- 
ence to Figure 25, 31. i | 


25.11.3 Squaring~on. 


25,11.3.1 A telescope objective is considered “square-on" when the optical axis of the objective passes di- 
rectly through the center of the axis or stated another way ~- when the optical axis of the objective and the eye- 
piece coincide. Should the objective be cocked with respect to the eyepiece, the appearance of the image will 
depend upon the residual aberrations in the objective (assuming the eyepiece is effectively perfect). Usually 
the aberrations at focus that distort the image will be coma and astigmatism. Such a system is shown in 
Figure 25.31 (10a). \ , 

25,11.3,2 Reference should be made to Taylor for the actual process of Squaring-on the objective, but the 
principle is clear from the photographs, viz. that the incorrectly adjusted objective will result in even the best 
focus heing non-symmetric. Further, as the eyepiece is racked through focus, the image does not expand con- 
centrically about the best focus image, but does so about apoint to one side of the best focus image, 


25.11.4 Achromatism. 
25.11.4.1 It is a fundamental principle of instrumentation that we are interested in the performance of the 

whole instrumentation system and not just a part of it. Thus with visual optics and the known defects of the eye, 
we must design systems that take these defects into consideration. Occasionally we can put the defects to good 
use, but at all times we must be conscious of their effect upon the rest of the system. Even a perfect reflector 


| I 
| 


| 
| | 
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will show a colored star test visually because of the achromatism of the eye. This may be checked easily and 
due account taken of it in judging systems whether they be reflective, refractive, or a combination thereof. 


25.11.4.2 The defects of the eye are of course involved in the choice of eyepiece with which to judge the ob- 
jective. Usually a fairly high power objective with a magnifying power of 50 - 100 times is suitable for use 
with a well-corrected eyepiece. Lower power objectives involve more of the eye aperture and consequently 
are affected more by the achromatism of the eye. 


25.11.5 Astigmatism. 


25.11.5.1 The nature of astigmatism has been discussed elsewhere in this manual so its details will not be 
reworked. ‘It suffices one to say that the aberration known as astigmatism results in a star being focussed 
into two "lines" that are at right angles to each other, and displaced by an amount that depends upon the angle- 
of view. This aberration is very easily detected with the star test. As the eyepiece is racked through focus 
one might see the image vary as in Figure 25.31 (12 d, a", a’). For corresponding positions inside and out- 
side of focus one might see images as in Figures 25. 31 (13) and (14). whe pg 


-95.11.5.2 A study of the photographs in Figure 25. 31 and of the aberrational theory indicates that the star. 
test is indeed a marvelously simple, and yet accurate, method for testing for astigmatism. . It must be under - 
stood that seldom will a system have just one aberration and that particularly as one goes off axis, it becomes ° 
increasingly difficult to stipulate exactly the cause of the image degradation. It is here that experience plays 
such a vital role. ‘ ” 


25.11.5.3 Assuming in the present case that only astigmatism is involved, one will usually find that the posi- 
tion of best focus will show a roughly circular image - the disk of least confusion - half way between the two 
astigmatic focal lines and of a diameter approximately equal to one-half the. length of either focat line, While 
astigmatism is not as bad an aberration as some, if one is interested in "pointing" because of its symmetry, 

it may increase the spot diameter several hundred percent. This clearly decreases the resolution possible : 
with the system. Once again we call the attention of the reader to the fact that the requirements of a good 
pointing system are not as stringent as those for a system of high resolution. This fact is too often overlooked. 


25.11.5.4 As previously indicated, the defects of the eye must be taken into account and atruly stigmatic 
system may appear to the eye to be astigmatic. It is not only possible to separate the astigmatism of objective, 
eyepiece, and eye, put careful design can result in a system that shows no astigmatism to the eye, yet each © 
component of the system, objective, eyepiece, and eye, each have demonstrable amounts of:this aberration. 
Again the tests of the eye should be made initially with a low power eyepiece. More detailed drawings of. star 
effects showing astigmatism, after Zernike and Nienhuis, (35) are shown in Figure 25. 32. 


25.11.6 Zonal and marginal spherical aberration. 


25.11.6.1: Perhaps the best way to get a feel for how the star test demonstrates zonal and marginal spherical 
aberration is to refer to Figure 25.33 where three possible extremes are depicted: (a) no spherical (0) mar- 
ginal spherical and (c) zonal spherical. In each instance the lens under test (the element could of course be a 
mirror, etc.) is directed toward a distant star or equivalent as previously explained. In case (a) there is no 
spherical aberration at all and geometrically all rays come to point focus. Actually of course interference 
spreads the point into the familiar interference pattern and such a lens would show a perfect figure such as 
Figure 25,31 (17) at focus. Either side of, but not far from focus, such a lens might produce images such as 
Figure 25,31 (22) and (23). A glance at Figure 25.33 (a) demonstrates why this is so. 


25.11.6.2 if the lens has marginal sphericat aberration but little or no zonal, then we might see within focus 
an image similar to that in Figure 25. 31 (15). Note carefully that there is no very bright center as contrasted 
with Figure 25.31 (22). Note also the way the intensity of the rings varies with transverse distance. Figure 
25,31 (15) shows positive marginal spherical, i.e. the edge rays come to focus between the paraxial focus and 
the lens. Figure 25,31 (15a) shows negative marginal spherical aberration. The reason for Figure ‘25.31 (15) 
is again clear by reference to Figure 25.33 (bo). Within focus there is a greater concentration of light for the 
marginal than for the central rays. : 


25.11.6.3 : Where the marginal spherical aberration has been corrected, there may be residual zonal. This 
manifests itself, as might be expected, by an image of the form of that shown in Figure 25. 31 (20) (inside focus) - 
and 25.31 (20a) (outside focus). That there should be this high concentration in the third and fourth rings inside 
focus and in the 2 and 3 and 5th rings is reasonable providing the zonal error is as shown in Figure 25.33 (3c). 


25. 11.6.4 When checking for zonal or marginal spherical, the best technique is to check through focus and 
not just at focus. Further, the inspection should be made far enough from focus so-that several rings appear 
as this is a more sensitive test. Generally speaking, the rules for interpreting zonal spherical aberration are 


(38) loc. cit., (26), 96, Plate V 
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Figure 25.31-Star testing. (From Taylor's, The Adjustment and esting 
of Telescopes Objectives, Grubb, Parsons and Go. 1946) t 
| 
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Fig. 10a.- Eccentric appearance of interference rings, due to the objective being out of adjustment, 
c.~ The focussed image of a star, when the maladjustment is about as much as in the last case. 
b.- The focussed image, as visible when the objective is moderately out of square. 


. Fig. 11. ~ A section of the cone of rays taken closer to the focus, exhibiting a more moderate degree of maiadjustment. 
Fig. 12. - a, b, ¢, d, ‘and d’ are out-of-focus sections, as will be seen when the objective is correctly "squared on," and 


quite irrespective of other faults, ‘ 
at, b' and d" are appearances of the focussed image corresponding respectively to a, b and d. 
d, d and d" are also examples of astigmatism. 
Fig. 13. - A section taken a very little way within focus, under a high power, exhibiting the fault of astigmatism, 
Fig. 14. - The corresponding appearance to Fig, 13, as shown by a section taken at the same distance beyond focus. 
Fig. 15. - Section within focus, showing result of positive spherical aberration. 
\Fig. 15a,- The corresponding section, taken at the same distance beyond focus. : 
Fig. 16. - A section taken closer to focus under a high power, exhibiting a slight residual spherical aberration; the central 
rings rather weak, . 
Fig. 16a.- The corresponding appearance at the same distance beyond focus; the central rings relatively strong. 
Fig. 17. - The spurious disc or image of a star yielded by a perfect objective, and viewed under a very high magnifying 
. ‘power. ‘4 wn tee 
Fig. 18. ~ The spurious disc sometimes yielded by a large objective when resting upon three points, without intermediate 
supports being supplied to counteract the flexure due to the weight of the lenses. : ie . 
Figs. 19 and i9a.~ An example of marked zonal aberration, being sections of the cone of rays taken inside and outside of 


4 focus respectively. 
Figs. 20 and 20a,- Avother example of zonal aberration. 


Figs. 21 and 21a,- Example of the general figure of an objective being tolerably good, but there is a region in the centre. 
having a focus somewhat beyond the main focus. , 
Figs. 22 and 22a.- Two sections of the cone of rays yielded by a perfect objective, taken very near to and on opposite sides 


. of focus. and viewed under. a high power. = (ea 
Fig. 23. - A section of the cone of rays yielded by a perfect objective, taken at about 1/4-inch on either side of focus, cand. 


: viewed under a moderately high magnifying power. 
Figs. 24 and 24a.- Examples of violent mechanical strain, due to imperfect mounting or bad annealing. 
Fig, 24b,- Example of the effects due to the presence of veins in the material of the objective. 


. Index to Figure 25.31 . . 
(From Taylor's, The Adjustment and Testing of Teles. Objectives, 
Grubb, Parsons and Co., 1946) 





£1.42 £2.7R | + 3.50 + 6.54 


Figure 25.32-Star tests showing astigmatism of varying degrees. 


(From Linfoot's, Recent Advances in Optics, Oxford Univ. Press, 1955) 
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{a) ‘no spherical 





(b) marginal only 


(c) zonal only 





Figure 25, 33- Various types of spherical aberration. 
fairly straightforward with a bright zone or ring inside focus corresponding to a zone that focusses short. A 
bright zone or ring outside focus corresponds to a zone that focusses long. This corresponds of course to 
positive and negative zonal aberration. Again, Nienhuis (36) gives somewhat more detailed data, but not 
quite as much general information as Taylor. Figure 25.34 shows star images with varying degrees of 
primary spherical aberration at various focal positions. 


: | : : 
25.11.6.5 It is clear that the star test furnishes a sensitive measure of the integrated effect of the whole 


lens. There is some question as to whether it gives as much information about a specific part of the lens or 
mirror as might a Foucault Test. : i 
| 
25.11.7 Coma. A good photograph of the effect of coma appears’ in Kingslake (37) and is reproduced in 
Figure 25.35. 

i 


(86) loc. cit., (26) 48, Plate I; also, Thesis, Groningen (1948) 
(87) loc. cit., (28) 84, Plate IV 
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(a) Images in presence of primary spherical aberration 
of amount.16A, at marginal focus and at circle of 
feast confusion, ; 








17,52 8.42 3.720 1.40 


(b) Images in plane of paraxial focus, in presence of 
primary spherical aberration., 





17.52 8.40 3.722 1.40 


(c) Images in plane of least confusion, in présence of 
primary spherical aberration 
scale three times that of (b). 


Figure 25. 34-Star images showing various amounts of primary spherical aberration. 
(From Linfoot's, Recent Advances in Optics, Oxford Univ. Press, 1955) 
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I 
Primary coma - ¢ is 2a (r* - 2/3r) cos x at focal settings corresponding 
approximately to the given values of p. 


Figure 25. 35~Star images exhibiting coma. ; 
(From Linfoot's, Recent Advances in Optics, Oxford Univ. Press, 1958) 
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26 EVALUATION PHASE OPTICAL TESTS 
26.1 RESOLVING POWER TESTS a 
26.1.1 Introduction. 


26,1.1.1 The reason for ttie popularity of this general method stems from the feeling that, artistic considera— 
tions aside, the function of an optical system is to give information as to the detail in an object which is usually 
quite some distance away. Short of looking at the actual detail of the type on which the instrument under test is - 
to be used, it has seemed reasonable to use some sort of artificial but definite target. since many targets of 
military significance have sharp edges, targets with sharp edges seem to make sense. The nature of optical 
system performance ‘is such that the edges should occur in at least two orientations and these preferably at 

right angles to each other. This deceptively simple process culminates then in a statement as to how many 
lines per millimeter can be resolved on the film of a camera, or as seen by the eye in a visual device. .Actu- 
ally it makes more sense to talk about a timit of resolution in terms of tines per unit solid angle, etc. 


26.1.1.2 It will pay us to look somewhat more closely as to why this apparently straightforward process is. 
called "deceptively simple". To begin, we have the fundamental question of what kind of target are we going, to 
choose as 2 representative sampling of the in-use object. The USAF has been using the target in Figure 26.1” 
for years, while the National Research Councit of Canada (1) has been using annuluses on a dark background 
as shown in Figure 26,2 along with a sector target proposed by Nutling. The U. S. National Bureau of Stand- 
ards until recently used a line target as shown in Figure 26.3. This target and its applications were discussed 
in the reference cited. Recently NBS has adopted a new target and this is shown in Figure 26.4. _ 


26.1.1.3 In addition. to these, other groups have chosen targets made up of letters or numbers or combinations 
of special symbols or objects (2). To get informative as to the response of the optical system, at all angles, a 
target consisting of alternate black and white sectors has been used. (3) Apparently even the choice of the form 
of the target has been far from unanimous! : 


26.1.1.4 Let us look deeper. Even putting aside the quéstion of form there is a considerable controversy 
over the contrast to be used between the dark and light portions. At least until the new NBS low contrast tar- 
get came out, the British and Canadians were maintaining stoutly that the USAF high contrast targets were un- 
realistic as most of the objects photographed from an aircraft exhibited low contrast on the majority of days 
when photo-reconnaissance could be performed. We need not labor this point further except now we realize 
that not only the form but also the contrast is the subject of controversy. . 


26.1.1.5 With all this controversy the fact still stands that the system does have merit. Pestrecov (4 gave 
an excellent survey of the methods to date, and the serious student is referred to his work as regards relative 
merit of each. The particular claim for this technique is that it does give a single number that may be used to 
compare the performance of different lenses. The big question obviously is "granted it does give a figure by 
which to compare lenses but so do other techniques such as f- numbers, T- numbers, etc.", but does this 
really enable one to evaluate how a lens will perform in the field or does it merely tell how it would perform. 
when photographing the very uninteresting lines and spaces on the test target? Unfortunately the answer to 
this question is not an unqualified "yes it does serve to state positively that this tens will be better than that 

in the field." * 


26.1.1.6 Having discussed these general ideas, let us now look at how the resolving power charts are actually 
used. As can be gathered from the above, different laboratories have their own techniques so we will sample 
three of the more common methods. 


26.1.2 The NBS method. 


26.1.2.1 Figure 26.4 shows the high and low contrast NBS charts. The dimensions of these patterns are 
given in the table below the charts. The contrast of the black on white is 1.4 white that of the black on grey is 
0.20. The numbers on the chart 14, 20, 28", etc. refer to the number of lines/mm when this chart is used 
at a minification of 25X. The numbers refer to both the horizontal and vertical patterns whose linear extention 


ane ee eee ere 

(1) Howlett, L. E., Photographic Resolving Power, Canadian Journal of Research, Vol. 24,.Sec. A, No. 4, 15-40 (1946) 
(2) MacDonald, NBS Circular 526, 51 

(3) Jewell, A Chart Method of Testing Photographic Lenses, JOSA Vols. 2-3, Nos. 3-6, 52, (1919) 

(4). Pestrecov, Photographic Resolution of Lenses, Photogrammetric Engineering,Vol. 13, (1947) 
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These are resolution values for a B. U. ry target of Imm, width, To determine resolution for 
each unit in lines/mm for any size target, divide each figure listed above by the a of the target 
measured from the extreme edge of unit 1 (the largest) to the extreme edge of unit 6. 

Figure 26.1- The USAF resolving power target. 


| 
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Figure 











es 


tor target introduced b Canadian annulus target of 1. 6:1 : 
9 " Nutting. ee contrast ratio. ‘ The resolution values. 
- . of the adjacent annuluses are in the 
8 2 ratio. . 


Figure 26.2 -The Nutting and Annuli resolving power targets. ' 
(From Pestrecov's, Photographic Resolution of Lenses, Photogrammetric Engineering, Vol. 13, 1947) 
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NATIONAL BUREAU OF STANDARDS 
TEST GHART 25 X 


This chart formed part of NBS Circular 428. The ratio of the line spacings in successive 
patterns of this chart is equal to ¥2 . When the chart is photographed at the standard" 
distance of 26f, the values of resolving power that can be measured with this chart range 
from 3.5 to 56 ‘Vines/mm._ 
Figure 26.3 - Old NBS resolving power target. 
{A Test of Lens Resolution for the Photographer, NBS Circ. 428) 











| a : i 











High-contrast N.B. = Sila i = 


Pattern Number [12 | 
Width of single black | 9 y5¢ 312 | 2446 | 2.042 
or white line 


Width of 3-line 0,781 | 1.116]3.562 | 2.232 | 3.425 | 
pattern . 


Width of space 
between patterns 
Length of lines 






























0.781 1.116 1.562 2.232 3.125 


Wa 


Figure 26.4 -The new N. B.S. resolving power targets. 
(Charts for Testing the Resolving Power of Photographic Lenses, ¥. E. Washer and I. C.Gardner, NBS Cire. 533(1953)} 
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: t 
would run into the number. ‘The chart used in this manner should be 26 focal lengths in front of the lens. The 
charts of course may be used both off as well as on axis. A. common arrangement is to make a rack-holding 
a series of the ‘charts arranged in roughly the form of a square so that a photographic lens may be tested at all 
angles simultaneously. If the lens is to be tested visualh , then it may be somewhat more desirable to reposition 


the test chart to the various angles of interest. - A 


26.1,2.2 The observer after setting up the chart at the requisite distance determines which group is just dis- 
tinguishable as three distinct lines and teports the corresponding number of lines/mm as the maximum resolv- 
ing power of the lens at the given angle etc. Note that the measurement made in this way gives little or no. in- 
formation as to the response of the system to targets at fewer Hest ! 


26,1.2.3 Table 26.1 taken from NBS 533 shows the variation of tesolving power of several hand held cam~- 
eras. In this connection it is interesting to note the effect of using the high and low contrast targets. Inasmuch 
as we judge lines to be separated on the basis of contrast, it is important to note particularly Figure 26.5... 
The high contrast targets clearly may well be a more revealing as to what the actual resolution limits of the 
lens are, Further, the increased slope of the high contrast curve makes far more accurate measurements. - 
Again we must warn that if the tens is to be actually used on low contrast targets, then we had better check it . 


‘Resolving power in lines per millimeter 
{angular separation from axis) 


[Tangentat [ata] 
0® 5° 10° 15° oP f 0° 5° 39° 15° 20° 
8 56 56 48 28 [68 56 56 48! 40 


EFL F-number 


6 





Table 26, 1 - Resolving power at various apertures of several lenses 


of the type used on small hand-hetd. cameras. 
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Line Frequency, Lines/MM 
‘Figure ‘26. 5-Variation of contrast in the image as a funtion of line frequency. 
{Charts for Testing the Resolving Power of Photographic Lenses, F. E. Washer and I.C. Gardner, NBS Cire. 533(1953) } 


on tow contrast targets. This also is shown clearly by Figure 26.5: if we want to resolve 50/mm at low con- 
trast, then the lens examined is not suitable. If we want to resolve the same number of lines/mm at.high con- 
trast, then the lens might well be satisfactory. This is a crucial point in considering the usefulness of resolv- 
ing power targets as evaluation tools. : 


26.1.2.4 Looking again at the question of visual optics such as binoculars, telescopes, periscopes, etc. we 
realize, as previously pointed out that here the most important characteristic is not lines/mm but rather lines/ 
unit solid angle. We can also state this by saying that we are interested in the angular rather than the linear 
resolving power ofthe system. Tables 12 and 13 from NBS 533 enable the user to determine from the chart 
group just resolvable, the corresponding maximum angular resolving power for either the circles or the lines 
around them. ; 


26.1.2.5 Care must be exercised in judging the resolving power of a visual system to be certain that the re- 
solving power of the eye is taken into consideration. This means that the tines under study must all subtend an 
angle greater than that just resolvable by the eye--usually about 60 seconds of arc. This means then that the 
product of the resolving power of the target and the magnification of the system must be greater than, say 60 
seconds of arc, if we are to obtain a true test of the resolving power of the system. % 


26.1.2.6 In this same connection, the resolving power of a sequence of optical systems is analogous to the 
effective bandwidth, or the effective rise time of a number of sequential amplifiers; the overall resolving 
power, Re, in terms of the resolving power of the individual components R,, Ry etc., is given approxi- 
mately by 








Zs i ae + £ + () 
Re Ri Rg ORG —. : 


26.1.2. The NBS chart, when used in this standard manner, will cover a range of 14 to 80 lines/mm. For 
systems having higher or lower resolving powers the targets may be moved closer or further away. In some 
instances it may be convenient, where systems capable of resolving several hundred lines/mm are repeatedly 
encountered, to avoid the long working distances involved in the method above and reduce the targets photo- 
graphically. Should this be done, great care must be exercised to see that the resolving power of the film and 
copying camera are such as to not degrade the targets. 
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26.1.2.8 While the NBS charts were developed primarily for lens studies, they may also be used as a basis 
for compliance with certain government specifications, for smample 


Federal Specification: 


GGG-G-501b Goggles, eyecup, protective, impact- -resisting {chippers' , 
grinders’ etc. ). 

GGG-G-5ila Goggles, eyecup, protective (welders). : 4 

GG-T-621 Transits, 1-minute; and transit tripods. 


Military Specification: j 

i 

MIL-O-13830 Ord - Optical components for fire control instruments; general 
+ Specification governing the manufacture assembly, 

and inspection of. 


Commercial Standard: i 
CS159-49 Sun glass lenses made of ground and polished ae glass 
thereafter thermally curved. \ 





26.1.3 The U.S. A.F. resolution target. 


26.1,3.1 Originally suggested at the Bureau of Standards and carriéd to its present status by the U.S.A. ¥. 
Photographic Laboratory at Wright-Patterson Air Base, the U.S.A.'F. target was designed primarily to evalu- 
ate the performance of aerial camera lenses. While the use of this target is controversial, it is probably the. 
most widely used of all at the moment. The following comments of A. Katz (5) , then of Wright Fietd, are 
much to the point. They were made during a discussion following a paper by R. E. Hopkins. 

'In connection with the points raised by Dr. Pestrecov and in earlier papers, 

I notice that a number of people have been gleefully trying to kick the three- 

line resolution target to death. I want to point out again-~and I have done 

this in other meetings--that it has served its purpose well. This purpose, 

simply stated, is to serially grade lenses in a manner that will correlate 

with their photograph-making rank. I have yet to be shown that our use of 

the three-line target in the judging of lenses to be used for aerial photo- 

graphy has led to any error, let alone consistent cis = i 


"Now we have lots of data, most of which is not neat and packaged. The 
exigencies arising with the working conditions in the Air Force are such as 
to effectively preclude the careful running of planned experiments, We sub- 
stitute large numbers of airplane flights and tests, and after a number of 
years we come to pretty definite conclusions--by statistical osmosis,| if you 
will. We know by now that when we get a lens that performs well in the lab- 
oratory (on the much maligned three-line high-contrast target) it will; take 
high-quality photographs in the air on good days as well as bad days. The 
converse is also true. Laboratory test enable us to predict the quality of 
actual aerial photographs. I can't expect much more of a laboratory test. 
Let us not forget that it is only within the last 10 years that lens perform~ 
ance began to be specified in terms of resolution requirement over the field 
and that manufacturers began to use these tests, and it is only within ithe last 
couple of years that photointerpreters have begun { to hear of lines per’ milli- 
meter as a measure of performance." ; 

| 


26.1.3.2 The type of tests (6) to which Mr. Katz is referring are well demonstrated in a peeks of a series 
of through-focus trials shown in Figure 26.6 ona 40-inch f/5 Baker telephoto aerial camera looking through 
a window of poor quality. The target was the standard high contrast U.S.A. F. target plus a low contrast ver- 
sion of same plus a two variable frequency high contrast targets first introduced by Washer and Rosberry (7). 
The target was distant from the camera some 35 focal lengths to minimize the effects of spherical aberration. 
The term "window" here refers to the glass covering the hole in the skin of the aircraft through which the 
aerial camera sees the ground. More or less comparable focal positions are shown side by side for ease of 

(5) NBS Circular No, 526, 200 

(8) These tests were run by Mr, William C, Britton while at the Boston University Physical Research Laboratories and 

under a U.S.A.F. contract. Mr. Britton is now with Itek Corp. 
(7) Washer and Rosberry, JOSA vol. 41, No. 9, 597, (1951) 
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window 45° Obliquity No Window 


Figure 26,6 - Resolution target testing for Baker 40" £/5 telephoto aerial camera. 
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| 

| __ | 
comparison, The focal settings was changed by .005" between successive exposures. ‘The variation of the re- 
solution limit with the high and low contrast targets is clear, The ania of off-axis aberrations is also clear, 
26.1.3,3 Composite target tests such as these demonstrate the difficulty of deciding on which target, if any, 
to settle on to the exclusion of all others. In fact it is pretty generally the opinion of the "conservatives" that 
no one target gives all the information that is needed to fully evaluate a lens. Were a given optical system 
always to be used on exactly the same type target, that would give 2 one to one correlation between laboratory 
testing and field performance. It, thus, is the very versatility of optical systems that gives rise to our diffi- 
culty. ‘ i 

| 


26.1.4 The Kinetic Definition Chart. . 
aarare i : i 

26.1.4.1 There was developed during World War II (8) and subsequently improved upon (9 and 10) a routine- 

system for checking the resolving power of visual optical systems. | The system is essentially a resolving- 

power target approach, but incorporates many features not formed in the spur-of-the-moment setups com- 

monly found in laboratories. The targets employed, as well as plan and side view schematics are'shown \- 

in Figure 26.7. i 


26.1.4,2 The apparatus derives the word "kinetic't from the motorjzation of some of its parts, but the term is 
misleading nonetheless. A glance at the charts will show that they are of constant line Spacing but of various 


contrasts and situated in four positions. The ratio of lines/spaces is 1:1, and is essentially the chart first ad- | 


vanced by Foucault (11) in 1858. The variation in line spacing required to determine the resolving power of a | 
system is effected by the optical reduction unit. This unit consists of four highly corrected microscope objec- 
tives of focal length 4, 8, 16, and 32 mm. By varying the distance from the target to the reduction unit by the 
adjustable space gauge shown in Figure 26.7, the lines/inch may be changed from coarse to fine. 

: 5 . ; \ — foie eo ase 
26.1.4.3 There are several interesting aspects to the KDC Apparatus. One of these is the “artificial sky" 
which not only simulates (oy varying its illumination) the sky against which many objects must be seen, but 
also the stray light found in most optical systems. This apparatus thus takes into account not only the low 
control of the object itself, but also the surround so important in retinal response. Incorporated into the KDC 
Apparatus is a standard telescope with an aperture that is variable. This very carefully constructed telescope 
is of superior quality and allows the observer, in effect, to set up a standard against which the test instrument 
is compared. Once again we see a recognition of the need for removing as far as possible the Limitations of 
the particular observer's eye from the testing procedure. Here this is done by inclusion of an. auxiliary tele- 
scope of such magnification that the limit of resolving power is determined by the instrument under test rather 
than the eye. The rest of the system is rather straightforward and all. designed to give maximum ease of as- 
sessment to the observer, | \ 


26.1.4.4 The final report on the NBS chart or the USAF chart is the resolving power limit of the system. ; In 
this technique the final report is called the K.D.C. efficiency and is defined as follows:! 


a @ 
KDC efficiency = apr x 100 Q). 
where 
aj = minimum angle resolvable using the instrument under test. 
@_ = minimum angle resolvable with the eye alone. i 
Mi‘= magnification of the instrument under test. 


{ 


Clearly then, this definition is not a statement of the resolving power of the instrument alone, ‘but rather it is 
a comparison of the effective improvement the instrument affords over the eye alone. 
4 


26.1.4,5 The factors directly preportional to ae and aj are convehiently determined directly from the KDC 
apparatus as follows. With the auxiliary telescope in place (if it will be required with the instrument under 
test as previously explained) the observer adjusts the target-to-turret spacing until the target is just resolved 
and the K.D.C. scale (lower left of drawing, just above the reversing switch) is read. The pointer on this 
scale is coupled to the target holder. The instrument under test is then inserted in its proper place and the 
K.D.C. scale again read. The K.D.C. efficiency is now obtained from the equation: 


| 
(8) NDRC Report (classified) 
(8) Coleman and Harding, JOSA 37, 263, (1947) 
(10) NBS, 526, 95, (1954) 
(11) Foucault, Ann. de L'observation de Paris, 5, 197, (1859) 
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Modified Foucault resolution targets. 


Cc, = -B:b = Retlectivity of white band — Reflectivity of dark band 
Reflectivity of white band 





C, = inherent target contrast: g = number of white bands per inch, 


Figure 26.7 (b)- The ‘KDC apparatus targets. 
Figure 26.7 - The KDC apparatus and target charts. 
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K.D.C. efficiency = —i_ x 100 (3) 
MiXe \ 
where : 
Xi= K.D.C. scale reading with the instrument under test 


(and of course the eye} 
K.D.C. scale reading with the eye alone 
the magnification of the instrument under test. 


Xe 
Mi 


If it is desired to compare a production instrument with the standard telescope, the K. D.C. reading taken with 
the standard telescope replaces Xe in the above equation. , : 

| 
. | 
26.1.4.6 There are many other uses of the K.D.C. apparatus but certainly its versatility. and ease of manipu- 
lation recommend it when a large amount of work of this type must be done. ' 


26.2 GENERAL DISCUSSION OF SINE WAVE TESTING 


| : : 

26.2.1.1 At about the time the controversy as to just what type of resolution target should be used was reach- 
ing its zenith, a paper given by Schade (12), an electrical engineer, ‘brought to bear on the problem of optical 
system evaluation, the full resources of a completely different field viz., communication theory. While others 
such as Selwyn (13) and Duffieux (14) had preceded Schade in their investigations into this general-area, there is 


little doubt in most minds that Schade (15)was responsible for focusing the attention of the optical world on the 
optical possibilities of this method. : . 


26.2.1 Introduction. 


26.2.1.2 It will be of interest to look briefly at Schade's original problem. Schade was studying the problem 
of optimizing the response of a television system starting with the optical pick-up in the studio through the 
electronic and electromagnetic systems to the final presentation on a kinescope in the home. His background 
here as an electrical engineer had taught him that one may study the response of an ordinary amplifier two 
ways (a) by feeding a single transient pulse to the amplifier and noting its response or (b) using sine waves of 
different frequencies and noting the phase shift and/or amplitude change as the sine wave signal passed through 
the amplifier. Fourier analysis shows that all the information contained in (b) is actually implicit in {a) but 
the transient is harder to use experimentally. Lo 
: : 
26.2.1.3 With the knowledge that this testing technique was a proven method, Schade in effect asked "why 
can't I do the same sort of thing for the optical part of the system? If I can do this, then I should be able to 
use the theories already developed for optimizing cascaded amplifiers." ‘The question then arose as to what 
there was about an optical system that corresponded to the electrical sine waves. After the idea was con- 
ceived that the variation in intensity with angle as seen by the lens did indeed constitute a frequency, albeit 
a ‘spatial Fourier frequency" and not the frequency associated with v =f, the way was clear. There did 
remain then (and still does now) much theoretical work to do but at least the direction was indicated, The 
problem of translating the Fourier spatial frequencies into the temporal frequencies used in electronic am- . 
plifiers was easily solved by scanning techniques already under study in the sister field of flying spot scanner 
television. , 

| 


26.2.2 Basic theory. 


26, 2.2.1 Inasmuch as this manual is not intended to develop all the. pertinent theory but rather to acquaint the 
reader with possible methods, most of the details of the mathematical treatment will be omitted. The reader, 
however is invited to study closely the many excellent articles in this field. Some of these are in the following 





i 
i 1 
(12) Schade, A New System of Measuring and Specift image Definition: Symposium on Optical Image Evaluation, NBS, 
Oct., 1951. Proceedings published in NBS circuler 526, (1954). : 
(13) Selwyn, Theoretical Estimation of Combined Effects of Film and Lens on Resolution; RAE Report N. H. 698, April, 
(1940). " ot 
(14) Duffieux, Ltintégrale de Fourier et ses Applications 4 L'optique, Besangon, Faculté des Sciences, (1946). 


(15) Schade, Electro-Optical Characteristics of Television Systems, RCA Rev., 9:5-37, 245-286, 490-530, 653-686; 
(1.948). ; | ‘ 
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references: (16) through (23) 


26. 2.2.2 As indicated above and by Schade and Duffieux, an optical system may be considered as a two dimen- 
sional electrical filter, Further in electrical work we normally think in terms of amplitudes and at least in 
normal circuit work do indeed measure our signals by determining their amplitude. In optics, however, we 
cannot measure amplitude directly but instead measure intensity. A negative amplitude has no physical signi- 
ficance (although it can be interpreted as indicative of a 180° phase shift) for optics while it is a common and 
significant occurrence in electronics. As an aside we might note, however, that in the detection of electro- 
magnetic radiation we can measure only power directly. The spatial frequencies to which we are referring 
are thus variations of intensity. This is an important point. 


26. 2.2.3 Let us assume that the coordinates in an object plane are denoted by £ and 7 and in the image plane 
by x and y. The intensities in the object and image plane are then indicated by O(, n) and i(x, y) respectively. 
We should note here that the terminology is not yet standardized and we are here following that of O' Neill. (loc. . 
cit. 16, p E-3). Arvobject point Of, ) is then spread out into an image point i(x, y), this "spread function" 


_ being denoted by i(x, y}. If we now apply this spread function to each point in the object, we can predict. the ap- 


pearance of the image by convolving the spread function with the object distribution according to equation (8). 
iy) = fof S&-§, y-a) OG, 7) & dq (4). 


Assuming for the moment that this convolution is amenable to the techniques of the Fourier transform, we can 
do the same thing as (4) in the spatial frequency domain by utilizing equation (5). © 


ifwz, @y) = Tlwx, wy) OfWx, My - , (5) 


where i(wy, Wy) and O(ux, wy) are the image and object expressed in terms of Fourier spatial frequencies 
and r(wx, wy) is the so catled “transfer function" of the system (for details see loc. cit. (16) p232, et seq.) 


26.2.2.4 Note clearly what has happened. We have replaced the convolution integral which is difficult to com- 
pute, by a product. The two equations of course say basically the same thing and their interrelationship is 
clearly seen by the more complete definition of the transfer function (loc. cit. (7, p26). 


i( Wx X+ W yy) dx dy 


rox, oy) = [Sf Seve 6): 


Clearly we must be able to calculate, or otherwise determine, the spread function in (4) before the i(w , @ ) 
may be calculated theoretically. This is a sizeable task. It turns out, however, to be relatively simple to do __ 
it experimentally and this is effectively where the art stands at present. The.technique, based on experimental 


determinations of T(wWx, wy) has lead to a new, although still controversial, method of evaluation of optical 
systems. Synthesis by use of this principle as a design method is still in its infancy. 


26.2.2.5. Let us back off again and look at why equation (5) is so important, an evaluation tool. The reason 
rests in part on the fact that the object and image are related in the spatial frequency domain by a raultipli- 
cative factor while in the spatial domain they are related by a complex summation. If we have two systems 


(16) Proceedings of Symposium on Gommunication Theory and Antenna Design AFCRC - TR-57-105 (ASTIA Document 
No. AD117067). While this symposium was aimed primarily at antenna designers, the organization of it was such 
that not only is the optics covered rather well by O'Neil and Parrent but also the basic mathematics and physical | 
requirements are outlined in detail, One should note particularly the bibliography prepared by Parrent on Page M-1. 

(17) OtNeil, Selected Topics in Optics and Communication Theory Itek Corp. (1958) Note - This publication bas an 
exceptionally complete pibliography of work in this field. 

(18) O'Neil, Publications of the Theoretical Optics Section, Itek Corp. (1958) 

(19) Marechal, The Contrast of Optical Images and the Influence of Optical Aberrations, NBS Circular No. 526, p9, 
1954) 

(20) Elias, Optics and Communications Theory, JOSA, 43, 229, (1953) 

(21) Hopkins, H. H., The Frequency Response of a Defocussed Optics System, Proc. Ray Soc (London), 321A, 91, (1955) 

(22) Blanc-Lapierre, Upon Some Analogues Between Optics and Information Theory, Symposium on Microwave Optics, 
McGill University, (1953) - Proceedings published by Antenna Section Air Force Cambridge Research Center. 

(23) Parrent and Drane, The Effect of Defocussing and Third Order Spherical Aberration on the Transfer Function of a 


Two Dimensional Optical System, Optica Acta, 3: (1956) 
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| | 
one of which clearly shows a better high frequency response than the other, we can be sure that this system 
will have the higher resolving power. Further the process of obtaining the sine wave response, or Tux, Wy); 
will give (or usually does) the response at all frequencies and not only at the maximum resolvable condition as 
with the resolution target system. It is thus, theoretically, possible having r(w,, wy) to predict the image for 
any object by the use of equation (5). ' 


t 
i 


26.2.2.6 As might be expected, nothing is ever quite this rosy. Always there is the needle in the haystack or 
thorn in the rose. The difficulty here lies in the fact that the transformation from equation (4) to equation (5) 
presupposes that the optical system is perfectly linear and invariant jover the object andjimage fields. Unfortu- 
nately this does not hold very well in poor systems. In good systems Linfoot and Fellgelt (24) have shown, how- 
ever, that over the normat working field the assumptions are reasonably valid. A rather good discussion of - 
the restrictions involved in making the jump from (4) to (5) has been given by Zucker (25) both for the case at 
hand, optical systems, and also for the allied problem-antennas. Much as it would be interesting to go into. 
here more of the basic theory, the limitations of space require that we get on to the actual experimental tech- 
niques of measuring the transfer function and its applications. The interested reader will find the references . 
given, however, replete with pertinent information. There are several methods of determining T(w,, ay yor” 
the equivalent, of which the following are representative only. | ! : Pe 


26.3 SINE WAVE TESTING WITH SINE WAVE TARGETS . 
26.3.1 The Schade system. 


26.3.1.1 In Schade's original presentation, he demonstrated a system that, stripped to its basic features, - 
was essentially that shown in Figure 26.8 wherein F represents a, continuous film with a series of discrete 
sine wave targets. Each target was made by varying the intensity of the exciter lamp in a sound track camera 
sinusoidally with time while the film was moving at a constant rate through the camera.| Sections of the-film 
are shown in Figure 26.9 (26). P is a projector that allows the test pattern to be seen at any effective dis-. 
tance from the system under test, S. The light from S is focussed usually with the aid of an auxiliary mi- 
croscope) onto a scanning aperture, A. . This aperture might be of any shape but usually, it is most convenient 


to use a. circle. Behind the aperture is a photomultiplier tube, PM, which feeds into a recorder, R. 


26.3.1.2 In action then, the film moves through the projector producing a spatial frequency sine wave. ‘The 
fact that the film is moving means that there will be a sinusoidally varying electrical Signal from the photo- 
taultiplier tube. The sine wave response is then given simply by the ratio of this ac signal at a spatial fre- 
quency, N, to that which the system would give if the frequency werd extrapolated to zero. ‘In Schade's termi- 
nology rif = ta/Vo _ Where ry is the sine wave response. Typical Sine wave response factor curves are 
shown in Figure 26.10. These response curves were taken from research done in this field by Shack (27) when 
at the National Bureau of Standards. _ Figure 26,11 from the NBS Report gives the variation of ry with focal 
position for a fixed. spatial frequency while Figure 26,12 gives the variation of ry with focal position for a 
fixed color, Figures 26,13 and 26,14 show the variation of rj with spatial frequency for different colors. 
Note the negative amplitude in these figures. It is due to a 180° phase change. Schack's apparatus was much 
the same as Schade's but Shack used a scanning slit instead of a =eaie pinhole. ' 

26.3.2 . The Lamberts system, ¢ , 

26.3.2%4 Lamberts (28)and Lamberts, Higgins, and Wolfe (29) have studied the sine wave response particu- 
larly in connection with their lens evaluation program at Eastman Kodak. The reader wilt find Lamberts! 
article particularly interesting as he not only discribes the basic theory very lucidly but/also presents a rather 
novel variation on the fundamental method. : ‘ 


26.3.2.2 In the Schade method the scanning aperture is very small and usually circular or square. In the 
Lamberts system the scanning aperture is a long slit. By the use of the slit it is possible to replace a target 
whose intensity varies sinusoidally by a target with a variable area as shown in Figure 26. 15. This type of tar- 
get has aiso been used by Lindberg (30). The scanning slit is indicated by 3S in Figure 26. 16, It can be shown 
the light distribution in the image is given by, . , . 


FQ) =bo+b, [A*| cos@nyx-¢) . w 


Where bo and by have the meaning shown in Figure 26.15, and bi/bo is the "normalized amplitude" as dis- 
cussed in Lamberts’ article. y is of course the spatial frequency and x is the shift of any particular aspect 
eee ee ee SOUT OF any particu 


(24) Linfoot and Peligelt, On the Assessment of Optical Images, Trans. Roy, Soc. (London) 247, (1955) 
(25) Zucker, loc. cit. 5, p L-1 ot i 
(26) Schade loc. cit. 1, p 233 : ' : 
(27) Shack, Investigations Into the Correlation Between Photographic and Photoelectric Image Evaluation, NBS Report No. 
5483 

(28) Lamberts, JOSA 48, 490 (1958) . 
(29) Lamberts, Higgins, and Wolfe, JOSA 48, 487 (1958) 
(30) Lindberg, Optica Acta 1, 80 (1954) ae 
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Motor driven 
film containing 
sine-wave 


test targets Slit aperture 








y .Film illuminator with magnifier A Mulltiplic 
: r plier 
and field lens for varying target photo tube 


_ Lens under test on nodal slide and . : Amplifier 
microscope (M) for image projec- and Recorder - 
tion onto slit A 


Figure 26.8 - The basic Schade system for determining the sine wave’ response of an optical system. 


(Based on O.H. Schade's, Electro-Optical Characteristics of Television Systems, RCA Review, Vol, 9, 1948) 





. Figure 26.9 - Sine wave test targets. 
(Based on O. H. Schade's, Electro-Optical Characteristics of Television Systems, RCA Review, Vol. 9, 1948) 
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Figure 26.10- Sine wave response factor vs line number (frequency) of lens A, .4 mm inside focus. In 





Response 


this and in following figures, curves numbered 1, 2, 3, 4 and 5 were obtained with Wratten 
filters 29, 25, 90, 16 + 60, and 45 respectively. The dashed curve was obtained with no 
filter.(&xtracted from National Bureau of Standards Report No. 5483, Investigations into the Correla~ — 


tion between Photographic and Photoelectric Image Evaluation, R. Shack, under Air Force Contract 
Number 33(616)56~16) ! : 





-.8 ~.6 -.4 -.2 0 3 4 -6) 8 1.0 
8 
| 
Focal Position MM 


Figure 26, 11- Variation in response with focal position for lens A for different colors at a fixed 


frequency. The frequency chosen was 8 cycles per mm, (Extracted from National 
Bureau of Standards Report No. 5483, Investigations into'the Correlation between Photographic 
and Photoelectric Image Evaluation, R. Shack, under Air Force Contract Number 33(616)56~16) 
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Response 


1.0 


Response 





Focal Position MM 


Figure 26.12- Through-focus response curves for lens A with filter 16 + 60. 

(Extracted from National Bureau of Standards Report No. 5483, Investigations ‘into the Correlation 
between Photographic and Photoelectric Image Evaluation, R. Shack, under Air Force Contract 
Number 33(616}56-16) , 





20 40 60 80 100 


Frequency Cycles /MM 


Figure 26.13- Frequency response of lens A at focus for various colors. 

' (Extracted from National Bureau of Standards Report No. 5483, Investigations into the Correlation 
between Photographic and Photoelectric Image Evaluation, R. Shack, under Air Force Contract 
Number 331616)56-16) 
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Figure 26. 14- Frequency response of lens A .4 mm outside focus for various colors. 
(Extracted from National Bureau of Standards Report No. 5483, Investigations into the Correla- 
+ tion between Photographic and Photoelectric Image Evaluation, R. Shack, under Air Force 
Contract Number 33(616)56-16) 





—____»: 


. Figure 26.15- The Lambert's test object for measuring sine wave response, 
(Extracted from National Bureau of Standards Report No. 5483, Investigations into the Correla- 
tion between Photographic and Photoelectric Image Evaluation, R. Shack, under Air Force 
Contract Number 33(616)56-16) 26-16 
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of the target. ¢ is the spatial phase angle between object and image and is something not covered specifically 
in Schade's original work. A* is the sine wave response previously defined, The lens bench used in the ex- 
periments set up to confirm the theory is shown schematically in Figure 26,16. TO is the test object, which 
for this work was either a slit {used to determine the spread function) or the target shown in Figure 26,9, L 
is the lens under test, with SS being the scanning slit, and P the photomultiplier and recorder ensemble. T 
is a tangent bar arranged to tilt the object and lens, L, when studying off-axis response. ‘ 


26.3,2.3 The action of the system is similar to that of the basic method, and the reader may refer to the 
original article for further details. The reader should pay particular attention to the excellent discussion of 
the significance of the spatial phase angle, and the symmetric and asymmetric spread functions. Attention is 
also called to the discussion of the derivation of the spread function from.the sine wave response, This ‘is.im- 
portant when one remembers that in the introduction to this section the spread function was defined first, with 
the sine wave response introduced subsequently as a dependent variable. The fact that the one may be catcu- 
lated from an experimental determination of the other bears out the statement made earlier about their reta- 
tionship. 


26.3.2.4 The significance of phase angle is pointed up in discussions of objects that represent coherent, in-. 
coherent, or partially coherent sources, Even with the simple systems checked by Lamberts the phase’ angle 
was a strong function of spatial frequency. Figure 26.17 shows both the normalized amplitude in percent 
(directly relatable to sine wave response via equation ~7)' and the phase angle as a function of spatial fre- 
quency in lines/mm for a certain lens. 

26.3.2.5 Stephens (31) has recently indicated an interesting way of determining experimentally not only the 
cosine of the phase angle but also the sine of the phase angle. The advantage is that of increased precision for 
angles up to 45°. 


26.3.3 " The recording electronic lens bench of Herriott. 


26.3.3.1 . The recording lens bench we are about to describe is a long way from the first exploratory efforts | 
in this field. Actually this lens bench is similar in purpose to the K.D.C. apparatus in that each was designed 
not so much to do research work as to check out large number of lenses routinely by their respective tech- 
niques. The target for this apparatus was first made by W. Herriott (32) and is shown in Figure 26.18. Note . 
carefully that the spatial frequency varies continuously on the actual target with samples taken discontinuously 
along the length of the film to show the variation in the spatial frequency. The scanning slit is oriented verti- 
cally with respect this page. The target is on a 36 in. strip of 35mm film with 50 paratlel opague tracks on 
0.010 in. centers, The slit is a few microns wide and long enough to span most of the width of the 50 tracks. 


26.3.3.2 In use the target film is wound around a drum inside of which is the light source and appropriate 
motors and clutches. Attention is called to the fact that the target does not directly present a sinusoidal vari- 
ation of intensity to the optical system under test. The scanning slit, however, integrates the image over its 
length and the result is effectively the same as with the Schade system. The complete schematic layout of the 
system is shown in Figure 26.19. 


26.3.3.3 In this method the sine wave response is measured by the contrast rendition which is defined as 

image max ~ image min". Defined in this way, the result is independent of the contrast in the object, a point 
object max - object min : 

about which there was much discussion in connection with resolving power targets, The contrast rendition is 

plotted automatically as a function of spatial frequency. A typical recording showing the result of a through 

focus test is shown in Figure 26.20. (33) 


26.4 SINE WAVE TESTING WITH SQUARE WAVE TARGETS 


26.4.1 General discussion. 


26.4.1.1 One of the problems involved in sine wave testing is the actual production of the sine wave targets 
themselves. This has proved to be 2 major problem, particularly so as the demands of the theorists got ; 
tighter and tighter. One method has already been outlinedabove Other techniques have been developed (34 - ‘36) 
but the fact remains that it is still easier to make a square wave target than a sine wave target. The question 
has naturally arisen "ican we not utilize the known Fourier sine wave content of a square wave to produce the 
equivalent of a pure multiple frequency sine wave target?'"' The answer is "yes" with some restrictions. If 
(31) Stephens, Gomputation of Achromatic Objectives, NBS, (1954). 

(32) Herriott, W., JOSA 37, 472 (1947) 

(33) Herriott, D., JOSA 48, 968 (1958) 

(34) Kapany and Pike, JOSA, 46, 867 (1956) 

(35) Kapany, Eyer, and Shannon, JOSA 47, 103 (1957) 

(36) Kelly, Lynch, and Ross, JOSA 48, 858, (1958) 
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Figure 26. 16- Lambert's lens bench for determining sine wave response factors, 
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(a) Sine-wave response jA#| (left) and Fourier 
‘transfoms of it A#® and A#® (right) fora, 
certain lens. A single sinusoidal test object 
was used to obtain |A#] anda double test 
object for A#®; A#® was computed from 
the other two, 


Figure 26, 17- Normalized amplitude and phase angle as a function of spatial frequency, 
{From Jour. Optical Soc. America, Lamberts 89, 1958) i 
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(b) Phase angle as a function of frequency 
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Enlarged photographs at intervals along 2 sinusoidal target on which 
the frequency change is continuous. . 


Figure 26.18- The Herriott continuous spatial frequency target for determining sine wave response. 
(From Jour. Optical Soc. America, W. Herriott 37; 472, 1947) : 





Figure 26,19- Schematic diagram ‘of the electronic system of the Herriott recording electronic iens 
bench, (From Jour. Optical Soc. America, W. Herriott 37; 472, 1947) . 
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1 . + 
we suppose the optical system to accurately image a spatial frequency square wave such as a series of alter- 
nate dark and bright bars equally spaced, then the image may be represented as a spatial frequency series as, 


F(x) = By + AB, 4 [ cos (2mm %) -+ cos 3(2mm %) +4 cos 5(2m x Vilses ] (8) 


Where x is the lateral coordinate and is defined as the width of.a rectangle with the same area and height'as 
the aperture flux distribution as shown in Figure 26.21 taken from Coltman(37).. ‘The square wave response 
factor is defined then as gh wt \ . i : 


9) 


and the sine wave response factor is defined as a ‘ : 4 


Rn) = AB/ABa oy 





26.4.1.2 It should be notéd that there is a variation in the definition of response factors from author to 
author. This is clear if the reader will go back and check the definition of similar terms by Schade and D.. 
Herriott. The énd result in each case is essentially the same and one definition can be converted into another 
with no basic change in principle. i a : pm = 
26.4.1.3 Cottman (38) shows that r(n) may be expressed in terms of the sine wave responses R(n) as given 
in equation (11}. , : . 4 ag 


r(n) = 4 [ Rm - RGn) + Ga) > Ga da Sed | (11) 
: : 


solving for R(n) by successively subtracting series for kn) we.can get, | 


Ro) = £[ r@ + 2Ga - 2d , rim... | (12) 


The reader should see Coltman for the details. Suffice it to say that we have now expressed the sine wave re- 


sponse at a spatial frequency of n, the number of cycles in some unit distance, There are basically two ways © 


of determining R(n). These will now be discussed. 


26.4.2 The Coltman variable frequency square wave method. 





i : : 
26.4.2.1 | The Coltman technique is similar in principle to the corresponding technique used in testing elec- 


trical amplifiers (39) with variable frequency square waves. Others such as Rosberry have also studied the 
method. It is usuatly found to be more trouble than it is worth to test electrical amplifiers this way, since if 


you have to vary the frequency of square wave, you might just as well vary the frequency of a sine wave and be - 


done with it. In the optical case it is easier to vary the frequency of the square wave because spatial square 
waves can be made more easily than can spatial sine waves. no 
. I 


26.4.2.2 | Coltman's method is similar, then, in principle to that discussed in Schade and Herriott's paper . 
except for an analysis (40) that allows him to measure the sine wave response of the system by use of the more 
easily manufactured square waves. Not only is Coltman's article highly informative but it also gives an excel- 
lent discussion of the basis of the method and a specific example in the field of X-ray fluoroscopic work. Here 
the relative ease of studying systems in cascade by the sine wave method is shown and a discussion as to why 
sine wave targets are not used is given. ; : : 
26.4.3 The fixed frequency square wave method. ; 

: : ; : E 
26.4.3.1 Suppose that instead of variable spatial frequency square wave, we used a fixed spatial fequency 
square wave and get the higher frequency components by wave analysis of the electrical output of the photo~ 
multiplier tube. We now assume that the combination of scanning pinhole and associated photomultiplier cir~ 
cuit that transduces the spatial frequency to a temporal frequency spectrum in the image can be directly 
(37) Coltman, JOSA 44, 468, (1954) 
(38) ibid. 


(39) Rosberry, A Correlation Investigation Between Photoelectric and Image Analysis, NBS Report No. 5799 
(40) Loe. cit., nO i : 
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wired through focus and recorded directly on preprinted paper. 


Curves of contrast rendition meas 
Figure 26. 20- Sample contrast rendition vs spatial frequency recording taken with the Herriott system. 
(From Jour. Optical Soc. America, D. Herriott 48; 968, 1958)" Bs 





INPUT OUTPUT 





APERTURE FLUX DISTRIBUTION 


Figure 26. 21- Quantities used in the Coltman definition of response factors. 
{From Jour. Optical Soc. America, Coltman 44; 468, 1958) 
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related to the spatial frequency. Furthermore electrical tunable narrow band temporal frequency filters are 
standard items and have been for years. Thereforé by feeding the output of the transducing element to a tem- 
poral frequency filter tuned to the fundamental of the square.wave we ean.determine the: sine wave response at 
that frequency. We then retune the filter to the next,harmonic, record the output, etc. , Account must be taken, 
,of the reduction in amplitude of the harmonics as given by the Coefficients in equation ( 





26.4,3,2 It might occur to those versed in Fouriet analysis that some other wave shape. might be chosen 
such as a-triangular wave that has alt harmonics and not just the odd harmonics as in'the:case; of ‘the square 
wave. Such a wave could be used, but again the problem of production is such that LY l 
sirable. Actually a single square wave target can suffice to cover almost any desire spatial frequency band ~ 
provided it is used with a minifying or magnifying systeni whose quality is far superior to:thiat of the system : 
being tested. , , ore 





26.4.3.3 The difficulty involved with this method of square wave testing is that there.is a phase shift asso- 
ciated with the tunable electrical filter. While there are ways to take this into account,’ they are rather com- 
plicated. Furthermore, it was assumed above that the percentage reduction of the amplitude as a function of -. 
frequency in the ideal image was known, This is true providing the detécting system is completely linear... 
For some systems, notably photographic ones, this may welt not be so. Hence while we can get the sine wave 
response at any frequency, it may be difficult to relate it numerically {to the response at other frequencies. 

’ es : ‘ ata 1 





26.4.4 Automatic determination of power of an opthalmic lens by sine wave respons 





26.4,4,.1 In 1953 Gunter and Panetta (41)-developed a method of applying the sine wave tesponse criteria to 
the problem of automatically, maintaining large aerial cameras infocus. The aerial:camera aspects of the tech- 
nique are of not so much interest to us here as is Gunter's definition of best focus used in‘connection with their 
analysis of the problem viz, "best focus is that point in image space where the spatial frequency response. is an 
optimum within the bandwidth of information in which the obseryer is most interested."" This definition is cer- 
tainly a far cry from that usually found in optics and photography. It stems from the work of Schade rather - 
than from that of the traditional treatments of Conrady etc. x | . 
} i 1 
26.4,4,2 Shortly thereafter Gunter (42), (43), (44) applied these same principles and this samé definition of 
focus to the automatic determination of the power of opthalmic lenses. This was a research problem to see if 
the huraan factor could be removed in the routine inspection of opthalmic lenses. The women who customarily 
do this ‘work are wont to get tired and ‘their judgment varies. The first target was a square wave made by ro- 
tating a square cut gear as shown in Figure 26, 22, ; , . oo 
. i 1 

26.4.4,3 In the initial Study the combination of SS and PM was moved along a lathe bed until the meter 
showed a maximum, the bandwidth of information having been selected by trial. Specifically this meant that a 
lens of say 2 diopters as judged by the eye was selected. This lens was placed in the test device and the tem- 
poral frequency filter adjusted until the meter output was maximum at a distance of exactly 50cm. By check- 
ing with other standard lenses the variation of focal point as judged by the maximum meter response and the 
eye were shown to be well within commercial tolerances. A plot of meter response vs. focal position looked 
essentially the same as Figure 26,12. : 


26. 4. 404 The technique having been proved, the quest was now how to change the system so that a lens could 
be snapped into place and have the SS-PM unit automatically move so as to maximize the meter response i.e. 
move to the position of best focus. Important in the final system was a novel "squaré wave target" suggested 
by Hayes. The original square cut gear (seen from above) was modified as shown by the dotted lines in Figure 
26.23 the hatched part of the gear remaining. The lens under test sees sequentially now edge a, b, a’, b’, a", 
b" etc. This is the equivalent of a square wave tipped at an angle of 45° in so far as Lx is concerned. The 
light from the source S was focussed midway between a and b so that the edges a and b appeared equally 
sharp to Lx. The action is simple. Referring to Figure 26.12 we see that near the peak the response curve 
as a function of focal length is quite symmetrical. An electronic circuit separated the responses from edges 

a and » and ordered a motor to adjust the position of the SS-PM unit until the responses were equal. The 
motor then stopped and the power of the lens was read directly from the scale. The system was easily more 
than'sufficiently accurate. Modifications of the system were developed for specific purposes but the basic 
technique was unchanged, ; | 


| . : : 
(41) Gunter and Panetta, An Automatic Electronic Focussing Device for Aerial Cameras, Boston University Optical Research 
Laboratory Technical Note 113, June, 1954 i 


(42) Gunter, Whitney, Hayes. U. S, Patent 2897722, Electronic Lensometer. 
(43) Gunter, Whitney, Hayes. U. S. Patent 2803995, Special Frequency Centering Device. 
(44) Wing, Whitney, Hayes. U. S. Patent 2792748, Pyramid Centering Device, 


| | 
It 
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Dioptric Scale 





S = source of light 

Ly = lens to focus light from S onto the teeth of G. 
G = square cut gear rotated at 1800 rpm. : 

= a collimating lens. 

the opthalmic lens under test, 

SS = pinhole scanning aperture. ‘ 
PM = photomultiplier tube and associated circuits 
F = a tunable élettric filter 

V = voltmeter 


re 


Figure 26, 22- Basic square wave system for studying Opthalmic lens power. 


at 


b 


a 


t l 
i | 
1 t 
t { 





1 ! 
Figure 26, 23- The Hayes target for the American 
Optical automatic lens power 
measurement system. | 
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Particulate light scattering 
Path, interference -.reess 
Path length, optical ....escess-aseeses 
Path, optical csccee 2.1.3, 21.2.8.7, 23. 
Pechan prism .scsccscceeccescccceses 13.10. 
Penta PYigm ceceveccceccecrsaccccees 13.10, 
Perceptim cevecsesees sastesoweeconen Sed 
Period of Vibration coscsscccseseveee 3 
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Periscope aperture stop position . wes cence Te 5. 5- 


Perverted image sscssocscecssccecece 12d ebe3 
Petzval curvature sescsseces 6.10.8.5 
Phase change on reflection . 
Phase retardation .. so. 
Phase velocity .escces 
Phase velocity succes 
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Photography, infrared ... 22.5.2 
Photographic instruments, 

Looking Gown .scsanesecseves ose 18.4.3 
Photographic, instruments, 

Looking up ...sceee - 18.4.2 
Photomicrography -.++. « 23.3.2.2 
Photopic ViSion ceccescsccccscceccee 4040469 
Physical optics, restatement 

‘of principles ..seseccscecceceee L6.1.1.1 
Physical structure of the eye .......- 4.2.1 


Physiological nystagnms .-seccscscesseee 4e 
Pinhole interferometer, Young's «eeeees 1 
Pinhole size and contrast, 

Aiscussion Of csecscccccccevccavee LOe 
Plane of incidence ..sscccccssecseces| 
Plane-polarized light wave cosccssses3e2 
Plane-polarized light wave, 

instantaneous magnitude ........ 16. 
Plane, sagittal....esse0s 
Planes, conjugate ..... 
Plastics, optical .ccccoce 
Plate, diffraction ...+ 
Point, far ... 
Point, near 
Point, virtual object 
Points, cardinal 
Polavizers .secee- 
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Polarization effects ° 2 
Porro PYLSM seseesecs we 13.726 
Porro prism system ..., 13.10.2 
Porro prism system, 

Abbe's modification of...... °13.10.3 

Porro prism tunnel..... 13.8.2 
‘Positive magnification Te5el.L 
Power of the thin lens owe G07 02 
Power, light gathering e» 18.3.3 
Power, magnifying .. T2222 
Power, resolving ... aececere 1.2.6 
Poynting vector, time-averaged . 01.5.1 
Presbyopia .scccceee coccccceseces 4ehehe2 
PrESbyOPid ssccccsscececsese 4.8.2 
Pressure, intraocular .esssceseseescee 46202 
Principal planes, 

" additional characteristics of ..++. 6.5.7 
‘Principal nee FALSE ccecccecceses 50503 
Ena Plan es Second cosseoee » 6.5.3 
Prism, 4 90° = 45° .eeeeeee 337-3 


Prism, kobe fype A esses 
Prism, Abbe Type B.. 
* Priam, air-equivalent . 
Prism, AMLCL .occccccccccscesecnrese 1301067 
Prism, Barr and Stroud ocular ....-.13.10.19 
Prism, Carl Zeiss ocular ......-.-. 13.10.18 
Prism, double dove ..cseereeceeeeee 13.10.11 
Prism, Frankford Arsenal No.1 ..... 13.10.22 








Prism, Frankford Arsenal No,2 ..... 18.10: 23- 
Priam, Frankford Arsenal No.3 ..+-- 13.10.24 
Priam, Frankford Arsenal No.4 . « 13.10.25 
Prism, Frankford Arsenal No.5 13.10.26 
Prism, Frankford Arsenal No.6 13.10.27 
Prism, Frankford Arsenal No.7 « 13.10.28 
Prism, Harting-Dove cscccseeseecees 13-10.10 





Prism, Teman ¢bebewdiveerwcesevicdcave L3el0c6 
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Pupil plane, exit .... 
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Prism, Pechan ...eeees 
Prism, penta seeeee 
Prism, Porro ...... oeoese 13.766 
Prism, reversion ..... eoee 13.10.23 
Prism, right angle cecccceccccseeeees 13. oe 
Prism, roof . 13-7 +4.2 
Prism, seeceaee 
Priems, ical orientation.of . 
Prism, Wa ASTON coccccscccves 
Prism image rotation, 180 degrees 
Prism length, reduced ‘or apparent 
Principal point, first . 
Principal point, second 
Prism system, Carl Zeiss 
Prism system, Carl Zeiss: 
Dinocular-ocular ceeoieceecvecses 13410. 2 
Prism system, Carl Zeiss coincidence. 33+ apeee 
Prism system, Goerz ..cciaceccvceses Leel0,E7F 
Prism system, Porro csseccesscecsecce tis 10.2 
Prism systems, telescope ..esess 13.7. 
Prism thickness, apparent ..ei. 
Prism thiclmess, reduced .. ececes 1368. 
Prism tunnel, Porro ssecseoecctenccvee 136862 
Prism tunel, right angle . 
Prisms and nixrors ceeees 
Procedure, iteration .... 










ee ecccccsccacscoce 


Schmidt ...... 
















eee 














Procedure, refraction .. Dade 
Procedure, transfer ..+6s++ 6.35 
Profan sesecssecccccevscesiccesercess 4edabe 
ProtanomglouS .ecccssccesseceas + 4.8.6. 
PrOGANOPES ceosereveccccccscccecessses 46506, 


Psycholigieal and physical space . 

variations, binocular: 2. ccccscccecee 
Pupil, Entrance cevecesssrscsscscece & 
Pupil, exit .. oe 6 
Pupil, eye . 
Pupil, function 
Pupil plane, entrance 
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Quantities,‘ first order . eee 528.261 
Quartermion methods © escecccccosvceseses 2165 
Quarternion's and corresponding 

MACLUCES cocscccccecceccceroreveses Sbedal 
Quarteri wave bilayers sreccceseveveces BL, 7.5 
Quarter: wave Condition seeessasescesee 1e30Dd 
Quarter wave miltilayers .eseeecsccsses 21,10 
Quarter wave stack cescesseoee 20.4.1; 20. 4.3 
Quarter wave stacks at non-normal 

incidence, reflectivity of cecseees 20. 4.6 
QwOT ( Quarter wave optical « 

thickness.) ..cceceecaccccscseses 2001.3.4 









Ramsden eyepiece .sesecssseese 2323.5» 3, 
Ratio, partial Gispersion ..ssescceeee 
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code civect on Of sooee 

S, types OF wccccscereccccsosse 
Ray trace, three element lens ...see-++ 
Ray trace equations, paraxial ray ~ 
Ray trace equations, summary of 
Ray trace equations, 

thin lens system in air .sesseeesee 
Ray trace format, mirror system 
Ray trace format, single lens ... oe 
Ray trace procedure, . 

calculation of aberrations wecsesce 
Ray tracing «ssceceoscccerescesssece 5 
Ray tracing procedure, step by step .. 
Real Lield scccccccccesccevesccscses 
Recording optical tracking instrument 
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Reduced or apparent prism length . 
Reduced prism thickness ....--sss+ 
Reference indices . 
Refining method ...- 
Reflectance secssveasescserscere 
Reflectance, CNergy -eesseecseesees 21.2. 
Reflectance and transmittance, ~ : 
methods of computing csccccesesecs 
Reflectance from plene . 
parallel plates ..essercecseseseees 16.16 
Reflectances, complex, approximate 
method of computation .secsseses 2he 2.8.6 
Reflecting darkfield condenser ...- 000230403 
Reflection coefficient ..secevscceees 17-2 
Reflection filters .. eovesee 20.1.2 
Reflection, law of .. 
Reflection, multiple .. 
Reflection, surface sesesesrsos 
Reflective system, evolution of . el 
Reflective system, Newton .-.0..-se6. 1 
ReLLECtIVItY csaccccccccceveccsevetes L 
Refiectivity and transmittance ..-. 20.1 
Reflectivity, spectral .eeececeseees 20.3 
Reflector, heat ..... wears -- 20.1 
Reflectors, broad band .. 5.1 
Reflectors, heat ecccceseseceverceees 
Refracting darkfield condenser ..-.... 23 
Refracting material, - 
characteristics of .... 
Refraction equations ..- os 
‘Refraction, index of .... 
Refraction, law of veeoes 
Refraction procedure secesccecersssces. 
Rafraction procedure at the : 
aspheric surface ...sevesenerseeess 5. 
Refraction procedure at the 
spherical surface oeseeeseserereses 5.4.5 
Refractive indek ..ccccedeces eeee 322.1.2 
Refractive indices, table of ....ecces 22.523 
Refractive indices, variation 
with wavelength. ..-.sececesseccee 2.6.2.1 
Refractive materials for 
specific wavelength ranges .++-++e+-+ 17.6 
Refractivity .sccsccaccessecesosscoere 2.7.2 
Refractivity and dispersion, 
selection of material for ...-..-+ 17. 
Relative index of refraction ...... 
Relay LenS eosecesccccesceeessece 3 
‘Relay system, lens problem of & .....++ 12 
Relay system, secondary color in a ..+« 12 
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Relay systems, double Lessecssesesvesaes: 12.6 
Relay systems, LenS ssecceees seee L201 





































Relief, CYC wecccnccccccccencscesvece ~3-8.2 
Resolution, Cy@ sscccecoesces . 4.4.5 
Resolution, limit of seccecccseneees 23.2.5.2 
Resolution with circular apertures wee eek 6.27 
Resolving POWEL secceerecccssccceese 2Oe 2266 
Resolving power tests woe 26.2 
Retardation, Phase secere 21.6,2.2 
Retina sesccsccvers 4.4.4.5 
Reversion prism .. 10.13 
Revert ecscccccceee 2 
Right angle prism -.+.++--++ 9 
Right angle prism tunnel .... ol 
Right handed image, inverted ... 5.162 
Right handed triplet solution .«r+++ 10.3.2.2 
Rim pevsvvevenseeens Behe Sd 
« 6.42322 
one 2549 
13-7.4.2 
SYSTEM sesescce » 19.4.3" 
system, modifie - 19.4.4 
Sag or sagitta ..-ccseeececececsssors 5.562.2 
Sagittal Pocus .ssccsceececececseveses 5.8.4.1 
Sagittal plane eseccececerececeserers 5.8.4.1 
- Satellite tracking camera .eccesersoss 19.5.1, 
Scattering, multiple ceccccccccncee 1002s 2010 
Schade system testing -..-. seeeceee 20.301 
Schmidt prism ... eeceoes 13.10.8 
Schnidt system ..- eoasser L964.2 
Scintillation .... +s 18.5.3 
Scotopic VISION .-.seceeeres « 4h e4e9 
Secondary COLOT sssceeoccercerersoee 6.10.8. 
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Secondary color in @ 

relay system seapesscaoosunesssaeeens: Loe4 
Secondary spectrum .seeceeee 6.10.8.4, 19.2.2 
Secondary spectrum in a doublet, fe! 

reproduction OF sececsesececcererr® 11.4.2 
Secondary, spectrum in a triplet 

lens, correction Of sescssceceeeses 3 
Second focal length .-e+ess-s , 6.5.2 
Second focal plane 
Second focal point . 
Second nodal point ...- 
Second principal plane .. 
Second principal point -+--+.«-- 
Second surface reflection -sseeeses 
Seeing .ccceceseccercecesrces 4.1.2, 1 
Seeing, atmosphere factors 

APPECTING scecceccecccccnsancoreres 
Seeing disc sesssecceceeeerccscncers 18 
Seidel longitudinal 

spherical aberration «eseceeercers 
Seidel theory of aberrations .....-. 1 
Seidel tolerances ..---eese> 
Seidel tolerances, use Of .-cceees 
Semi-—apochromatic 
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microscope Objective ..-sessereee 23.3. 
20.1.2.6, 20. 

« 4 
8.5 
4.5 
8.9 


Semi transparent mirrors «e+ 
Sensitivity, CYC seesccceccoccvcercers 
Shadow bands ..eees eevesccccecece L 
Shift, Purkinje .sscceeeeeeces 
Shifted chief ray .--- 
Shifted chief ray, 
aberration polynomial . 
Short LOrM eecssccsevececs 
Short wave pass color filte * 
Short wave pass fiLters weceesecccececs 
Sign convention, angle .s.ccecserseeere 
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Simple magnifier, limitations of ......: 
Simple metal coatings ..ssscccceseeess 
Simple microscope ..-seeee 
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Sine wave testing ...e.s. wee 
Single layer coatings . 
Single lens ..sccseceeees 
Single mirror imagery .... 
Single wave, energy in a ... 
Skew f£0cus sscccccccccecccess 
SKEW LAY cesscescccecserececccce 
Skew ray, initial data ... 
Skew ray Pan .sscccnceeee 
Skew ray trace .sscsscscccnccccceuccce 
Skew ray trace equations, use of ...... 
Slit. interferometer, Young's ..+.++. 16. 
Slope angles .sscccscccccsccesesecses 5 
Small missile telecamera (SMT) ....... 
Smith-Helmholtz equations ...ceeoe 
Solutions, thin lenses ... 
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ipectra, channeled . 
Spectral reflectivity . 
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Spectrum, secondary seeee 6.10.8.4, 2 
Spherical aberration wsccsccseccecee Soll 
Spherical aberration coefficients ....8. 
Spherical aberration, : . 
chromatic variation of ..cesesess IL 
Spherical aberration, longitudinal .. 8 
Spherical aberration, 
Seidel longitudinal ...csececccece : 
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Spherical aberration, transverse .... 
Spherical aberrations, zonal .....se. 
Spherical darkfield condensers .. oe 
Spherical wavefront ...ssccccccscccees 
Spherical wavefronts, 

Giffraction £LOM eecssccccsescccacese 
Sphere chromatism .e..e.seee 
Spheroid, oblate ..ccccccccccacccecs 196 
Spot diagram ..cscssene , 
Square matrix ...... 
Stack, general. P:G ...... weeeoees 
Stack, multilayer ...seee seeces 20. 
Stack, quarter wave ....eeeees 20.4.1, 2 
Stacks with unequal thiclmess ratios...21 
Staining, Surface csssececccaccedesnces 
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Static visual acuity (SVA) . 
Stereoscopic Gepth ...cecree 
Steoeoscopy ...cccsecsevvees 
Stiles Crawford effect ..... 
Stop shift equations ...... 
Stop, aperture ....c.s06 
Stop, field .. 
Stop, funnel . 
Strahismus .. 
Substage condenser 
Substage condensers .. 
Substrate, high index eecrece 20 
Substrate, Low’ index .seseeceecces 20 
Substrates for multi-layer 

PULGELST .ccccesccccccescsccausvecss 20 
Summary of ray trace equations...5.4.6 
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Superior oblique muscles ...... 
Superior rectus muscles jeeccccee oe 
Surface coefficients, chromatic ...... 6.1 
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Surface contributions, third order 
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Surface dimming ...-ccsesccsccccccoseen, 2s 
Surface reflection ccscosccsccsesecee LTs 
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System data, initial ..sseccceees 5 
System, double half wave wsesssesecees 2 
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Table of critical indices 

Bnd ANGLES cecsecccccccccsscccscecee 
Table of optical glass characteristics 
Table of refractive indices . 
Talbot's Law .eccsseee 
Tangential FOCUS ....ceeceanee 
Target detection and location, 

Infrared:........ pee ccrececrrcecccssene 22 
Target, USAF resolution ...ccacceeccees 26s: 
Target VAlUe ..ccccccsccsacceccecceee FaF, 
Taylor triplet lens ..cscescaceccsceee Lek 
Telescopes,. angular aberrations of,..11.1.3 
Telescope, completed design ..ecesecsees 15 
Telescope, Galilean ....ccacccscceccrecen T 
Pelescope design, typical “ 

CXAMPLE OF sescccccncsiecccsnccceses 15424 
Telescope , doublet ... eaceveeee LL.2.2.1 
Telescope objectives, t 

secondary spectrum Of .eeesessesseeee LL4 










“Rélescope objective and : 


eyepiece deSign cesccceccesssccesece Te4e3 
Telescope objective system, ° : 
Petzval curvature Of ...ceeeeceeees Llel.3 
Telescope magnifying power ..ceceececee Lede? 
Telescope prism SYSTEMS ..ccscccecsece L3eTe4 
Telescope system, Cassagrain .......0. 1! 
Telescopic system ...eccewsece 
Terms, deformation .sssesseseccececeee 5 
Test, astigmatism and : . : 
curvature of Field 1... cece e ewe 
Test, Coltman variable . 
frequency square wave ...eeee 
Test, AiStortion .scccccsscccsce 
fest, fixed frequency 
Square Wave .seeee : 
Test, focal length . 














Test, Foucault ..,.. 25.10 
Test, Jentsch's grid method. . 25.9.4 
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special aberration .... ee 25.3 
Test, NBS resolving power oL.2 
Test, Rovichi wsescesceee 0022529 
Test, résolving power ..... o- 26.1 
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Testing, Schade system ... ceveeccee 26 
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ThEOry, WAVES weccecccccsucccanecee 
Thermal effects, tyYPeS cevccecsessecee L 
Thick lens doublet ...sssecacessceceee Lb: 
Thick lens telescope objective 
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True angular field, microscope ....ee. 2342.3 
Tube, image converter eecececcevensess 22e2eL 
Taube currents .sseccces 18.6.2 
Tube length, optical 23.223 
Tunnel diagram ..cccccceccccconceees L3e8.Le1 
fwo mirror image, invariant 
position Of eevcsceseese oe 13.6.3 
Two mirror image location - 13.6.1. 
lwo mirror image location axis - 13.6.2 
Twyman-Green interferometer .eseseee 25.864.4 
Twyman-Green interferometer, . 
“principles of operation .......+.+. 16.3.1 
Type A vertical illuminator .. 002323020401 
Type B vertical illuminator .. 3.2.4.2 
Type of coating, choice of .... 20.3.2 
Types Of TAYS ceccesssccccccccces 54.1 
Typical orientation of prisms .....:e. 13.961 
Uncoated surface, reflectivity of jel 
UTWLtraviolet -osccccessesecsceee 6.1 
Undercorrected lens ..ssssccececeeveee, 6.1005 
Unit positive magnification ...... 6.5.7 
. ULS.A.F. resolution target ..eccesesss 26.1.3 
Uses of mirrors and prismS ..seceeeess 13.1.1 
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Vector ray tracing matrix form . 
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